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Errors in 2D beam emittance measurement in FODO channel

Purpose: minimization of errors in beam emittance measurements through beam profile
measurements
1. Intro

O11 O12 O13 O14

. . — . — 021 O22 023 On4
4D beam 1s described by 6 - matrix: o= 1-1
M 031 O32 033 O34 ( )

O41 O42 O43 Oy4

Matrix (1-1) 1s symmetric, 0;= Oj;, so only 10 elements of matrix are independent.
Measurements are provided for beam sizes

<x> =01, <y> =033, <Xy> =0 3 (1-2)
at different locations . Explicit transformation for ;;, 633, 13 1s:
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Todetermine 10 independent values of 6-matrix, we need 3 x 3 + 1 =10 equations from
at least 4 independent measurement stations. To be physically correct, the following

conditions for matrix elements have to be fulfilled (for details see BDS meeting note of
YB, 09/12/2006):

o;; Oy
Ojj Ojj

0; >0 |, >0 |, i=1,234;, j>i (1-4)

Complete analysis of errors in 4D beam emittance measurements requires solution of
10x10 linear system with variable parameters. In this note we consider errors in 2D
beam emittance measurements (uncoupled beam), where beam at each plane (x-x), (y-
y’) is determined by 3 parameters o, 3, 3. Special case of 2D beam with o= 0 was
considered in BDS meeting note of YB, 10/24/2006.
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2. Errors in 2D beam emittance measurement

Consider 2D beam emittance measurement problem for the beam propagating in FODO
channel. Single particle transformation matrix

‘X‘z‘ C S || Xo (2_1)
x| 1C S'lx',
Beam ellipse transformation:
2 2
B C ‘ 2CS S Bo
o/=|-CC CS+SC'" -S§' ||, (2-2)
vl c? o-208 82

As far as| B> = R? |, where R is the beam size and J is the beam emittance, equation for

unknown beam parameters o, 3o, Yo, 1S

R |C7  2CiS;  S?||Bod
RA=ICZ 2GS, S7l|ogd (2-3)
R [C3 -2C3S;  S%|vod
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Solution of Eq. (2-3) 1s

o5 = CIR3ST - RIS3) + CT(R3S3 - R3S3) + CHRISS - R3ST)
0 2(CaS1 - CiSo)(C3Sy - CiS3)(CaS3 - C357)
3.5 = RESISACS: - C18y) + C3SyRIST - RiSP) - SHCISRE - C:S:RY)
° (CaS1 - CiS)(CsSy - CiS3)(CaSs - C3S,)
vy = RIC2SACaS - C58) + 1 (RACS - RACH) + CHCHS:RS - CS3R3)
0 (CaS1 - CiS) (G538 - CiS3)(CaS3 - C3S,)

Beam emittance 3=+ (Bo3)(Yo3) - (0p3)?

(2-4)

(2-5)

(2-6)

(2-7)
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=-{2(C2S1 - C182)AC381 - C183)2(C387 - C283)2

Error in beam emittance

2 252 ARy ».2dRy
) (C R2 C2R )(C4R% R, - CAR] R| —1 _
C1C3(CaS1 - C15)2

202 2222 ARz 2o2dRy
_(C1R3-C3R1)(C1R3 R - C4R] )+

C7C3(C3S1 - C1S3)2

dR dR
(C3R3 - CIRH(CIRE 7 - CIRF L %)
+ +

C3C3(C3S, - C253)2

2CH(C4R} C}il C4R4dR3)

C2C3(C251 C1S2)(C3S] - C133)

+

dR2  ~4g4dR3

R, C2R3R,)
- 2 3" /b
C5C3(CoS1 - C1S2)(C3S3 - C357)

2C1(C3R3

(2-8)
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Denominator:

_4rA+B\? -A+B\?_
D =G"[( G) 17 [( G ) - 1]

A =R(CrS3-C399)

B =Ry(C3S1-C1S3)

G =R3(C2S51 - C15))

Large error in beam emittance 1s expected if

or

(2-9)

(2-10)
2-11)

(2-12)

(2-13)
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Consider 90° phase advance FODO channel:

B (m)

I I I
Il Il
16 L’]‘mio)[%':er:iio-i 83115 : A : : , 'A , 01/12/06 1].08.29
‘- \ / \\ / ..
V4 \V4 \
Beam energy 5 GeV
Lens Gradient 17.8 T/m
Quad length 0.3 m
FODO period 8.8 m

Distance between quads 4.4 m
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Examplel: Stable beam emittance measurement

R, R, R; R3
Il

l lH

CELLI
16 Windows version 8§ JI/]5
O. T T

-0.428950
3.87470
-2.44000
11.7880
1.61200
3.86000
1

=
(OY)
o T | TR TR TR TR TR TR

'\\ // \\ /’/ '\\ Ro =3.07

2 L T . T T T T T T 3 = 1
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Determination of beam parameters 3, R,,, o for error in beam sizes R;, R,, R = 0.
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Variation of measured beam sizes:

R, =R (1+9)

R, =RY (1 +g)

R;=RY (1 +h)

where RE‘)), R(O), Rgo) - unperturbed values of measured beam sizes,
f, g, h — generators of random numbers uniformly distributed within interval [-a, a]
Values of Ry, R,, Rj are distributed with
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Determination of beam parameters with errors in beam sizes Ry, R,, R; =+ 5% (6r/R = 2.88%). Error in measured value of beam
emittance is approximately = 10% (o,/3=4.3%).
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Example 2: Stable beam emittance measurements (phase shift 45°, 90°, 135°)

2006/12/05

A o Cl= 0.295340
1 I S1= 4.40000
— C2= 0.000000
: S2= 14.9000
RI1= 1.70000
R2 = 3.86000
C3 = -0.295340
S3= 4.40000
R3= 1.61200
a=0.17
. b=5.28
\ / Ro =3.86
\/ ~ 3=1

T
100

T
20.0

=0

13
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Determination of beam parameters 3, R, o0 with error in beam sizes R, R,, R; = 0.
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Determination of beam parameters with errors in beam sizes Ry, R,, R; ==+ 5% (6r/R = 2.88%). Error in measured value of beam
emittance =~ + 10% (0,/3=4.29%).
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Example 3: Unstable beam emittance measurements (45°, 90°, 225°)

ROR R R Cl= 0.255000
— S1= 5.68000
0.000000

14.9000
1.77220
3.86000
-0.295340
-4.40000
1.61200

a=0.85
b=2.63

\\ \ \ Ro = 3.86
7 \ 5=1
a=0

C2
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R2

C3
S3
R

3

16
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Determination of beam parameters 3, R,, o with error in beam sizes R, R,, R; = 0.



Yuri Batygin =~ 2006/12/05 18
45— : : : : sl

6 L} L} L) T T L} L) L} L} L)
40 —_ —-— F . ]
| | firi
3.5~ ) 4
3.0 ) 3' ]
!

T 25 _ _ L v |
@20 T - F I
Ty 5[l ANOAGURR AR A V] L

10[ : O

5[ ' -1 ,

0.0' : : . Yuri)iatygin 12(05!?006 7 R i 3 ¢ ) : : > ; ¢ g :

0 20 40 60 80 100 0 10 20 30 40 50 60 70 80 90 100
| |
15 0.5 ————————
43 Ada 0.4} I
o 10k Arl I.Ull.'ll|| l\JH ]|l'{ W | —"\1"' 'r'lﬁ I]Jr 1:.” rl'nl 1l','r"|'\ 03k . ‘ A i 1
SO NTAN LR Y BT I T o2l il |y NI NPE
I L LA I AT o ET I -
5 *f s OOf I i
8 00 01[ ﬁl_ I, '
£ 02} , | v | ¥
& 05 03[ ! -
04 ,
10 Tun Bafygd 1 23006 _0'5- : ; ; ; ; : ; . : x
0 20 40 60 80 100 0 10 20 30 40 50 60 70 80 90 100

i i
Unstable determination of beam parameters with errors in beam sizes Ry, Ry, Ry =+ 5%.
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3. Summary

1. Error in determination of beam emittance is larger than error in measured beam sizes.

2. Determination of emittance through beam size measurements at different locations

R, R, Rj is performed with significant error if the following conditions are fulfilled:

A =R;(C2S3 - C35))

B =R»(C3S71 - C1S3)

G =R3(C251 - C1S52)

G or G

where Sy, S,, S;, Cy, C,, C; are single particle matrix transformation elements.

3. Next step: error analysis for 4D beam.



