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Abstract. In ref. [1], we calculated helicity amplitudes for e−e+ → W−W+

in the Feynman-diagram (FD) gauge analytically, and showed that the cross
section can be understood by the individual γ, Z and ν amplitudes in the FD
gauge. In this report, we discuss each contribution in the angular distributions
in detail.

1 Introduction

W pair production at the electron-positron collider LEP played a crucial role in the construc-
tion of the S U(2)×U(1) gauge theory [2]. It will be also important for the precision test of the
electroweak theory in future high-energy lepton colliders, such as the ILC [3–5], CEPC [6],
and FCC-ee [7], to explore the physics beyond the standard model (SM).

In the e−e+ → W−W+ process, there are contributions from the s-channel diagrams where
γ and Z bosons propagate and the t-channel diagram where an electron-neutrino propagates;
see Fig. 1. It is known that each of the three amplitudes has energy growth for longitudi-
nally polarised W bosons. This seems to violate unitarity, but some cancellation among the
amplitudes occurs, especially at high energies, resulting in a physical quantity. Since the
magnitude of such cancellation is proportional to the energy, inaccuracy of numerical evalua-
tions for cross sections as well as event generation becomes a problem for future high-energy
collider experiments.

Recently, a new gauge fixing that does not cause gauge cancellation has been proposed,
and it is called the "Feynman-diagram (FD)" gauge [8–10]. We note that most of the tree-
level calculations and discussions have been conventionally done in the unitary (U) gauge. In
ref. [1], we explicitly calculated helicity amplitudes for e−e+ → W−W+ in the FD gauge and
confirmed that no cancellation occurs in the high-energy region. Moreover, we showed that
the Goldstone boson contribution is clearly visible even without taking the high-energy limit
and the individual amplitudes follow the physical distribution, allowing for a physical inter-
pretation of the amplitudes themselves. In this report, we discuss the individual contributions
to the angular distributions in detail.

In the following, first, we indroduce the FD gauge in Sec. 2. Next, we show the helicity
amplitudes for e−e+ → W−W+ both in the FD and U gauges in Sec. 3. In Sec. 4 we present
the numerical results to discuss the contributions from the individual Feynman amplitudes.
Finally, a summary is given in Sec. 5.
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Figure 1. Feynman diagrams for e−e+ → W−W+.

2 Feynman-diagram gauge

In this section, we briefly introduce ingredients necessary to calculate helicity amplitudes for
the e−e+ → W−W+ process in the FD gauge.

In the FD gauge, the propagator of the gauge bosons is obtained from the light-cone
gauge [10], where the gauge vector is chosen along the opposite direction of the gauge-boson
three momentum as

nµ = (sgn(q0),−q⃗/|q⃗|) . (1)

Note that we take nµ = (1, 0, 0,−1) when |q⃗| = 0 and q0 > 0. The propagator of the photon is
given by [8]

Gµν(q) =
i

q2 + iϵ

(
−gµν +

qµnν + nµqν
n · q

)
, (2)

while that of the Z boson is combined with the associated Goldstone boson (π0) and formed
as a five-dimensional propagator [9]

GMN(q) =
i

q2 − m2
Z + iϵ


−gµν +

qµnν + nµqν
n · q

i
mZ nµ
n · q

−i
mZ nν
n · q

1

 , (3)

with M,N = 0 to 4, where 0 to 3 are the Lorentz indices µ, ν.
The polarization vector for the W bosons with the helicity λ (= ±1, 0) in the FD gauge

includes the associated Goldstone bosons (π±), and is given as a five-component vector by [9],

ϵM(p,±) = (ϵµ(p,±), 0) , (4)

ϵM(p, 0) = (ϵ̃µ(p, 0), i) , (5)

with the reduced polarization vector [8–10]

ϵ̃µ(p, 0) = ϵµ(p, 0) −
pµ

m
, (6)

where ϵµ(p, λ) is the ordinary polarization vector.



3 Helicity amplitudes

In this section we present helicity amplitudes in the FD gauge for the process

e−(k, σ) + e+(k̄, σ̄)→ W−(p, λ) +W+( p̄, λ̄) (7)

in the SM. The four-momenta (k, k̄, p, p̄) and the helicities (σ, σ̄, λ, λ̄) are defined in the
e−e+ collision frame

kµ =
√

s
2

(1, 0, 0, 1) ,

k̄µ =
√

s
2

(1, 0, 0,−1) ,

pµ =
√

s
2

(1, β sin θ, 0, β cos θ) ,

p̄µ =
√

s
2

(1,−β sin θ, 0,−β cos θ) , (8)

with the center-of-mass energy
√

s and the scattering angle θ for W− with respect to the e−

momentum direction. The boost factors in this frame are

β =

√
1 −

4m2
W

s
, γ =

1√
1 − β2

=

√
s

2mW
. (9)

As shown in Fig. 1, there are three contributions to the process (7),

M =
∑

i

Mi =Mγ +MZ +Mν . (10)

We note that, although the Feynman diagrams look identical both in the FD and U gauges,
the weak-boson lines in the FD gauge implicitly include the associated Goldstone bosons
forming the 5×5 component propagator in eq. (3) and the five-component polarization vectors
in eqs. (4) and (5).

Each helicity amplitude (i = γ,Z, ν) is written as [11]

Mi
λλ̄
σ =

√
2 e2 ci M̃i

λλ̄(θ) ε dJ0
∆σ,∆λ

(θ) Pi(θ) , (11)

where the coupling factor ci and the propagator factor Pi(θ) are given in Table 1, ε = ∆σ(−1)λ̄

is a sign factor, ∆σ = (σ − σ̄)/2, ∆λ = λ − λ̄, J0 = max(|∆σ|, |∆λ|), and dJ0
∆σ,∆λ

(θ) is the d
function. We note that, since we neglect the electron mass, σ̄ = −σ, i.e. ∆σ = +1 or −1 and
hence J0 = 1 or 2. All the above factors in eq. (11) except the reduced helicity amplitudes
M̃i
λλ̄(θ) are common both in the FD and U gauges. We present M̃i

λλ̄(θ) in the FD and U
gauges in Table 2. In this report, we show amplitudes only for λ = λ̄ = 0; see ref. [1] for
other helicity combinations. The sum of the three amplitudes (10) in the FD gauge agrees
with that in the U gauge for each helicity combination because of the gauge invariance of the
helicity amplitudes.

On the other hand, each amplitude (11) is rather different between the two gauges. The
first term of each amplitude in the FD gauge is proportional to γ−2, while that in the U gauge is
proportional to γ2. Therefore, in the high-energy regions (β→ 1, or γ → ∞), the amplitudes
behave rather differently in the two gauges.

In the U gauge, the Goldstone bosons do not present explicitly. However, in the FD gauge,
the contribution of Goldstone bosons is manifest even without taking the high-energy limit.



Table 1. Coupling and propagator factors for each amplitude.

i γ Z ν

ci 1 s−2
W

(
− 1

2δσ,−1 + s2
W

)
s−2

W δσ,−1

Pi(θ)−1 1 1 − m2
Z/s 1 + β2 − 2β cos θ

Table 2. Reduced helicity amplitudes M̃i
λλ̄(θ) in eq. (11) for λ = λ̄ = 0 in the FD and U gauges.

gauge M̃γ
00(θ) M̃Z

00(θ) M̃ν
00(θ)

FD
1
γ2

3 + β
(1 + β)2 + 1 −

1
γ2

3 + β
(1 + β)2 −

s2
W

c2
W

 β
2s2

W

− 1
 −

1
γ2

2
(1 + β)2 (1 + cos θ)

U −2γ2β + β 2γ2β − β 2γ2(β − cos θ) − β

Table 3. Vertices for π−- W+- γ/Z, W−- π+- γ/Z and π−- π+- γ/Z, where the four-momenta is given in
eq. (7).

V M1 M2 M3
VVV W−W+A W−W+Z

V4µ2µ3 agµ2µ3 a = g
2 sW v
2 a = − g

2 s2
W v

2cW

Vµ14µ3 agµ1µ3 a = − g
2 sW v
2 a = g

2 s2
W v

2cW

V44µ3 ib(p − p̄)µ3 b = gsW b = gc2W
2cW

The second term of the s-channel γ/Z amplitudes in Table 2 is exactly a contribution of the
Goldstone bosons. We show the vertices of π−- W+- γ/Z, W−- π+- γ/Z and π−- π+- γ/Z in
Table 3, and the index "4" denotes the contribution of Goldstone bosons. As energy increases,
the first term of the γ/Z amplitudes rapidly falls as γ−2 and the second term becomes dom-
inant. This is consistent with the Goldstone boson equivalence theorem. We note that the
Z-associated π0 contribution is absent since we neglect the electron mass. Similarly, the π±

do not couple to the massless fermion line in the ν-exchange diagram.

4 Cross sections

In this section we present the total and differential cross sections for e−e+ → W−W+ for
(λ, λ̄) = (0, 0). The physical cross section is the absolute value square of the sum of the three
amplitudes, and it is gauge invariant. We also show contributions from the absolute value
square of the individual Feynman amplitude to compare the difference between the FD and
U gauges.

Figure 2 shows the total cross section of e−e+ → W−W+ for (λ, λ̄) = (0, 0) as a function
of the collision energy from 100 GeV to 400 GeV (left) and from 200 GeV up to 10 TeV
(right), where the 100% polarized beams are assumed as the left-handed electron and the
right-handed positron. The black solid line denotes the physical total cross section. Red,
blue, and green dashed lines show contributions from the square of each γ, Z, and ν amplitude,
respectively, in the FD gauge. Similarly, the dotted lines denote the U-gauge amplitudes.

The total cross section is identical between the two gauges, showing gauge invariance of
the sum of all the amplitudes, and falls as 1/s for s ≫ m2

Z .
On the other hand, all three individual amplitude squares in the U gauge grow with energy,

dictated by the γ2 factor of the amplitudes in Table 2.
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Figure 2. Total cross sections of e−e+ → W−W+ for (λ, λ̄) = (0, 0) as a function of the collision energy
with the left-handed electron. The range of the collision energies is from 100 GeV to 400 GeV (left)
and from 200 GeV up to 10 TeV [1] (right). The solid line denotes the total cross section, dashed
(dotted) lines show contributions from the absolute value square of the individual amplitude in the FD
(U) gauge.

There is a slight constant difference between the photon (red dotted) and Z (blue dotted)
contributions when s ≫ m2

Z . Since the reduced γ and Z amplitudes in Table 2 are identical
except for the relative sign, these can be explained by the gauge couplings of electrons and
the propagator factors in Table 1. This indicates that artificial gauge cancellation among the
individual amplitudes to get the physical value in the U gauge. This is exactly a problem of
numerical calculation which we have encountered at future high-energy colliders [12].

In the FD gauge, in contrast, the photon and Z contributions fall as 1/s in high ener-
gies, the same as the total cross section, while the ν contribution falls as 1/s3. There is
absolutely no artificial cancellation among the relevant amplitudes, except the threshold re-
gion. We clearly see that the Goldstone-boson contributions and they become dominant when
γ−2 = 4m2

W/s ≪ 1. Similar to the U gauge, the pure gauge-boson terms (the first terms), are
identical except for the relative sign. On the other hand, for the Goldstone-boson terms, the
Z amplitudes are suppressed by s2

W/c
2
W as compared to the photon ones, leading to a visible

difference between the photon (red dashed) and the Z (blue dashed) contributions. The in-
terference between amplitudes can be explained by the relative sign of the Goldstone-boson
contributions and the coupling factors in Table 1 between photon and Z.

We now move to the differential cross section for (λ, λ̄) = (0, 0) at certain fixed energies.
Figure 3 shows the distribution of the scattering angle of W− with respect to the e− momentum
direction, defined in eq. (8), for e−e+ → W−W+ at

√
s = 250 GeV (left) and

√
s = 1 TeV

(right). The line types and colors are same as in Fig. 2.
As expected, the total (physical) distribution, denoted by the black solid line, is identical

between the FD and U gauges. Since the d function in eq. (11) is common for all the ampli-
tudes and d1

−1,0(θ) = sin θ/
√

2, the amplitudes vanish at cos θ = ±1. However, the physical
distribution is rather distorted from the naive expectation of sin2 θ; the enhancement in the
forward region (cos θ ∼ 1) and a sharp dip structure are observed at both energies.

The angular distribution for the s-channel γ and Z amplitudes (red and blue) is simply
determined by the d function. Thus the only difference between the FD and U gauges is the
magnitude. The difference between the two gauges becomes larger at higher energies because
of the difference of the γ dependence of the amplitudes as shown in Table 2.

For the t-channel ν amplitudes, the angular distributions are nontrivial. Because they
are determined by some factors; i.e. the d function, the propagator factor Pν(θ) and the
reduced amplitude M̃νλλ̄(θ). However, the distribution in the U gauge (green dotted) is almost
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Figure 3. Distribution of the scattering angle of e−e+ → W−W+ for (λ, λ̄) = (0, 0) with the left-handed
electron at

√
s = 250 GeV (left) and at

√
s = 1 TeV (right). The solid line denotes the total distribution,

while dashed (dotted) lines show contributions from the absolute value square of the γ amplitude (red),
Z amplitude (blue) and ν amplitude (green) in the FD (U) gauge.
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Figure 4. Same as Fig. 3, but the magenta lines show contributions from the absolute value square of
the s-channel γ + Z amplitude [1].

dominated by the d function. In contrast, for the ν contribution in the FD gauge (green
dashed), we clearly see the enhancement in the forward region (cos θ ∼ 1) and the suppression
in the backward region (cos θ ∼ −1) as naively expected from the t-channel propagator factor.

Instead of showing the three individual contributions |Mi|
2 as in Fig. 3, we categorize the

contributions based on th channels: the s-channel γ + Z amplitude as |Mγ +MZ |
2 (magenta)

and t-channel ν (green), in Fig. 4. We can see clealy that the location of the physical dip
position is at the crossing point of the dashed magenta line and green line. This explains the
physical interference between the two channels in the FD gauge that creates the dip structure.

5 Summary

We presented the helicity amplitudes of the e−e+ → W−W+ process in the FD gauge analyti-
cally for longitudinally polarized W bosons [1], and discussed the individual contributions to
the angular distributions in detail.

Table 2 shows the FD-gauge amplitudes, and one can explicitly see that the well-known
energy growth of the individual photon, Z, and ν exchange amplitudes for longitudinally
polarized W bosons in the U gauge is completely absent in the FD gauge. One can also see
that the Goldstone-boson contributions are manifest in the FD gauge even without taking the
high-energy limit. The energy dependence of the individual amplitudes is explicitly shown in
Fig. 2.



We also showed the differential cross sections in Figs. 3 and 4. The individual FD-gauge
amplitudes give a more clear physics interpretations than the U gauge. In the forward region,
the t-channel ν amplitude dominates. On the other hand, in the central and backward region,
the s-channel γ+Z amplitude dominates. The dip structure can be explained as being created
by the physical interference of s-channel amplitude and t-channel amplitude of the same
magnitude.

We hope that our results help to deepen our understanding at future high-energy lepton-
collider experiments.
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