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Abstract. We introduce a method to study quantum entanglement at a future
e+e− Higgs factory (here the Future Circular Collider colliding e+ and e− (FCC-
ee) operating at

√
s = 240 GeV) in the ττ final state. This method is focused on

the τ → πντ decay. We show how the introduced method works on simulated
events without detector effects. When detector effects are applied, the neces-
sary τ four-momenta can be reconstructed from kinematic constraints. We will
discuss the advantages of e+e− collisions over pp collisions where the recon-
struction of the ττ rest frame is more difficult. This discussion will focus on the
influence of pT trigger cuts on the visible π± in the τ lepton decay.

1 Introduction

Einstein, Podolsky and Rosen (EPR) argued in 1935 that physical reality is not completely
described by quantum mechanics (QM) [1]. This argument, also known as EPR paradox,
lead to the proposals of local hidden variable theories (LHVT) with a deterministic struc-
ture instead of the statistical approach of QM [2, 3]. Using the variant of the EPR paradox
introduced by Bohm and Aharonov [4], Bell found a way to test LHVT against QM and en-
tangled states [5]. Clauser, Horne, Shimony and Holt (CHSH) generalized Bell’s theorem for
realizable experiments [6]. Using the CHSH and extended arguments [7], different experi-
ments over the last decades use photons at low energies to rule out LHVT, e.g. [8, 9]. Recent
studies [10, 11] motivate measurements at higher energies using massive particles.

We perform a CHSH test in the H → τ+τ− process. This process is an excellent probe for
this test due to the scalar nature of the Higgs boson and since the τ spin is accessible through
the measurement of the τ decay products. We introduce an observable that is accessible at
colliders and gives an equivalent condition as the one introduced by CHSH in [6]. The goal
of this study is to calculate the sensitivity of this measurement at the planned FCC-ee [12]
electron-positron collider using a fast detector simulation of the International Detector for
Electron-positron Accelerators (IDEA) [12] using the DELPHES 3 [13] fast simulation pack-
age and including the relevant background processes. We will show how this measurement
works without detector effects. Then, the reconstruction of the relevant variables after detec-
tor effects will be discussed. In the end we will discuss some advantages an e+e− collider has
compared to a hadron collider.
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2 Methods

The state of the τ+τ− system can be represented by the hermitian, normalized density matrix

ρ =
1
4

I ⊗ I +
∑

i

B+i (σi ⊗ I) +
∑

j

B−j (I ⊗ σ j) +
∑

i j

Ci j(σi ⊗ σ j)

 (1)

with the two dimensional unit matrix I, the Pauli matrices σi, the polarization of the τ leptons
B+i , B

−
j and the correlation of the τ leptons Ci j. The indices i, j run over the axes of the

used three dimensional orthonormal coordinate system [10, 14]. The same coordinate system
{r̂, n̂, k̂} as in [10, 11] is chosen: the first axis k̂ = p̂τ− is the flight direction of the τ− in the
ττ rest frame. Using p̂ = (0, 0, 1)T , the direction of one of the e± beams, the other axes are
constructed as r̂ = ( p̂− k̂ cosΘ)/ sinΘ and n̂ = k̂ × r̂ with cosΘ = k̂ · p̂.

For the measurement, the observable m12 = m1 + m2 is constructed from the symmetric
matrix M = CT C with eigenvalues m1 ≥ m2 ≥ m3 [10]. Using the argument in [14] it is
sufficient to test

m12 > 1 (2)

to show the violation of the inequality introduced by CHSH [6] and rule out LHVT. Thus,
it is sufficient to measure the correlation matrix C to test the CHSH inequality. C can be
calculated as the expectation value Ci j = Tr(ρ(σi ⊗ σ j)) = ⟨s+i s−j ⟩ where s±i is the operator
for the spin component in direction î ∈ {r̂, n̂, k̂} of the τ±. Note that the spin operators are
scaled by 2/ℏ leading to eigenvalues of ±1 [10, 11].

The spin direction of the τ leptons is not measured directly in the experiment. However,
information on the polarization of the τ leptons is available through the decay products. In the
decay τ→ πντ (1 prong and 0 neutral tracks, 1p0n) the direction of the π allows conclusions
on the τ polarization. Assuming the τ− is polarized in direction ŝ, the probability that the π−

in the 1p0n decay in the τ− rest frame is emitted in direction p̂π− (|ŝ| = | p̂π− | = 1) is given as

P( p̂π− |ŝ) = 1 + ατ− ŝ · p̂π− (3)

with the spin analyzing power ατ− = −ατ+ [11, 15]. Defining cos θπ
±

i = p̂π± · î in the τ± rest
frame and using eq. (3) it is shown in [11] that

⟨cos θπ
+

i cos θπ
−

j ⟩ = −
1
9
⟨s+i s−j ⟩ . (4)

In a collider experiment p̂π± can be measured and in an e+e− collision it is possible to recon-
struct p̂τ± (see section 5), which is needed to calculate the coordinate axes î and for boosts in
the relevant rest frames. Using eq. (4) the correlation matrix can be calculated with

Ci j = −9 · ⟨cos θπ
+

i cos θπ
−

j ⟩ = −9
∫

d cos θπ
+

i d cos θπ
−

j
dσ · σ−1

d cos θπ+i d cos θπ−j
cos θπ

+

i cos θπ
−

j (5)

with the cross section σ.
Abel, Dittmar and Dreiner point out in [2] that with this approach only a subclass, of

unknown size, of LHVT can be tested against QM. They claim that for an observable that
is constructed from variables with commuting components, e.g. p̂π± , a LHVT can be con-
structed that produces the same results as QM. The definition of m12 uses non-commuting
spin operators. However, to create a measurable observable P( p̂π− |ŝ) in eq. (3) is assumed,
which is a result from QM. With this assumption the sensitivity to all LHVT is lost that
predict a different P( p̂π− |ŝ).



3 Event Generation

Events are generated using MadGraph5_aMC@NLO (v.3.5.3) [16]. Showering, hadronization,
and the τ decay, is done using Pythia 8 (v.8.306) [17]. Fast detector simulation is performed
with DELPHES 3 (v.3.5.1pre10) [13] with the IDEA configuration as implemented in the used
release. The simulated process at

√
s = 240 GeV is

e+e− → ZH,Z → xx,H → τ+τ− where x ∈ {u, d, s, c, b, e−, µ−}, x ∈ {u, d, s, c, b, e+, µ+}.

It contains the 1p0n decay of the τ leptons, the most sensitive decay, among the other τ
decays [11]. The ZH production cross section at

√
s = 240 GeV at FCC-ee amounts to

approximately 200 fb. If 5 ab−1 of data is collected there will be approximately 106 ZH
events [12]. Using the branching ratios of the Z and H decay, 46 000 events of the process
above are expected [18].

4 Results without detector effects

The expected correlation matrix in the standard model is C = diag(1, 1,−1) which leads
to m12 = 2, thus violating the CHSH inequality [10, 11]. The integral in eq. (5) can be
calculated as a sum over a two dimensional histogram of fraction of events, where every bin
is multiplied by its central value. The two dimensional histograms are shown in fig. 1. The
diagonal elements have the expected structure, while the off diagonal elements look random.
This shows in the resulting correlation matrix

C =

 0.90 0.05 0.01
−0.09 0.96 −0.06
0.18 −0.01 −0.94

 (6)

with non-zero values on the diagonal and more close to zero elements on the off-diagonal.
We find m12 = 1.96 for the CHSH test. The simulated results without detector effects fit
well to expectation, showing that the QM physics is appropriately implemented. However,
uncertainties still have to be considered. In this result no acceptance cuts are applied. As
shown in section 6, acceptance cuts can have a major impact on the result and need to be
considered.

5 Reconstruction of pτ±

Section 4 and also [11] show that this measurement works in principle. The next step is to
estimate the sensitivity of this measurement in a future experiment. In this case the detector
is simulated with DELPHES 3 [13]. The study of data including detector effects from the fast
detector simulation is still ongoing and results are not available yet. Thus, only the required
steps to reconstruct all needed variables will be described here.

For the measurement the τ± momenta are essential, since the ττ rest frame is needed. The
four-momenta pτ± are not measured directly in the detector and have to be reconstructed. In
the experiment the four-momenta of the π± of the 1p0n decay can be measured. Also the
four-momentum of the Z can be measured from its decay products. The four-momentum of
the colliding e+e− pair pin is known (assuming initial state radiation effects can be corrected
for) so the H four-momentum can be calculated as pH = pin − pZ . Using the eight constraints
pτ+ + pτ− = pH , p2

τ± = m2
τ and (pτ± − pπ± )2 = m2

ν = 0 in the H rest frame a system of nonlinear
equations can be constructed which can be solved for the four-momentum components of
both τ-leptons. This calculation is shown in [11]. Since this system is nonlinear, there are
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Figure 1. The fraction of events differential in cos θπ

+

i and cos θπ
−

j for all axes combinations are shown.
Simulated events without detector effects are used. The simulated process is described in section 3.

two solutions to this problem. A geometrical and a lifetime argument are used to select
the correct solution, detailed in the following. The τ± track and the corresponding π± track
are approximated as lines going in the momentum direction of the particles. The τ± track
originates from (0, 0, 0)T and the π± track from some position xπ± which is extracted from the
data. By solving

xπ± · tπ± + (pπ± × pτ± ) · td± − pτ± · tτ± =

000
 (7)

for both τ-leptons the closest distance between the tracks, d = |(pπ± × pτ± ) · td± |, and the length
of the τ track, l = |pτ± · tτ± | can be estimated. These two variables are calculated for both
solutions α ∈ {1, 2} for both τ-leptons and for each τ the solution with smaller

− logLα = log lτ,α +
lα
lτ,α
+

d2
α

σ2
d

(8)

is chosen. The first two terms are the probability that the τ± did not decay yet with lτ = cττβγ
with cττ = 87.03 µm [18]. Additionally, solutions with negative lα are discarded because
the τ± would have traveled in the wrong direction. The second term, with the resolution
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Figure 2. The fraction of events differential in cos θπ
+

k and cos θπ
−

k . Simulated events without detector
effects are used. The simulated process is vector boson fusion H → ττ in pp collisions at

√
s = 13 TeV.

On the left no acceptance cuts are applied, on the right a pT,vis > 40 GeV cut on the leading τ and a
pT,vis > 30 GeV cut on the subleading τ are applied.

σd, implements the geometrical argument that the τ± track should cross the π± track, so the
solution with a smaller distance between the tracks is favored. Instead of xπ± the impact
parameter could potentially be used for this selection.

6 Comparison of e+e− and pp collisions

The method, introduced in section 2 also works for other collisions, like pp collisions at the
Large Hadron Collider (LHC). However, since the initial state of the process is not as well
known as in an e+e− collision, the reconstruction introduced in section 5 does not work. This
makes it much harder to reconstruct the necessary ττ rest frame in a pp collision. Another
problem at pp collisions are trigger acceptance cuts, especially on the visible transverse mo-
mentum pT,vis which require, for example for the ATLAS trigger, for the relevant process
at least 40 GeV for the leading and 30 GeV for the subleading τ [19]. Calculating Ci j with
eq. (5) assumes no acceptance cuts [10]. To show the effect of the pT,vis cuts a vector boson
fusion H → ττ sample at

√
s = 13 TeV has been generated using MadGraph5_aMC@NLO [16].

The τ lepton decays are handled with the TauDecay package [20]. This package is used, in-
stead of Pythia 8 [17], to handle the τ decays directly in MadGraph5_aMC@NLO [16]. This
way, less events need to be generated, since the other τ decay modes are not simulated. Using
this package in this e+e− collision study yields results similar to the ones shown in section 4.

The pT,vis cuts affect the shape of the two dimensional histograms, that are used to calcu-
late Ci j with eq. (5), for the k components of the matrix. This can be seen in fig. 2 for Ckk.
This leads to positive, close to 1, values for Ckk, which is expected to be −1. It may not be
impossible to overcome this problem. However, the efficiency (fraction of events that survive
the cut) goes to zero in the relevant regions (cos θπ

+

k → 1, cos θπ
−

k → 1 and cos θπ
+

k → −1,
cos θπ

−

k → −1) which makes this problem even harder so solve.
Since the kinematics are much easier in e+e− collisions, the measurement of quantum

entanglement should be easier to implement compared to pp collisions. The sensitivity that
can be achieved at an e+e− collider has yet to be determined.



7 Conclusion

We showed a method that would allow the measurement of quantum entanglement at a col-
lider. The results without detector effects match the expectation, but the uncertainties have
not yet been determined. We showed how the relevant variables could be reconstructed in an
e+e− collision. We also discussed the advantages e+e− collisions would have compared to pp
collisions. In the next steps detector effects and background processes should be included to
calculate the sensitivity this measurement could reach at an e+e− Higgs factory. Similarly,
this measurement can be performed for Z → ττ at

√
s = mZ [10]. Relevant background

processes and detector effects also have to be included in the sensitivity calculation of this
measurement.
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