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Abstract

These proceedings present the lectures given at the twenty-first specialized course organized by the
CERN Accelerator School (CAS), the topic being Digital Signal Processing. The course was held in
Sigtuna, Sweden, from 31 May-9 June 2007. This is the first time this topic has been selected for a spe-
cialized course. Taking into account the number of related applications currently in use in accelerators
around the world, it was recognized that such a topic should definitively be incorporated into the CAS
series of specialized courses. The specific aim of the course was to introduce the participants to the use
and programming of Digital Signal Processors (DSPs) and Field Programmable Gate Arrays (FPGAs)
evaluation boards. The course consisted of lectures in the mornings covering fundamental background
knowledge in mathematics, controls theory, design tools, programming hardware platforms, and imple-
mentation details. In the afternoons the students split into two groups with people working in pairs. One
group worked on problem solving using a PC-based workstation connected to a DSP evaluation board
while the second group performed the same exercise on PCs connected to a FPGA evaluation board.
Half-way through the school, those working on DSPs moved to FPGAs and vice versa. The problems
to be solved were of increasing difficulty and all of them were directly related to real and practical
realizations currently in use in the accelerator field.
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Foreword

The aim of the CERN Accelerator School (CAS) to collect, preserve and disseminate the knowl-
edge accumulated in the world’s accelerator laboratories applies not only to general accelerator physics,
but also to related sub-systems, equipment, and technologies. This wider aim is achieved by means of
specialized courses. For 2007, the topic of the course was Digital Signal Processing (DSP) and was held
at the SigtunahAdjden Hotel, Sigtuna, Sweden, from 31 May-9 June 2007. The course was organized in
collaboration with the Uppsala University, Sweden.

This was the first time Digital Signal Processing was used as a topic for a CAS specialized course.
However, when considering the number of related applications currently in use in the field of accelerators,
it was felt that it was the right time to address this specific topic. The organization of such a course was
a real challenge in itself, since it implied finding and transporting computers to Sweden, negotiating the
availability of software licences for the duration of the course, negotiating the acquisition of DSP and
FPGA evaluation boards, and preparing 50 computers to be compatible with the proposed exercises. It is
a pleasure to express my thanks to CERN, the companies Synplicity, Mathworks and Xilinx, as well as
the Texas Instruments Worldwide University Program, and the Xilinx University Program for their kind
support, without which the course would not have been made possible.

To ensure that the required material was made available was certainly a mandatory pre-requisite,
but the elaboration of the course and, in particular, the hands-on courses in the afternoon sessions were
no less challenging. I would particularly like to acknowledge the outstanding contribution of our CERN
colleagues Hermann Schmickler, Maria-Elena Angoletta and Javier Serrano for their contacts with the
relevant industry and the high-quality afternoon courses they prepared and supervised, John Evans for
his hard work in obtaining the software licences and Edwige Bournonville for the perfect preparation
of the computers as well as their maintenance during the course. Similarly, I would like to thank Leif
Gustafsson and Pawel Marciniewski (Uppsala University) for their highly appreciated contribution as
tutors during the afternoon courses.

It is also important to thank the Local Organizing Committee (Professor Tord Ekelof, Dr. Volker
Ziemann and Ms. Inger Ericson) for obtaining financial support from the Swedish Research Council
(Vetenskapsraadet) to help CAS with the organization of the course.

As always, the backing of the CERN management, the guidance of the CAS Advisory and Pro-
gramme Committees, the attention to detail of the Local Organizing Committee and the management and
staff of the SigtunahAdjden Hotel ensured that the school was held under optimum conditions.

Very special thanks must go to the lecturers for the enormous task of preparing, presenting, and
writing up their topics.

Finally, the enthusiasm of the participants who came from more than 23 different countries around
the world was convincing proof of the usefulness and success of the course.

It is my pleasure and privilege to thank most sincerely all those persons who helped me to make the
course a success, including Barbara Strasser, Suzanne von Wartburg, and the team of the CERN Scientific
Text Processing Service for their dedication and commitment to the production of this document.

Daniel Brandt
CERN Accelerator School
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Control theory

S. Simrock
DESY, Hamburg, Germany

Abstract

In engineering and mathematics, control theory deals with the behaviour of
dynamical systems. The desired output of a system is called the reference.
When one or more output variables of a system need to follow a certain ref-
erence over time, a controller manipulates the inputs to a system to obtain the
desired effect on the output of the system. Rapid advances in digital system
technology have radically altered the control design options. It has become
routinely practicable to design very complicated digital controllers and to carry
out the extensive calculations required for their design. These advances in im-
plementation and design capability can be obtained at low cost because of the
widespread availability of inexpensive and powerful digital processing plat-
forms and high-speed analog IO devices.

1 Introduction

The emphasis of this tutorial on control theory is on the design of digital controls to achieve good dy-
namic response and small errors while using signals that are sampled in time and quantized in amplitude.
Both transform (classical control) and state-space (modern control) methods are described and applied
to illustrative examples. The transform methods emphasized are the root-locus method of Evans and fre-
quency response. The state-space methods developed are the technique of pole assignment augmented
by an estimator (observer) and optimal quadratic-loss control. The optimal control problems use the
steady-state constant gain solution.

Other topics covered are system identification and non-linear control. System identification is a
general term to describe mathematical tools and algorithms that build dynamical models from measured
data. A dynamical model in this context is a mathematical description of the dynamic behaviour of a
system or process.

Non-linear control is a sub-division of control engineering which deals with the control of non-
linear systems. The behaviour of a non-linear system cannot be described as a linear function of the
state of that system or the input variables to that system. There exist several well-developed techniques
for analysing non-linear feedback systems. Control design techniques for non-linear systems also exist.
These can be subdivided into techniques which attempt to treat the system as a linear system in a limited
range of operation and use (well-known) linear design techniques for each region.

The main components of a control system (Fig. 1) are the plant and a sensor which is used to
measure the variable to be controlled. The closed-loop system (Fig. 2) requires a connection from the
system outputs to the inputs. For feedback control a compensator amplifies and filters the error signal
(Fig. 3) to manipulate the input signals to the plant to minimize the errors of the variables.

Objective: Control theory is concerned with the analysis and design of a closed-loop control
system.

Analysis: Closed-loop system is given to determine characteristic or behaviour.

Design: Desired system characteristics or behaviour are specified — configure or synthesize a
closed-loop system.
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S. SIMROCK

Input Variable
—— Plant |——

Measurement of

Variable i
——] sensor}—variabie

Control-system components

Fig. 1: Components of a control system

Definition: A closed-loop system is a system in which certain forces (we call these inputs) are deter-
mined, at least in part, by certain responses of the system (we call these outputs).

System System
inputs outputs

Closed loop system

Fig. 2: Schematic of a closed-loop system

Definitions:

— The system for measurement of a variable (or signal) is called a sensor
— A plant of a control system is the part of the system to be controlled
— The compensator (or controller or simply filter) provides satisfactory characteristics for the total

system.
System Manipulated System
input variable output
Ld f-P Error Compensator —

Closed loop control system

Fig. 3: Arrangement of controller and plant in a closed-loop system

Two types of control system:

— A regulator maintains a physical variable at some constant value in the presence of perturbances.

— A servo mechanism describes a control system in which a physical variable is required to follow
or track some desired time function (originally applied in order to control a mechanical position

or motion).
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CONTROL THEORY

2 Examples of control systems

In the following we study two examples where feedback control is applied. The first example shows how
to model an RF control system. The second and third examples show electronic circuits which can be
used to design the compensator (or controller) filter.

2.1 REF control system

RF control systems are used to stabilize amplitude and phase of the accelerating fields. Amplitude and
phase are measured, compared with the desired setpoints, and the amplified error signals drive actuators
for amplitude and phase thereby forming a negative feedback loop.

Goal:
Maintain stable gradient and phase in presence of field perturbations.
Solution: Feedback for gradient amplitude and phase.

& pr—] 0000=

AComroner \VA
Gradient

%

%)

set point

Phase detector

Fig. 4: RF control system with feedback control for amplitude and phase

Model: Mathematical description of input—output relation of components combined with block
diagram.

Amplitude loop (general form):

Klystron

Reference controller cavity
output

input r+\ amplifier RF p;{vt\./er —
amplifier

Monitoring
transducer

Gradient detector

Fig. 5: General form feedback loop for amplitude control with blocks for the system components
RF control model using ‘transfer functions’

A transfer function of a linear system is defined as the ratio of the Laplace transform of the output
and the Laplace transform of the input with ICs = zero.
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I Control input [J(5)

S. SIMROCK

Klystron
\ cavity Output
Tls
0 J

M(s)

Gradient detector

Fig. 6: Description of system components in the amplitude control loop by transfer functions

Input-output relations

Input | Output | Transfer function

U(s) | Y(s) | G(s)=P(s)K(s)

E(s) |Y(s) | L(s)=G(s)Hc(s)

R(s) |Y(s) |T(s)=(1+L(S)M(s))""L(s)

2.2 Passive network circuit

For high frequencies the network shown in (Fig. 7) forms a voltage divider determined by the ratio of
the resistors, while at low frequencies the input voltage is unchanged at the output.

V()

O

Fig. 7: Passive network for a frequency-dependent voltage divider

Differential equations:

Ryi(t) + Roi(t) + & [ii(m)dr = vi(t)
Ryi(t) + & [oi(r)dr = va(t)

Laplace transform:
RiI(s) + RoI(s) + 2 1(s)
Rol(s) + 1 (s) = Va(s)

Laplace transform:

_ Va(s
— Vi(s

RoCs+1
(R1+R2)Cs+1

G(s) } =

Input V71, Output V5 .
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CONTROL THEORY

2.3 Operational amplifier circuit

The transfer function of the circuit shown in (Fig. 8) represents an amplifier with very high gain at low
frequencies and a gain determined by the ratio of the resistors at high frequencies. The more general case
is shown in (Fig. 9) and allows the realization of a wide range of transfer functions.

—/\%\,—g—
e o— ) .\ | L
Vi[ L TVO

- —— O L 0= — —

Fig. 8: Active circuit with operational amplifier

Vi(s) = R1I1(s) and V,(s) = —(Ra + %)[1(3)

G(s) = 1o = —Hletd

——— 0 = 0m — —

Fig. 9: Generalized version of active circuit with operational amplifier using impedances in the input and feedback
section

It is convenient to derive a transfer function for a circuit with a single operational amplifier that
contains input and feedback impedance:

Vi(s) = Zi(s)I(s) and Vo(s) = —Z(s)I(s) — G(s) = &) — _Zr(s)

3 Model of dynamic systems

Models of dynamic systems can be described by differential equations. A system of order n can be
reduced to a set of n first-order equations. These can be written in a matrix formalism called state-space
representation.

We shall study the following dynamic system:

Parameters: k: spring constant, v: damping constant, u(t): force
Quantity of interest: y(¢): displacement from equilibrium

Differential equation: Newton’s third law (m = 1)

y(t) = ZFemt = _ky(t) - Wy(t) + u(t)
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S. SIMROCK

L Sk

m=1

1u(t)

Fig. 10: Harmonic oscillator with mass m, spring constant k, and damping term -y

ylt)

U +yt) + ky(t) = u(t)
y(0) = 0,9(0) = 9o
1. Equation is linear (i.e., no y? like terms).

2. Ordinary (as opposed to partial e.g., a%%f(:p, t) =0).
3. All coefficients constant: k(t) = k,~y(t) =~ for all .

Stop calculating, let us paint. Picture to visualize differential equation.

1. Express highest-order term (put it to one side)
§(t) = —ky(t) = yy(t) + u(t)

2. Put adder in front.

Fig. 11: Visualization of the differential equation for the harmonics oscillator

3. Synthesize all other terms using integrators.
3.1 Linear Ordinary Differential Equation (LODE)
General form of LODE:

Y () + a1y V() + o+ arg(t) + aoy(t) = bpul™ () + ...+ byi(t) + bou(t)
m, n positive integers, m < n; coefficients ag, a1, ..., Gn—1, bo, ...by, real numbers.

Mathematical solution: I hope you know it

Solution of LODE: y(t) = yp(t) + yp(t) .
The solution is the sum of the homogeneous solution y, () (natural response) solving
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CONTROL THEORY

v

il 2y 30l

k

Fig. 12: Visualization of the second-order equation for the simple harmonic oscillator. The diagram can be used
to program an analog computer.

r 3

Y () + an_1y () + ... + ar§(t) + agy(t) = 0

and the particular solution y,(t).

How to get natural response y;(¢)? Characteristic polynomial
x(A) = Ap + apn—1Ap—1 +a1A+ap =0

A=X21)" A= Xg1...(A=Xy) =0

yn(t) = (c1 + cot + ... + e, t" DeMt ¢t 4 cpetnt

The determination of y,(t) is relatively simple, if the input u(t) yields only a finite number of inde-
pendent derivates, e.g., u(t) = e**, 3,t".

Most important for control system/feedback design:
Yin—1)(t) + a1y () 4 ... + a1y(t) + agy(t) = bpu™ (t) + ... + brui(t) + bou(t) .

In general: Any linear time-invariant system described by a LODE can be realized, simulated, and easily
visualized in a block diagram (n = 2, m = 2)

b2
bl
u(l) 'ff'\ | f X, | f X, . b()
N
dy

Fig. 13: Control-canonical form of a second-order differential equation

It is very useful to visualize interaction between the variables.
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S. SIMROCK

What are x1 and z5?

More explanations later, for now: Please simply accept it.

3.2 State-space equation

Any system which can be represented by a LODE can be represented in state space form (matrix differ-
ential equation).

Let us go back to our first example (Newton’s law):

§(t) +vy(t) + ky(t) = u(t)

Step 1: Deduce set of first-order differential equation in variables
xj(t) (so-called states of system)

x1(t) = Position : y(t)

xa(t) = Velocity : y(t) :

Z1(t) = §(t) = aa(t)

Za(t) = §i(t) = —ky(t) — v3(t) + ult) = ke (t) — ywa(t) + u(t)
One LODE of order n transformed into n LODEs of order 1

Step 2: Put everything together in a matrix differential equation:

15 5[ -2

&(t) = Ax(t) + Bu(t) State equation
=0 o[ 50]
y(t) = Cx(t) + Du(t) Measurement equation

Definition: The system state x of a system at any time ¢ is the ‘amount of information’ that, together
with all inputs for £ > ¢, uniquely determines the behaviour of the system for all £ > .

The linear time-invariant (LTI) analog system is described by the standard form of the state-space equa-
tion #(t) = Az(t) + Bu(t) state equation

y(t) = Cx(t) + Du(t) state equation,

1(t)
where #(t) is the time derivative of the vector z(t) =
2 (t)

The system is completely described by the state-space matrices A, B, C, D (in most cases D = 0).
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CONTROL THEORY

Declaration of variables

Variable | Dimension | Name

X(t) nxl State vector

A nXn System matrix

B nXr Input matrix

u(t) rX1 Input vector

y(t) pX1 Output vector

C pXn Output matrix

D pXr Matrix representing direct coupling between input and output

Why all this work with state-space equation? Why bother with it?

Because, given any system of the LODE form

Y () + an—1y" V(@) + .+ arg(T) + aoy(t) = bpul™ () + ... + bri(t) + bou(t)
the system can be represented as

&(t) = Az(t) + Bu(t)

y(t) = Cx(t) + Du(t)

With, for example, control-canonical form (case n = 3, m = 3):

0 1 0 0
A= 0 0 1 |,B=|0]|,C=[by b by ], D=bs
—ap —aip —ag 1

0 0 —ag bo
A= 10—(11 ,B: b1 ,02[001],D:b3
01 —an bg

1. Notation is very compact, but not unique.

2. Computers love the state-space equation. (Trust us!)

3. Modern control (1960—now) uses the state-space equation
4. General (vector) block diagram for easy visualization

3.2.1 Block diagrams:

Now: solution of the state-space equation in the time domain:

(t) = ¢(t)2(0) + [y ¢(7)Bu(t — 7)dr .
Natural response + particular solution

y(t) = Cx(t) + Du(t)
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| +1
b, b |
£ I N I I BV NI
u(t) -T f f s
(]1 ao
|

ult]
l !
bO 1 b2
S
z L

Fig. 15: Observer-canonical form of a differential equation of second order

= Cp(t)z(0) + C [ (1) Bu(t — 7)dr + Du(t) .
With the state transition matrix
G(t) =T+ At + 482 + A3 4 = et

which is an exponential series in the matrix A (time evaluation operator).
Properties of ¢(t) (state transition matrix):

1L 95 = Ao(t)
2. 9(0)=1
30t +12) = 6(11).0(12)
4. ¢71 = p(—t)
Example
0 1 0 0 -
A:[O 0}:142:[0 0]>¢(t)=I+At=[O l]zeAt

Matrix A is a nilpotent matrix.

3.2.2 Example

We have the following differential equation:

(1) + 4y(0) + 3u(t) = 2u(t) .

82
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CONTROL THEORY

1. State equations of the differential equation:

Let 21 (t) = y(t) and x2(t) = y(t) then

To (t) + 4x9 (t) + 3:L‘1(t) = QU(t)
Tg = —3l‘1(t) — 4£U2(t) + QU(t)

2. Write the state equations in matrix form:

@) |, | 0 1 0
Define system state x(t) = [ (1) } z(t) = [ 3 4 x(t) + 9 u(t)
w=[1 0]x).
3.2.3 Cavity model
Wellenleiter i —_
I
Tt
, 0k
g : E :
| | R .. -
1 ! e nlator
- B Coupler 1:m
|
Equivalent circuit: [' I
g, jun L
| I S |
Generator ! | |
7 (=~ R, 1L H C N |
g ! ! R"I ! () b
| RS SRy |
Resonator

U+ 2w%.U +wi U= ZRLw%.(%fg + 1)

Only the envelope of RF (real and imaginary part) is of interest:

U(t) = (Ur(t) + iUi(t))-exp(iwnr(t)

1,(t) = (I () + il (1)) explicor (1))

Ib(t) = (Ibwr (t) + Z.Ibwi (t))'exp(inFt) = Z(Ibor (t) + Z.Iboi (t))'exp(inFt)
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S. SIMROCK

Neglect small terms in derivatives for U and [I.
U, + iU (t) << w¥ p(Un(t) +iU;(1))
203 (Uy +iUx (1)) << wp(Up(t) + iU;(1))
2L () +iLi()dt << [2 wyp(L(t) +i;(t))dt
Envelope equations for real and imaginary component.
U, (t ) +wiUp + Awli = whrg. (= Tgr + Toor)
Ui(t) +wi.Ui — Aw.Ur = wirr(G)-(5:1gi + Tooi)

Matrix equations:

[ U, (¢) ] _ [ Wy —Aw

Ui(t) Aw  —wy Ui(t) 1 (t) + Ipoi(t)
With system Matrices: A = _Au:f __i(j B = wHF(é) [ é (1) }
- U (1) _ LIor (t) + Lyor (t)

T() = { Uilt) } ult) = { TIn(t) + () }

General form: 7 = AZ(t)+ B ().

Solution:

/

=l
=
$

0) + [ ¢t —t).B. (' )dt

_ @y | cos(Awt)  —sin(Awt)
o(t) = e [sin(Awt) cos(Awt) }

Special case:

N LIgr () + Tpor (1)
wlh) = [ LI + T (1) ]

I
| —
&~
| S

[ U, (t) ] wir(5)

w? +Aw? "
2

a-[ sy e ]

3.3 Mason’s rule

Mason’s rule is a simple formula for reducing block diagrams. It works for continuous and discrete sys-
tems. In its most general form it is messy, except for the special case when all paths touch:

__ X(forward path gains)
H(S) " 1—X(loop path gains)
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Integrator —-ﬂ_’EI

oL H =
s
Step Gain y Integrator 1
Harmonic oscillator
/3‘
<
Gain 2
ﬁ Harmonic oscillator
J_ X'=Av+Bu Scope
y=Cx+Du
Step State space
Step

cavity Load Data

x =Ax+Bu
y=Cx+Du

State space Scope

Step

Fig. 17: Simulink diagram of the harmonic oscillator as analog computer and in state-space form. The state-space
form of the cavity model follows the same structure.

Integrator

Gain 4
L HH:
Scope

Gain 5

+ 1
5
Step 1 '/' ‘+ Integrator 1

Gain 3

wi2

A

Fig. 18: Simulink diagram of the cavity model with two inputs and output for real and imaginary parts of the drive
and field vectors

Two paths are said to touch if they have a component in common, e.g., an adder.
Forward path: F}:1 —10—-11—-5—6and F5:1 —2—-3—-4—-5—6

Loop path: 11:3 —4—5—8 —9and [»:5—-6—7
G(f1) = HsH3,G(f2) = HiH2H3,G(I1) = HoHy, G(I2) = H3

Check: All paths touch (contain adder between 4 and 5)

G(f1)+G(f2) _ HsHz+HiHoHz _ H3(Hs+HiHa)
].—G(ll)—G(lg) ~— 1-H.H4—Hs =~ 1-HoH4—Hs3 °

—> By Mason’s rule: H =
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10 H 11

U H 2~ 3 H, 4/1\ 3
.

4

Fig. 19: Example for Mason’s rule. All connections in the forward and loop paths are shown.

4 Transfer function G(s)

The transfer function is commonly used in the analysis of single-input single-output electronic filters, for
instance. It is mainly used in signal processing, communication theory, and control theory. The term is
often used exclusively to refer to linear, time-invariant systems (LTI), as covered in this article. Most real
systems have non-linear input/output characteristics, but many systems, when operated within nominal
parameters (not ‘over-driven’) have behaviour that is close enough to linear that LTI system theory is an
acceptable representation of the input/output behaviour.

Continuous-time space model:
#(t) = Ax(t) + Bu(t) State equation
y(t) = Cx(t) + Du(t) Measurement equation

The transfer function describes the input—output relation of the system.

Ulsj —] System — 13|

Fig. 20: System with the Laplace transforms of input and output signals. The ratio is the transfer function.

sX(s) — 2(0) = AX(s) + BU(s)
X(s) = (sT — A)12(0) + (s — A)~'BU(s)

= ¢(s)x(0) + ¢(s)BU(s)

Y(s) = CX(s) + DU(s)

= C[(sI — A)~Ya(0) + [e(sI — A) "' B + DJU(s)
= C¢(s)x(0) + C(s)BU(s) + DU(s)

Transfer function G(s) (pxr) (case:X (0) = 0):

G(s) = C(sI — A)"'B+ D = C¢(s)B + D

Transfer function of TESLA cavity including % — 7 mode
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Heont(8) = Hean(s) = Hp(s) + H%w(s)

de H (wy)m s+ (Wi)n Awr
T mode Hu(s) = Smretepr | —awy s+ ()
(w1)sr S+(W1)8_7r ~Owe
8 - - 9 (
gm— mode H%ﬁ (s) = Aw%w-i-(sQ-f-(f’l)g—”)Q Awsr s+ (W1‘387r
5 29 N T

4.1 Transfer function of a closed-loop system

Rls) Els) H (5| . G(s) Y(s) ,

4

Fig. 21: Diagram of a closed-loop system. Mason’s rule can be applied to determine the closed-loop transfer
function.

We can deduce for the output of the system:

With L(s) the transfer function of the open-loop system (controller and plant)
(1+L(s)M(s))Y (s) = L(s)R(s)

Y(s) = (I + L(s)M(s))"'L(s)R(s) = T(S)R(s),

where T'(s) is called the reference transfer function.

4.2 Sensitivity

The ratio of change of the transfer function 7'(s) by the parameter b can be defined as

System characteristics change with system parameter variations S = ATT(S) .&.
The sensitivity function is defined as: SbT = limAb_@Az—é‘g).Tﬁs) = Tgs) .TE’S).

Or, in general, sensitivity function of a characteristic W with respect to the parameter b:

W _ W b
Sy = 5w
K

Example: Plant with proportional feedback given by G(s) = K and Gy, (s) = ;5571
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IShi|
/(pZI 0
omega;

Fig. 22: Sensitivity as function of frequency for different feedback gains

: . KpGp(s)
Plant transfer function T'(s): T'(s) TTRG () r
T/ N —KpGu(jw)H, —0.25K,
Sy(jw) = T+K,Gp(jw)Hy  0.140.25Kptjw

Increase of H results in decrease of T'. System cannot be insensitive to both H, T

4.3 Disturbance rejection

Disturbances are system influences we do not control and whose impact on the system we want to mini-
mize.

o Ge(5).Gp(s) Ga(s
C(s) = Fa.6) 6.6 Bs) + 1+Gc(s).dG(pgs)-H(s)

=T(s).R(s). + T4(s).D(s).

To reject disturbances, make 7.d(s).D(s) small!

1. Use frequency response approach to investigate disturbance rejection.

2. In general Ty(jw) cannot be small for all —w. Design T;(jw) small for significant portion of
system bandwidth.

3. Reduce the gain G4(jw) between disturbance input and output.

4. Increase the loop gain G'.G)(jw) without increasing the gain G 4(jw). Usually accomplished by
the choice of G.(jw) compensator.

1

s dej :

1

1 + 1

R(s) * —{G.[s) : GP(S)—_; ' C(s)
L. :
Plant
H(s)

Fig. 23: Diagram with all transfer functions and signals used to define the disturbance rejection

5. Reduce the disturbance magnitude d(t): should always be attempted if reasonable.
6. Use feed forward compensation, if disturbance can be measured.
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5 Stability

In electrical engineering, specifically signal processing and control theory, BIBO stability is a form of
stability for signals and systems. BIBO stands for Bounded-Input Bounded-Output. If a system is BIBO
stable then the output will be bounded for every input to the system that is bounded.

Now we have learnt so far that
the impulse response tells us everything about the system response to arbitrary input signal u(t).

What we have not learnt:
If we know the transfer function G(s), how can we deduce the system behaviour?

What can we say about the system stability?

Definition: A linear time invariant system is BIBO stable (Bounded-Input-Bounded-Output) for all
bounded inputs |u(t)| < M; (for all ¢) exists a boundary for the output signal Ma, so that |y(t)] < Mo
(for all t) with M, and | M3| are positive real numbers.

If input never exceeds //; and output never exceeds )/, then we have BIBO stability!

Note: It has to be valid for ALL bounded input signals!

Example: Y (s) = G(s)U(s), integrator G(s) = %

1. Case u(t) =6(t),U(s) =1

ly(t)] = |
2. Case u(t) =1,U(s) = %

BIBO stability has to be proven for any input. It is not sufficient to show its validity for a single
input signal!

Condition for BIBO stability:

We start from the input—output relation

By means of the convolution theorem we get

]—|f0 u(t — ) d7\<f0 lg(T)|Ju(t — 7)|dr < My [;° |g(7)|dT < M.
Therefore it follows immediately that if the impulse response is absolutely integrable
Jo7 lg(t)]dt < oo,

then the system is BIBO stable.
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5.1 Poles and zeros

Can stability be determined if we know the TF of a system?

G(s) =Cp(s)B+ D = C%B D

Coefficients of transfer function G(s) are rational functions in the complex variable s

I (s—zk) _ Nij(s)
9i5(s) = a. Tr’f;ll(s—pf) - Dz-j-(S)

zp zeros, p; poles, « real constant, and it is m < n (we assume common factors have already been
cancelled!).

What do we know about the zeros and the poles?

Since numerator N (s) and denominator D(s) are polynomials with real coefficients, poles and zeros
must be real numbers or must arise as complex conjugated pairs!

5.2 Stability directly from state-space
Recall that: H(s) = C(s[ — A)"'B+ D.
Assuming D = 0 (D could change zeros but not poles),

_ Cy i(sI—A)B (s
H(s) = dijt(sf—A) = %

Assuming there are no common factors between the poly Cqi(s/ — A)B and det(sI — A) i.e., no
pole-zero cancellations (usually true, system called ‘minimal’) then we can identify

and

b(s) = Cagj(s] — A)B

a(s) = det(s] — A)

i.e., poles are root of det(sI — A).

Let \; be the i-th eigen value of A if Re(\;) < 0 for all i = system stable.

So with a computer, with eigenvalue solver, one can determine system stability directly from coupling
Matrix A.

A system is BIBO stable if, for every bounded input, the output remains bounded with increasing time.

For a LTI system, this definition requires that all poles of the closed-loop transfer-function (all roots
of the system characteristic equation) lie in the left half of the complex plane.

5.3 Several methods are available for stability analysis:
1. Routh Hurwitz criterion
2. Calculation of exact locations of roots
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— root locus technique
— Nyquist criterion

— Bode plot

3. Simulation (only general procedures for nonlinear systems)

While the first criterion proofs whether a feedback system is stable or unstable, the second method also
provides information about the setting time (damping term). Pole locations tell us about impulse re-

sponse i.e., also stability:

Medium oscillation
Medium decay

Fast oscillation
No growth

Medium oscillation

No Oscillation
Fast Decay

No oscillation
No growth

Medium growth
Re(s)=o0
X
S No oscillation
Fast growth

Fig. 24: Stability diagram in the complex plane. The system is stable if the poles are located in the left half of the
plane. Oscillations occur for conjugate complex poles.

Furthermore: Keep in mind the following picture and facts!

1. Complex pole pair: Oscillation with growth to decay

2. Real pole: exponential growth or decay
3. Poles are the eigenvalues of the matrix A.

4. Position of zeros goes into the size of ¢;....

In general a complex root must have a corresponding conjugate root (N (s), D(s)) polynomials with real

coefficients.

91



S. SIMROCK

Bode Diagram

dB
w0,
602 (]
Gm Gain Margin

0 > >

0 w, , 10)
——

-90°—-
Phase Margin
0 8

Fig. 25: Bode diagram showing phase and gain margins for stable systems

The closed loop is stable if the phase of the unity crossover frequency of the open loop is larger than
—180 degrees.

5.4 Root locus analysis

Definition: A root locus of a system is a plot of the roots of the system characteristic equation (the poles
of the closed-loop transfer function) while some parameter of the system (usually the feedback gain) is

] - K
varied. KH(s) = (s—p1)(s—p2)(s—p3) "

—

EEEANG ,

\\

Fig. 26: Concept of root locus method

R[s| * Il

—()—— & o Hls| >

Fig. 27: Transfer function model of the closed-loop system used for the root locus method
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Gal(s) = % roots at 1 + K H(s) = 0.

How do we move the poles by varying the constant gain K7

sz, 574
R TN | Felerd
x ‘Tci\*jiy‘;

o b
© (d)
Fig. 28: Root locus curves: some typical transfer functions
¢ 1 1;(2 1
s=plo=rili=i] \ s=pls=plls=i
AN B
X
N B
(e ®
pz/ 1 A
X [s=p\[s=pa)[s—p] (s=pills=p)ls=p]
o AR
X\
. (h)

@

Fig. 29: More root locus curves: some typical transfer functions

6 Feedback

Feedback is both a mechanism, process, and signal that is looped back to control a system within itself.
This loop is called the feedback loop. A control system usually has input and output to the system; when
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the output of the system is fed back into the system as part of its input, it is called the ‘feedback’.
Feedback and regulation are self-related. The negative feedback helps to maintain stability in a system
in spite of external changes.

The idea:
Suppose we have a system or ‘plant’

“open loop”

—_— plant |———

Fig. 30: Plant with input and output signals. Open-loop diagram.

We want to improve some aspect of the plant’s performance by observing the output and applying an
appropriate ‘correction’ signal. This is done by the feedback.

h 4

lant
Y P “closed loop”

7~

Ufeedback

Fig. 31: Closed-loop system with reference input and plant output

Question: What should this be?

Open-loop gain: GOL(s) = G(s) = (%)—1
U ey

Fig. 32: Transfer functions and signals in the open-loop system

Closed-loop gain: G¢X(s) = %
U Y
T Gls) '
U/b “closed loop”

Fig. 33: Transfer functions and signals in the closed-loop system

Proof: y = G(u —up,) = Gu — Gup, = y+ GHy = Gu
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G

6.1 Simple harmonic oscillator

Consider a simple harmonic oscillator with feedback proportional to x i.e.:
where
P4y 4 wir =u+up

upp(t) = —ax(t).

Fig. 34: Simple harmonic oscillator with proportional feedback

Then
F+yi+wir=u—ax
= i+7%+ (W2 + )z = u.

Same as before, except that ‘natural’ frequency w? + «

1

now the closed-loop transfer function is G (s) = Tt i Ta)”

So the effect of the proportional feedback in this case is fo increase the bandwidth of the system (and
reduce gain slightly, but this can easily be compensated for by adding a constant gain in front).

6.1.1 Simple harmonic oscillator with integral feedback

Suppose we use integral feedback in a simple harmonic oscillator
upp(t) = —« fg x(7)dr
ie &+vy&+wir=u—a fg x(T)dr

Differentiating once more yields @ + i + w2 + ax = 1.

1
2t mstw?

No longer just simple SHO add another state G (s) = 1+(g)22””“1"
570 s24ys+(wi +a)

_ s
) T os(s2Hystwl)+a
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0.L.{.
ast ’G (lw” 1
6" "]
I/’\\\
! \\
I N, .
2 I 7 >log(w)
@, log By - log\/a)iJra\\
- N
| - N
wi-ﬁ-a ————
DC response: s=0

Fig. 35: Bode plot of SHO with proportional feedback. Open and closed-loop transfer function are shown.

Fig. 36: Simple harmonic oscillator with integral feedback

8|_
=N
~
7,

16 o)

4

Fig. 37: Bode plot of SHO with integral feedback. Open and closed-loop transfer function are shown.

Observe that

1. GYF(0=0).
2. For large s (and hence for large w)
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So integral feedback has killed the DC gain i.e., the system rejects constant disturbances.

6.1.2 Simple harmonic oscillator with differential feedback

Suppose we now apply differential feedback in a simple harmonic oscillator i.e.

Ufb(t) = —aa’;(t)

Fig. 38: Simple harmonic oscillator with differential feedback

Now we have & + (v + @)d + w2z = w.
So the effect of differential feedback is to increase damping.
Now GEE(s) =

S S
s2+(vta)s+w?

dBt

e~
=N

Fig. 39: Bode plot of SHO with differential feedback. Open and closed-loop transfer function are shown.

So the effect of differential feedback here is to ‘flatten the resonance’ i.e. damping is increased.

Note: Differentiators can never be built exactly, only approximately.
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6.2 PID controller

1. The last three examples of feedback can all be combined to form a PID controller (proportional-
integral-differential). u s, = up + ug +

“

x =
+ S.H.O J

P.I.D controller
K T K, s+K,/s

Fig. 40: SHO with PID controller

2. In the example above SHO was a very simple system and it was clear what the physical interpre-
tation of P. or I. or D. did. But for large complex systems it is not obvious.

— z Require arbitrary ‘tweaking’
That is what we are trying to avoid.
For example, if you are so clever let us see you do this with your PID controller:

‘ G‘ 6" order system

3 resonant poles
3 complex pairs
6 poles

/

\ @

Fig. 41: PID controller adjustment problem

Damp this mode, but leave the other two modes undamped, just as they are.
This could turn out to be a tweaking nightmare. It will get you nowhere fast!

We shall see how this problem can be solved easily.

6.3 Full state feedback
Suppose we have a system @(t) = Axz(t) + Bu(t), y(t) = Cx(t).

Since the state vector x(¢) contains all current information about the system the most general feedback
makes use of all the state information.

u——Kix1—...— Kz, = Kz

where k = [kj.....k,] (Row matrix)
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Where example: In SHO examples

Proportional feedback: u, = —k,z = — [ K, 0 ]

Differential feedback: up = —kpt = — [ 0 kp ]

Theorem:

If there are no pole cancellations in Go.1,(s) = Z(—s) =C(sI - A)~'B,

then we can move the eigen values of A — BK anywhere we want using full state feedback.

Proof: Given any system as L.O.D.E or state space it can be written as

1 0 1 .. 0 1 0
I R o,
o 0o ... .. 1 .
Tn, —ag e .. —Qp—q T, 1
T
Yy = [ bo bn—l ]
Tn
where GO-L = C(sI - A)~'B= nb"“sni,:_ﬁ“*bo i.e. the first row of AL gives the coefficients of
s"+an—18 +...4ao

the denominator

a9l (s) = det(sI — A9L) = s" + a,_15"" 1 + ... + ao.

0 1 .. 0
C.L. O.L. 0o ... .. 1
Now A =A — BK = 0 . _
—ap . —Qnp—1
0 0 1 1
0 0
Tl ke e e Eaor ] 0 :
1 —(ap+ ko) o o —(@n—1+kn-1)

So the closed-loop denominator
a® L (s) = det(s] — ALY = s + (ag + ko)s" L + ... + (an—1 + kn_1).

Using u = —Kx we have direct control over every closed-loop denominator coefficient. We can place
the root anywhere we want in the s plane.

Example: Detailed block diagram of SHO with full state feedback.
Of course this assumes we have access to the & state, which we actually do not in practice.
However, let us ignore that ‘minor’ practical detail for now. (The Kalman filter will show us how to

get & form x.)
With full state feedback we have (assume D = 0).
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K

Fig. 43: Diagram of state space system with full state feedback

So

&= Ax + Blu+uys| = Ar + Bu+ BKuy,

& =(A— BK)x+ Bu

up, = —Kux

y=Czx

With full state feedback, we get a new closed loop matrix.

ACL = (A9 — BK)

Now all stability information is given by the eigen values of the new A matrix.

The linear time-invariant system & = Ax + Bu y = Cx is said to be controllable if it is possible to find
some input u(¢) that will transfer the initial state z(0) to the origin of state-space, x(tg) = 0, with t
finite.

The solution of the state equation is

z(t) = )+ fo T)Bu(t — 7)dT.

For the system to be controllable, a function «(¢) must exist that satisfies the equation

0= f ¢TBu(ty — 7)dT.
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With ¢y finite, it can be shown that this condition is satisfied if the controllability matrix

Cy = [B AB A%B ....A"!B] was inverse. This is equivalent to the matrix C'y; having full rank
(rank 7 for an n'" order differential equation).
Observable:

— The linear time-invarient system is said to be observable if the initial conditions x(0) can be
determined from the output function y(t),0 < t < t; where ¢; is finite with y(¢) = Cx =
Co(t)zo + C [y ¢(T)Bu(t — )dr.

— The system is observable if this equation can be solved for 2(0). It can be shown that the system

C

is observable if the matrix: Oy = ca

C An—l
— Was inverse. This is equivalent to the matrix Cp; having full rank (rank n for an n-th order
differential equation).

7 Discrete systems

Digital control is a branch of control theory that uses digital computers to act as a system. Depending on
the requirements, a digital control system can take the form of a microcontroller to an ASIC to a standard
desktop computer. Since a digital computer is a discrete system the Laplace transform is replaced with
the Z-transform. Also since a digital computer has finite precision (see Quantization) extra care is needed
to ensure the error in coefficients, A/D conversion, D/A conversion, etc. is not producing undesired or
unplanned effects.

A discrete system or discrete-time system, as opposed to a continuous-time system, is one in which
the signals are sampled periodically. It is usually used to connote an analog sampled system, rather than
a digital sampled system, which uses quantized values.

Where do discrete systems arise?

Typical control engineering example: Assume the DAC+ADC are clocked at sampling period 7.
Then u(t) is given by: u(k) = uc(t); kT <t < (k+1)T

y(k) = ye(kT);k = 0,1,2, ...
Suppose: time continuous system is given by state-space 2 .(t) = Az.(t) + Bu.(t); x.(0) = x¢

Ye(t) = Cae(t) + Duc(t).

7.1 State space description

Can we obtain a direct relationship between (k) and y(k)? We want an equivalent discrete system:
Yes! we can obtain an equivalent discrete system.

Recall  z,(t) = ez (0) + fot eAT . Bu(t — 1)dr.

From this  x.(kT + T) = eATa.(kT) + fOT eAT . Bu (kT — 7)dr.

Observe that  u(kT + T — 7) = w(kT) for 7€[0,T] i.e. u(kT + T — 7) is constant u(kT) over
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P e m e mmmmmmm————————————— IDigitized
: Continuous system 1sample
1
ol ‘ O I ‘
! u\t t]
M(k] : » DAC C(‘ | h(t) Yol ADC : V(k]
! I
t ' t L 4 ¢ l‘rLL"“t
“Digitized” “Zero-order-hold” “continuous” “Digitized”

J

Computer controller

Fig. 44: Schematic of digital controller with analog-to-digital and digital-to-analog converters. The continuous
and discretized signals are shown in the feedback loop.

Fig. 45: Conversion from continuous system to discrete transfer function

T€e[0, T

can pull out of integral

= 2c(kT +T) = e (kT) + ( [y eA7.Bdr)uc(kT)

x(k+1) = Agz(k) + Bau(k)

y(k) = Caz(k) + Dgu(k)

x(0) = z.(0).

So Aq=eAT,By = [ €*".BdrBDy = C, Dy = D.

So we have an exact (note: z(k + 1) = x(k) + #(k)T + O(.)) discrete time equivalent to the time
continuous system at sample times ¢ = k7'— no numerical approximation! A linear ordinary difference

equation looks similar to a LODE

y(k+n)+ap—1y(k+n—1)+..+a1y(k+1)+aoy(k) = bpu(k+m)+...+byu(k+1)+bou(k)n > m;
assumes initial values yy(n — 1),...y(1),y(0) = 0.
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7.2 Z transform
Z transform of the LODE yields (linearity of Z transform):

2,Y (2) + 2" Ya, 1Y (2) + ... + za1y(2) + agY (2) = 2mbnU(2) + .. + 2b1U(2) + boU (2)
it follows the input—output relation:
(2" 4+ 2" a1+ ..+ zag +ag)Y (2) = (2™by + ... + 2b1 + bo)U(2)
_ 2™Mbp+...+2b1+b
Y(2) = T e ta U (2)
Once again: if U(z) = 1, (u(k) = 6(k)), then Y (2) = G(2).

Transfer function of system is the Z transform of its pulse response!
x(k+1) = Agz(k) + Bau(k)

y(k) = Cx(k) + Du(k).

Applying the Z transform on first equation:

2.X(2) — zx2(0) = AgX (2) + ByU(2)

(21 — Ag) X (2) = z2(0) + Bu(z)

X(2) = (21 — A)~t22(0) + (21 — Ay)"'BU(z). Homogeneous solution.

NOW: Particular solution:

Y(2) = CX(2) + DU(2) = C(2I — Ag)"'2zz(0) + (C(2I — Ag) !B+ D)U(2)

if (0) = 0 then we get the input—output relation:

Y(2) = G(2)U(z) with G(z) = C(2I — Ag)"'B + D.

Exactly as for the continuous systems.

To analyse discrete-time systems: the Z transform (analog to Laplace transform for time-continuous
system).

It converts linear ordinary difference equation into algebraic equations: easier to find a solution of the
system!

It gives the frequency response for free!
Z transform == generalized discrete-time Fourier transform

Given any sequence f (k) the discrete-time Fourier tranform is F/(©) = X8 f(k)e~ ™k

w = 2IIf, f = L. The sampling frequency in Hz, T : difference/time between two samples.
T

In the same spirit: F/(2) = Z[f (k)] = £, f(k)z~F
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with z a complex variable. Note: if f(k) = 0 for k = —1,—2, ... then F(w) = F(z = /*).

7.3 Stability
A discrete LTI system is BIBO stable if |u(k)| < M,Vk = |y(k)|; Vk

ly(k)| = [S5u(k — )h(0)| < Sflulk —0)||h(0)] < MEf|R()] < MEF[A3)].
For LODE state space system: H(z) = a% =¥F BiTi(2).

With partial fraction of the rational function, once again pole locations tell us a lot about the shape
of pulse response.

Zeros determine the size of (3;. In general a complex pair — oscillatory growth/damping.

i
[T

Constant

1)
unit circle Im 2]

\T‘w-
[ F

Damping

Growing

z-Pl'ane
Fig. 46: Stability diagram for discrete system. The system is stable if the poles are located inside the unity circle.
A real pole — exponential growth/decay but may be oscillatory too (e.g. 7" 1(n) where r < 0).
The farther inside the unit circle — the faster the damping — the higher the stability, i.e. |p;| < 1 —

system stable. Stability directly from state space: exactly as for cts systems, assuming no pole-zero can-
cellations and D =0

H(z) = %3 = C(a — A) 7' By = CeatlL A0
b(2) = Cugj(2I — Ag)Bg  a(z) = det(zI — Ay).

The poles are eigenvalues of A;. So check stability, use an eigenvalue solver to get eigenvalues of
the matrix Ag, then if |\;| < 1 for all i then the system is stable. Where |)\;| is the i* e-value of A,.
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7.4 Cavity model

Converting the transfer function from the continuous cavity model to the discrete model:

B " stwipa —Aw
H(S)—Wﬁwmy[ Aw s+wu]'

The discretization of the model is represented by the z transform:

H(z) = (1= Do) = 2Zhan By,

H(z) = — 12 wiz —Aw | w12 z—1 )
Aw? 4wl | Aw  wig Aw? 4+ wiy 22 — 2ze912Ts cos(AwT )5 + 21275
_ w1275 w12 _Aw _wi2Ts Aw w12
((z—e cos(AwTy)). [ Aw  wi }) e sin(AwTy). [ ot Aw } .

Given: z(k + 1) = Az (k) + Bu(k)

z(k) = Cz(k). Assume D = 0 for simplicity.

8 Optimal control:

Optimal control deals with the problem of finding a control law for a given system such that a certain
optimality criterion is achieved. A control problem includes a cost functional that is a function of state
and control variables. An optimal control is a set of differential equations describing the paths of the
control variables that minimize the cost functional.

Suppose the system is unstable or almost unstable. We want to find w (k) which will bring x(k) to
zero, quickly, from any initial condition.

@ N

Fig. 47: Formulation of the problem of the optimal controller

A quadratic form is a quadratic function of the components of a vector:

o= [ 2] @)= o) = e+ by + e +

1
a 5b 1 1
[:131,:132][%1) g ] [xz]—l—[c 0][332}
f(x) = 27 Qx, quadratic part, + Pz, linear part, +e constant.

What do we mean by ‘bad’ damping and ‘cheap’ control? We now define precisely what we mean. Con-
sider:

J = X202l Qz; + ul Ru;.

)
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Fig. 48: Tradeoff between bad damping and cheap control (left side) and good damping and expensive control

(right)

The first term penalizes large state executions, the second penalizes large control. Q > 0, R > 0

Can there be a tradeoff between state excursions and control by varying () and R?

Large () — ‘good’ damping important

Large R — actuator effort ‘expensive’

(Linear quadratic regulator)

Tit1 = Az; + Bug;  xo

Find control sequence ug, 41, U2, ... such that J = Z‘ZﬁoxiT
Answer: The optimal control sequence is a state feedback sequence wu;3°
U; = —RoptTy

Kot = (R+ BTSB)"'BTSA

S=ATSA+Q - ATAB(R+ BTSB)"'BTSA

Algebraic Riccati Equation (ARE) for discrete-time systems.

Note: Since u; = state feedback, it works for any initial state z¢.
Remarks:

Qx; + uiTRui = minimum.

1. So optimal control, u; = K,y x; is state feedback! This is why we are interested in state feedback.

2. Equation ARE is a matrix quadratic equation. Looks pretty intimidating but computer can solve in

a second.

3. No tweaking! Just specify A, B,C, D and @ and R, press return button, LQR routine spits out

K opt— done (of course guaranteed optimal in the sense that it minimizes).

4. Design is guaranteed optimal in the sense that it minimizes.
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T T
Jigr (o, wilr; Qy + u; Ru;

(Of course that does not mean it is the ‘best’ in the absolute sense.)
As we vary the @)/ R ratio we get whole family of k;4,’s, i.e., can trade off between state excursion
(damping) vs actuator effort (control)

State
excursions
J Achievable

=0 ,

ul Actuator effort

Fig. 49: Tradeoff between control effort and rms state excursions

Our optimal control has the form wop (k) = —K (k)zope (k).

This assumes that we have complete state information x,,:(k). This is not actually the case, e.g., in
SHO, we might have only a position sensor but not a velocity sensor.

8.1 The Kalman filter

How can we obtain ‘good’ estimates of the velocity state by just observing the position state?

The sensors may be noisy and the plant itself may be subject to outside disturbances (process noise)
i.e., we are looking for this:

Prf)cess /-.l-\ {A,B,C}\X
noise . N )
k| i=K {[x[k-1)0
Amazing box which
=1 Calculates “good“ estimate
|£| Of x(k) from
)AC(X‘ k- 1) y(0),...... y(k-1)

Fig. 50: Formulation of the problem to be solved by the Kalman filter
x(k+1) = Az(k) + Bw(k)
z(k) = Cx(k)

y(k) = Cxz(k) + v(k). Assumes also x(0) is random and Gaussian and that z(k), w(k) + v(k) are
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{A,B,C}

Estimator

Fig. 51: Concept of the estimator which provides a best state estimate from model and noisy sensor signal

all mutually independent for all k.

Find: Z(k|k — 1) optimal estimate of z(k) given yo, ..yx—1 such that ‘mean squared error’.

E[||x(k) — 2(k|k — 1)||3] = minimal.

Fact from statistics: Z(k|k — 1) = E[x(k)|(yo, .-, yx—1)] The Kalman filter is an efficient algorithm
that computes the new ;|; (the linear-least-mean-square estimate) of the system state vector ;41,
given Yo, ..y;, by updating the old estimate ;; _; and old z;;_; (error). The Kalman filter produces

)Ag Kalman )AC
ili— . i+1)
(old esﬂllmlate) Filter (new Iesgmate)
(step i)

> Diji-1 *Pigp—

(old error variance) (new error variance)
I~ 2
pz‘\i—l_Hxih—lHZ Vi

(new measurement)

Fig. 52: Update algorithm for the Kalman filter

Zjyq); from Z;);_; (rather than &;;, because it ‘tracks’ the system ‘dynamics’. By the time we compute
Z); from Z;);_1, the system state has changed from x;.

The Kalman filter algorithm can be divided into a measurement update and a time update:

Kalman Filter
)AC.._ —> > X, > >
l‘l l Measure. "l Time l+1|l
update update
P >Dy; ) > Di)i

Fig. 53: Separation between measurement and time updates in the Kalman filter

Measurement update(M.U): i‘z\z = 'ii|i—1 + Pi‘i_lCT(Cpi‘i_lcT + V)_l(yz - Oizh—l)

Diji = Lyi—1 — Pz‘\z‘—lcT(CPi\i—lcT + V) ' Cpyjia.
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Time update (TU) ii+l|i = Aiz‘z and ‘Pi+1|i = Api‘iAT + BWBT

With initial conditions: Zg_; = 0 and py|_; = Xo.
By plugging M.U equations in to T.U equations one can do both steps at once:

Tiv1) = Aty = A1 + Apiim1 CT(Cpijia CT + V) Hys — Cligiy).

Tiv1) = A1 + Li(yi — Ciyy_q) where Ly = A (py;_1CT (Cpy—1 CT +V)71)

pit1ji = Apy AT + BWBT = Alp;j; 1 — piji-1CT (Cpiji 1 CT + V) 1O Py;_1]AT + BW BT

Dit1)i = ApiuAT + BWBT — Api|i—1CT(Cpi\i—1CT + V)_I(Cpﬂi—l —1)AT

w.
—_1

Plant equations:

B

X. X. Z.
/_'p i+1 J 71 ; C i
Z
A v,
+
s
yi|i—1 P
C ~(®
€

Fig. 54: Model of Kalman filter with time varying gain

Ti41 = AIL’l + Buz and Yi

Cx; + v;.

Time varying gain

Kalman filter: Tiprs = A%y + Li(yi — 95ji—1) and ;-1 = CZy—1. If v = w = 0 Kalman
filter can estimate the state precisely in a finite number of steps.
Remarks:

1. Since y; = Cx; + v; and §;;_1 = CZ; can write estimator equation as ,,1; = AZ;;_1 +
Li(Cxi +v; — Cy_1) = (A — LiC)x\z’A— 1+ L;Cx; + v;. We can combine this with equation
for Ti4+1
) Lo atue Lo 0 Y

‘%i+1|i LZC A— LZC ji‘i—l 0 1 (i
Lo =10 e L
Jgi-r | [0 C L)1
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2. In practice, the Riccati equation reaches a steady state in a few steps. People often run with steady-
state Kalman filters, i.e.

Lgs = Aps,CT(CP,,CT + V)71,
where pgs = Apss AT + BW BT — Ap, CT(CP;,CT + V)" 1C P, A.

8.2 LQG controller

Now we are finally ready to solve the full control problem.

Fig. 55: LQG controller problem definiton

Given: x| = Az, + Bug + Bywy, 2z, = Cxy, yr = Cxp + v, (wi,wj> = w(sij, (vi,vj> = Véij,
(ws,vj) = 0, where wy, and vy, are both Gaussian. For Gaussian, K.L. gives the absolute best estimate.
Separation principle: (We will not prove this.) The separation principle states that the LGQ optimal
controller is obtained by:

1. using a Kalman filter to obtain least-squares optimal estimate of the plant state,

ie., Letzc(k) = Zpp—1-
2. Feedback estimated LQR-optimal state feedback

u(k) = —Krgrre(k) = —KrgrEi—1- One can treat problems of optimal feedback and a
state estimate separately.

Plant: ||z, 1 = Axg + (—Bug) + Bywg, 2z = Cxg, yp, = Cxg + vgl|-

LQG Controller H‘%k—i-1|k: = A:f)k|k_1 + Buy + L(yk - C:f)k|k_1), Up = _K‘%kz\k—l

where k = —[R+ BTSB]|™' + 5= ATSA+Q — ATSB[R + BTSB]"'BTSA, and

L=APCTV 4+ CPCT|7' + P= APAT + BWBT|V + CPCT|-'CPCT.

We want a controller which takes as input noisy measurements y and produces as output a feedback
signal v which will minimize excursions of the regulated plant outputs (if no pole-zero cancellation, then
this is equivalent to minimizing state excursions).

We also want to achieve ‘regulation’ with as little actuator effort u as possible.

Problem statement (mathematically) Find: controller H(z) = C.(2I — A.) "' B, + D..
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» B
@—{ B —O® z C
A

o Ky, — T T T
: k| k-1 K I

£ . I
| 2 ) e IXHH A
 —— @ {0
I 1| X :
I
I A |- e, :
! |
I L | :
I
! !

Fig. 56: Visual representation of LQG controller

H(z) \l&

(4.8.C.D|

C c c

Fig. 57: LQG controller

Controller: z.(k + 1) = Acx(k + 1) = Acx(k + 1) + B.y(k),yc.(k) = Coxc(k) which will
minimize the cost, where

Jroc =F™it B[zl Qzy are rm.s. ‘state’ excursions and +ul Ruy] is the r.m.s. ‘actuator’ effort.
[2k1 = Azk + (= Bug) + Bwwy, 2k = Cag, yp = Cp + vg|
Remarks:

1. @ and R are weighting matrices that allow trading off r.m.s. u and r.m.s. x.
2. If Q = CTpC; p > 0 then trade off r.m.s. z vs r.m.s. .

3. In the stochastic LQR case, the only difference is that now we do not have complete state informa-
tion y; = C'z; 4+ v; we have only noisy observations i.e. cannot use full state feedback.

Idea: Could we use estimated state feedback? (i.e. — K& p—_1)

4. We can let )/ R ratio vary and we will obtain the family of LQG controllers. We can plot r.m.s. Z
r.m.s. u for each one.
So by specifying (1) system model, (2) noise variance, (3) optimally criterion .JJ7o¢ and plotting
trade off curve completely specifies the limit of performance of the system i.e. which combinations
of (Zyms, Urms) are achievable by any controller’s good ‘benchmark curve’.
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rms Z
ACHIEVABLE
LQG, Q/R=0.01

Z)‘WS ( 1 ) _____

1 X other

: LQG, Q/R=100
A s

1 |

! :

Um“) U],”TA_[Z) rms U

Fig. 58: Tradeoff between control effort and r.m.s. error

9 System identification

System identification is a general term to describe mathematical tools and algorithms that build dynam-
ical models from measured data. A dynamical mathematical model in this context is a mathematical
description of the dynamic behaviour of a system or process.

What is system identification? Using experimental data obtained from input/output relations to model
dynamic systems.

There are different approaches to system identification depending on the model class.

disturbances

input output

— | System |——

Fig. 59: System with input, output and disturbances. Goal is the identification of the system from measurements
of the input and output signals.

1. Linear/non-linear

2. Parametric/non-parametric

— Non-parametric methods try to estimate a generic model (step responses, impulse responses,
frequency responses)

— Parametric methods estimate parameters in a user-specified model (transfer functions, state-
space matrices)

Identification steps: System identification is the experimental approach to process modelling.

System identification includes the following steps:

1. Experimental design: Its purpose is to obtain good experimental data, and it includes the choice
of the measured variables and of the character of the input signals.

2. Selection of model structure: A suitable model structure is chosen using prior knowledge and
trial and error.
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3. Choice of the criterion to fit: A suitable cost function is chosen, which reflects how well the
model fits the experimental data.

4, Parameter estimation: An optimization problem is solved to obtain the numerical values of the
model parameters.

5. Model validation: The model is tested in order to reveal any inadequacies.

Experimental design I

|

Data collection I

—
|
—>| Data pre-filtering I
—
|
|

Model structure selection I

Y

Parameter estimation |

l

Model validation |

Model ok?

Yes

Fig. 60: Procedure for system identification

Different mathematical models: Model description:

1. Transfer functions
2. State-space models
3. Block diagrams (e.g. Simulink)

Notation for continuous time models: Complex Laplace variable s and differential operator p

i(t) = afggf) — pa(t) .

Notation for discrete time models: Complex z transform variable and shift operator ¢
z(k+1) =qx(k) .
Experiments and data collection: It is often good to use a two-stage approach.

1. Preliminary experiments

— Step/impulse response tests to get basic understanding of system dynamics
— Linearity, static gains, time delays constants, sampling interval

2. Data collection for model estimation

— Carefully designed experiment to enable good model fit
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— Operating point, input signal type, number of data points to collect

Preliminary experiments-step response: Useful for obtaining qualitative information about the system.

Dead-time (delay)
Static gain

Time constants

Resonance frequency

Sample time can be determined from time constants.
Rule-of-thumb: 4-10 sample points over the rise time.

Design experiment for model estimation: Input signal should excite all relevant frequencies

— Estimated model more accurate in frequency ranges where input has high energy.
— Pseudo-Random Binary Sequence (PRBS) is usually a good choice.

Trade-off in selection of signal amplitude

— Large amplitude gives high signal-to-noise ratio (SNR), low parameter variance.
— Most systems are non-linear for large input amplitudes.

Big difference between estimation of system under closed-loop control or not.

Collecting data: Sampling time selection and anti-alias are central.

Fig. 61: Concept of the measurement of discretized input and output signals

Data pre-filtering:
Remove:

— Transients needed to reach desired operating point
— Mean values of input and output values, i.e. work with
1

Ault] = ult] N

S ult]
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— Trends (use ‘detrend’ in MATLAB)
— Outliers (obvious erroneous data points)

General model structure

1. Systems described in terms of differential equations and transfer functions.
2. Provides insight into the system physics and a compact model structure general-linear polynomial
model or the general-linear model.

y(k) = ¢ *G(a !, ©)u(k) + H(g™",O)e(k)

u(k) and y(k) are the input and output of the system, respectively.

— e(k) is zero-mean white noise, or the disturbance of the system.

G(q~ 1, ©) is the transfer function of the stochastic part of the system.
— H(q™ !, © is the transfer function of the stochastic part of the system.

General-linear model structure:

~—
~

B(q

u(k)4> — —_— y(k)

Flq Alg)

~—

Fig. 62: Transfer functions in universal model structure

3. Provides flexibility for system and stochastic dynamics. Simpler models that are a subset of the
linear model structure.

Model structures based on input—output:

Model 2(q) | pelq)
ARX % ﬁ
ARMAX % %
Box-Jenkins % %
Output error % 1
FIR B(g) [ 1
A(q)y[k] = %u[k] + %y[k]ory[k‘} — 5(q)ulk] + Pe(q)elk]

Provides flexibility for system and stochastic dynamics. Simpler models that are a subset of the general

linear model structure.
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Parametric models:

1.

9.1

9.2

Each of these methods has their own advantages and disadvantages and is commonly used in real-
world applications
Choice of the model structure to use depends on the dynamics and the noise characteristics of the
system.
. Using a model with more freedom or parameters is not always better as it can result in the mod-
elling of non-existent dynamics and noise characteristics.
. This is where physical insight into a system is helpful.
AR model
ARX model
ARMAX model
Box-Jenkins model
Output error model
State space model
AR model:
Process model where outputs are only dependent on previous outputs.
No system inputs or disturbances are used in the modelling.
Class of solvable problems is limited. For signals not for systems.
Time series analysis, such as linear prediction coding commonly use the AR model.

(k)

~

(k)

aq)l

Fig. 63: AR model structure

ARX model:

Advantages:

— Is the most efficient of the polynomial estimation methods — solving linear regression equations

in analytic form.

— Unique solution that satisfies the global minimum of the loss function.

— Preferable, especially when the model order is high.

Disadvantages:

— Disturbances are part of the system dynamics.

— The transfer function of the deterministic part G(qg~"!, ©) of the system and the transfer function

of the stochastic part H(q !, ©) of the system have the same set of poles.

— This coupling can be unrealistic.
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— The system dynamics and stochastic dynamics of the system do not share the same set of poles all
the time.

— However, you can reduce this disadvantages if you have a good signal-to-noise ratio.

— Set the model order higher than the actual model order to minimize the equation error, especially
when the signal-to-noise ratio is low.

— However, increasing the model order can change some dynamic characteristics of the model, such
as the stability of the model.

ulk) sl B(g) (k)

Fig. 64: ARX model structure

9.3 ARMAX model:

1. Includes disturbances dynamics. ARMAX models are useful when you have dominating distur-
bances that enter early in the process, such as at the input.
For example, a wind gust affecting an aircraft is a dominating disturbance early in the process.

2. More flexibility in the handling of disturbance modelling.

ylk] = %um n %evﬂ |
e(k)
|
Clq)
ulk)——— Blg) A{q)%yuc)

Fig. 65: ARMAX model structure

94 Box-Jenkins model:

— Provides a complete model with disturbance properties modelled separately from system dynam-
ics.

— The Box—Jenkins model is useful when you have disturbances that enter late in the process.

For example, measurement noise on the output is a disturbance late in the process (not output
error model).
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Blg) ... C(Q)
] = Flulk] + G el
ofk)
|
Clg)
D(q)
u<k>%f:§‘;§ oW

Fig. 66: Box—Jenkins model structure

9.5 Output error model:

— Describes the system dynamics separately.

— No parameters are used for modelling the disturbance characteristics.

[o3)
g
Q
S—

e(k)
%g—)% ¥(k)

Fig. 67: Output error model structure

u(k);»

!
—_
Q
=

9.6 State space model:

1.
2
3.
4

e

All previous methods are based on minimizing a performance function.

. For complex high-order systems the classical methods can suffer from several problems.

Find many local minima in the performance function and do not converge to global minima.

. The user will need to specify complicated parametrization. They also may suffer potential prob-

lems with numerical instability and excessive computation time to execute the iterative numerical
minimization methods needed.

In addition, modern control methods require a state-space model of the system.

For cases such as these the State-Space (SS) identification method is the appropriate model struc-
ture.

Hint: When the model order is high, use an ARX model because the algorithm involved in ARX

model estimation is fast and efficient when the number of data points is very large. The state-
space model estimation with a large number of data points is slow and requires a large amount of
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10.
11.

memory. If you must use a state-space model, for example in modern control methods, reduce the
sampling rate of the signal in case the sampling rate is unnecessarily high.

z(k + 1) = Az(k) + Bu(k) + Ke(k)

y(k) = Cx(k) + Du(k) + e(k)

(k) : state vector (Dim. setting you need to provide for the state-space model)
y(k) : system output

(k) : System input
e(k) : Stochastic error. A, B,C, D, K are system matrices.

In general, they provides a more complete representation of the system, especially for complex
MIMO systems, because similar to first-principle models.

. The identification procedure does not involve non-linear optimization so the estimation reaches a

solution regardless of the initial guess.

Parameter settings for the state-space model are simpler.

You need to select only the order/states, of the model.

Prior knowledge of the system or by analysing the singular values of A.

Determine parameters: Determining the delay and model order for the prediction error meth-

ods, ARMAX, BJ, and OE, is typically a trial-and-error process.

The following is a useful set of steps that can lead to a suitable model (this is not the only method-
ology you can use, nor is this a comprehensive procedure).

1.

Obtain useful information about the model order by observing the number of resonance peaks in
the non-parametric frequency response function. Normally, the number of peaks in the magnitude
response equals half the order of A(q), F(q).

Obtain a reasonable estimate of delay using correlation analysis and/or by testing reasonable val-
ues in a medium-sized ARX model. Choose the delay that provides the best model fit based on
prediction errors or other fit criteria.

Test various ARX model orders with this delay choosing those that provide the best fit.

. Since the ARX model describes both the system dynamics and noise properties using the same set

of poles, the resulting model may be unnecessarily high in order.

By plotting the zeros and poles (with the uncertainty intervals) and looking for cancellations you
can reduce the model order. The resulting order of the poles and zeros are a good starting point for
ARMAX, OE and/or BJ models with these orders used as the B and F model parameters and first-
or second-order models for the noise characteristics.

Are there additional signals? Measurements can be incorporated as extra input signals!

If you cannot obtain a suitable model following these steps, additional physical insight into the
problem might be necessary (compensating for non-linear sensors or actuators and handling of
important physical non-linearities are often necessary in addition to using a ready-made model).

From the prediction error standpoint, the higher the order of the model, the better the model fits the
data because the model has more degrees of freedom. However, you need more computation time and
memory for higher orders. The parsimony principle advocates choosing the model with the smallest
degree of freedom, or number of parameters, if all the models fit the data well and pass the verification

test.
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Conclusion:

Variety of model structures available

Choice is based upon an understanding of the system identification method and algorithm

System and disturbance are important

— Handling a wide range of system dynamics without knowing system physics

Reduction of engineering effort

Identification tools (Matlab, Matrix or LabVIEW) are available for developing, prototyping, and
deploying control algorithms.

B Sy<tem Identification Tool - Untitled = [z
File Options Window Help

[Impart dats - Impart modets -]

lr Operations l'

Structure: &R e b kg -
Dryer arxd4] Orders: IEXE) ||
? Enuation: Ay=Bute 1
Methaad: @ ARX S
Matne: far=dat ]
= FOUs  [Prodcion+ | Wil stete FH
Dryer Distmodel  Estimiate Covaniance: (Estimate =
Working Data
& Trace Stop feratiors E
P Te— ~ [ Order Selection ] [ Crder Editar ]
[ Estimate [ Close [ Help |

Data Views Model Views

L] To
[#] Time plot plutspace Lh s ] Model output [ Transient resp

[ Data spectra [] Model resids [ Frequency resp

|| Frequency function ] ] ] ] || Zeros and poles:

Dryer

Exit [ b ot
i Validation Data ALt
Trash

Mol arx441 inserted. Double click on icon (right mouse) for text infarmation

Fig. 68: Matlab system identification tool

10 Non-linear systems

In mathematics, a non-linear system is a system which is not linear i.e. a system which does not satisfy
the superposition principle. Less technically, a non-linear system is any problem where the variable(s) to
be solved for cannot be written as a linear sum of independent components. A non-homogeneous system,
which is linear apart from the presence of a function of the independent variables, is non-linear according
to a strict definition, but such systems are usually studied alongside linear systems because they can be
transformed to a linear system as long as a particular solution is known. Generally, non-linear problems
are difficult (if possible) to solve and are much less understandable than linear problems. Even if not
exactly solvable, the outcome of a linear problem is rather predictable, while the outcome of a non-linear
is inherently not.

Properties of non-linear systems: Some properties of non-linear dynamic systems are:

— They do not follow the principle of superposition (linearity and homogeneity).
— They may have multiple isolated equilibrium points (linear systems can have only one).
— They may exhibit properties such as limit-cycle, bifurcation, chaos
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— Finite escape time: The state of an unstable non-linear system can go to infinity in finite time.

— For a sinusoidal input, the output signal may contain many harmonics and sub-harmonics with

various amplitudes and phase differences (a linear system’s output will only contain the sinusoid
at the output).

Analysis and control of non-linear systems: There are several well-developed techniques for analysing
non-linear feedback systems:

Describing function method

Phase plane method

Lyapunov stability analysis

Singular perturbation method

Popov criterion (described in The Luré Problem below)
Centre manifold theorem

Small-gain theorem

Passivity analysis

Control design of non-linear systems: Control design techniques for non-linear systems also exist.
These can be subdivided into techniques which attempt to treat the system as a linear system in a limited
range of operation and use (well-known) linear design techniques for each region:

— Gain scheduling

— Adaptive control

Those that attempt to introduce auxiliary non-linear feedback in such a way that the system can be treated
as linear for purposes of control design:

Feedback linearization
Lyapunov based methods
Lyapunov redesign
Back-stepping

Sliding mode control

Describing function method:

Procedure for analysing non-linear control problems based on quasi-linearization.

Replacement of the non-linear system by a system that is linear except for a dependence on the
amplitude of the input waveform. Must be carried out for a specific family of input waveforms.
An example might be the family of sine-wave inputs; in this case the system would be characterized
by an SIDF or sine input describing function H(A,w) giving the system response to an input
consisting of a sine wave of amplitude A and frequency w (this SIDF is a generalization of the
transfer function H (w) used to characterize linear systems).

Other types of describing functions that have been used are DFs for level inputs and for Gaussian
noise inputs. The DFs often suffice to answer specific questions about control and stability.

10.2 Phase plane method

— Refers to graphically determining the existence of limit cycles.
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F(y)

Slope S3
|
: - -y
/ Slope SZ

Slope S]

Fig. 69: Example of a piecewise linear function

— The phase plane, applicable for second-order systems only, is a plot with axes being the values of
the two state variables, x2 vs x1.

— Vectors representing the derivatives at representative points are drawn. With enough of these
arrows in place the system behaviour over the entire plane can be visualized and limit cycles can
be easily identified.

Fig. 70: Identification of limit cycles in the phase plane

10.3 Lyapunov stability

— Lyapunov stability occurs in the study of dynamical systems. In simple terms, if all solutions of
the dynamical system that start out near an equilibrium point x. stay near x. forever, then x. is
Lyapunov stable.

— More strongly, if all solutions that start out near z. converge to x., then x. is asymptotically stable.

— The notion of exponential stability guarantees a minimal rate of decay, i.e., an estimate of how
quickly the solutions converge.

— The idea of Lyapunov stability can be extended to infinite-dimensional manifolds, where it is
known as structural stability, which concerns the behaviour of different but ‘nearby’ solutions to
differential equations.

10.4 Luré’s problem

1. Control systems have a forward path that is linear and time-invariant, and a feedback path that
contains a memoryless, possibly time-varying, static non-linearity.

2. The linear part can be characterized by four matrices (A, B, C, D), while the non-linear part is
®(y) with a sector non-linearity.
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R\\\%

Fig. 71: Lyapunov stability analysis in the phase plane

inear Part H(s)

NG W Y

INon-Linear
Part

Fig. 72: The Luré problem decomposes the control problem in a linear forward path and a non-linear feedback
path

3. by A.L Luré.

10.5 Popov criterion
1. The sub-class of Luré’s systems studied by Popov is described by:

b= Az +bu,E =u

y=cr+dé,u=—P(y), where

2. xeR n, &, u,y are scalars and A, b, ¢, d have commensurate dimensions. The non-linear element
® : R — R is a time-invariant non-linearity belonging to open sector (0, c0). This means that

®(0) = 0,y®(y) > 0¥y # 0 ;

Popov stability criteria: — Absolute stability. The marked region in the figure is called a sector

N\

<

e

N

Fig. 73: Stability in a sector described by the Popov inequality

0 < F(e) < ke for e >0
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ke < F(e) <0 for e <0
or shorter
F(e)
e

The standard control loop is absolute stable in sector [0, k], if the closed loop only has global asymptotic
stable equilibrium for any characteristic F'(e) lying in this sector.

0<

<k.

Prerequisities:
1 1+bis+ ... +bys™
G(s) = — , m<n .
(5) sP 14+ ais+ ....a,s™ Tt
No common zeros of numerators and denominators.
F'(e) is unique and at least steady in intervals F'(0) = 0.

One distinguishes the main case p = 0, i.e. without integrator eigen value and the singular case p # 0.

Cases | p Sector Inequality

Ia |0 O R((1 + ¢jw)G(jw)) >

Ib 0 k> >0 | R((1+ qjw)G(jw)) > -1
Ila 1,.,n—m | k> Fge) >0 | R((1+ qjw)G(jw)) > —1
IIb 1,..,m—m Fie) >0 R((1+ ¢gjw)G(jw)) >0

— The control loop is absolute stable in the given sector, when a real number ¢ is found for all w < 0
apply on the right side of inequality.

— The Popov criteria is a sufficient condition for absolute stability of the control loop.

Geometric interpretion of the Popov inequality:

— For the case Ib and I1a, the inequality can be rewritten as follows

R((1+4j)Glw)) >

R(G(jw)) + qR(jw(G(jw)))

R(G(jw)) + qR(GwR(G(jw

R(G(jw)) — qwS(G(jw))

— One defines the modified frequency plot
Gp(jw) = R(G(jw)) + jwS3(G(jw))

— This frequency plot is called Popov curve, so equation 1 can be represented as

I(Gy()) < T (RGyli)) + ) -

Example of Popov criteria: The non-linearity is shown as a three-point characteristic which already
hosts the amplification K of the linear subsystem. Popov frequency response locus Z = Lp(jw). The
line gx.;+ is tangential to the Popov frequency response locus curve and intersects the real axis at (.1.
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Fig. 74: Example for controller non-linearity described by a three-point characteristic

g krit

Z= Lp (jo)

—-0.2

Fig. 75: Graphical determination of gy,

er =10e
10 — ,-"KLbe
3 a

K,b

A
41
N1a

Fig. 76: Stability sector for the example

Popov sector is defined by the line K ,e. To verify Popov criteria the gradient of three-point characteristic
must be smaller the calculated gradient

Kb
tan o = ——
Krb
~L7 <10,

a

If this is true for the given inequality, then it is idle state global asymptotic stable.

11 Non-linear control

Non-linear control is a sub-division of control engineering which deals with the control of non-linear
systems. The behaviour of a non-linear system cannot be described as a linear function of the state of
that system or the input variables to that system. For linear systems, there are many well-established
control techniques, for example root-locus, Bode plot, Nyquist criterion, state-feedback, pole-placement
etc.

11.1 Gain scheduling

Gain scheduling is an approach to control of non-linear systems that uses a family of linear controllers,
each of which provides satisfactory control for a different operating point of the system.
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One or more observable variables, called the scheduling variables, are used to determine what oper-
ating region the system is currently in and to enable the appropriate linear controller.

Example: In an aircraft flight control system, the altitude and Mach number might be the schedul-
ing variables, with different linear controller parameters available (and automatically plugged into the

controller) for various combinations of these two variables.

P Parameter change

s —

—

4

Fig. 77: Concept of gain scheduling of controller parameters based on the scheduling variable

11.2 Adaptive control
1. Modifying the controller parameters to compensate slow time U varying behaviour or uncertain-
ties.

2. For example, as an aircraft flies, its mass will slowly decrease as a result of fuel consumption; we
need a control law that adapts itself to such changing conditions.

3. Adaptive control does not need a priori information about the bounds on these uncertain or time-
varying parameters.

4. Robust control guarantees that if the changes are within given bounds the control law need not be
changed.

5. Adaptive control is precisely concerned with control law changes.

There are several broad categories of feedback adaptive control (classification can vary):

Dual adaptive controllers optimal controllers. — Suboptimal dual controllers

Non-dual adaptive controllers — Model Reference Adaptive Controllers (MRACS) [incorporate a
reference model defining desired closed loop performance]

MRAC

MIA - Gradient optimization MRACS [use local rule for adjusting parameters when performance
differs from reference]
— Stability optimized MRACs
— Model Identification Adaptive Controllers (MIACs) [perform system identification while
the system is running]

— Cautious adaptive controllers [use current SI to modify control law, allowing for SI uncer-
tainty]. Non-parametric adaptive controllers

— Parametric adaptive controllers
— Explicit parameter adaptive controllers
— Implicit parameter adaptive controllers
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11.3 Feedback linearization
1. Common approach used in controlling nonlinear systems.

2. Transformation of the non-linear system into an equivalent linear system through a change of
variables and a suitable control input.

3. Feedback linearization may be applied to non-linear systems of the following form:
&= f(z)+g(x)u

y = h(z)
where x is the state vector, u is the vector of inputs, and y is the vector of outputs.

4. The goal, then, is to develop a control input u that renders either the input—output map linear, or
results in a linearization of the full state of the system.

Existence of a state feedback control?
u=a(r)+ B(z)y

And variable change?
z=T(x)

Pendulum example: Task: Stabilization of origin of pendulum eq.
1"1 = T2

X9 = alsin(xzy + §) — sin(d)] — bze + cu

1. Choose u as follows to cancel non-linear term:
u = g[sin(:/cl +6) —sin(0)] + Z
c c

From the above two equations: linear system

.T'l = I
Ty = —b.xg + v
2. Stabilizing feedback controller
v = —klxl — kgxg
Closed loop
.fl = I

To = k121 — (k‘g + b)l‘Q

3. Re-substituting to or feedback control law

1
u= %[sin(:xl +6) = sin(8)] - = (ki1 + ko)
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11.4 Sliding mode control

In control theory sliding mode control is a type of variable structure control where the dynamics of a
non-linear system is altered via application of a high-frequency switching control. This is a state feed-
back control scheme where the feedback is not a continuous function of time.

This control scheme involves the following two steps:

— Selection of a hyper surface or a manifold such that the system trajectory exhibits desirable be-
haviour when confined to this manifold.

— Finding feedback gains so that the system trajectory intersects and stays on the manifold.

Advantages:
— Controllers with switching elements are easy to realize.
— The controller outputs can be restricted to a certain region of operation.
— Can also be used inside the region of operation to enhance the closed-loop dynamics.

Two types of switching controllers

— Switching between constant values
— Switching between state or output dependent values

Design of a switching controller therefore needs:
— The definition of a switching condition
— The choice of the control law inside the areas separated by the switching law

Phase plot of a closed-loop system with sliding mode controller

(y=0,y=1and m=1).

0.5 =
0.45 =
0.4
0.354

0.3 =

Consider a linear system

0.25m
0.2 =
0.15=

0.1 =

| 1
0.5 0 0.5 1

Fig. 78: Phase plot of a closed-loop system with sliding mode controller

j=u
The control law
u=—ky with £ >0.

It is clear that the controller is not able to stabilize the semi stable system that has two open-loop eigen

values of zero. The root locus plot with two branches along the imaginary axis.

Switching function:
s(y,9) =my + 9.

With a scalar m > 0 then a variable structure control law

u=-1s(y,y) >0,1 s(y,9) <0.
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Phase portrait with example: Consider a second-order system
i‘l = X9
&9 = h(z) + g(x)u
g(z) and h(x) are unknown non-linear functions.

On the manifolds s = 0 motion
s=a1r1+ax20=0—2=—azx.

Independent of g(x) and h(x)

Goal: state feedback — stabilize the origin.

s=0 *

Fig. 79: Manifolds for the example

Chattering on sliding manifold

N

s>0

s<0

Fig. 80: Chattering on sliding manifold

— Caused by delays (no ideal would run on manifold).
— Region s < 0 — trajectory reverses
— Delay leads to crossing again
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Disadvantages

— Low control accuracy
Power losses

Excitation of un-modelled of dynamics
Can result in instabilities.
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