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Based on works with B. Fuks, K. Hagiwara, J.Kanzaki, K.Ma, L. Munoz and H.Shao.



Outline
• ~1990, early works on toponium.


• 2017  @ ILC, density matrix for  spin correlations.


• 2019, hint of anomaly in LHC run 2 data.


• 2021, toponium gives dileptons with small .


• 2025, both ATLAS and CMS confirmed that observed anomaly is 
consistent with toponium formation.  


• 2026, we revisit .


• Quantum physics @  times the atomic scale.

e+e− → tt̄H tt̄

ϕ(ll′ ), m(ll′ )

e+e− → Θ + χ1
t
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Early works on toponium
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•Late 1980’s: no sharp resonancesmt > 100 GeV → Γt ∼ 𝒪(1) GeV →
•1987: All toponiums have the same decay width, ,2Γt
Green’s function  

by V.S.Fadin and V.A. Khoze, JETP Lett 46, 417 (1987)

(E + iΓt − H)G(E; ⃗r) = δ3( ⃗r)

•1991: Numerical solution of G(E;0) for QCD potential, 

by M.Strassler and M.Peskin, PRD43, 1500 (1991)
•1992: Fourier transform                              
by Y. Sumino, K.Fujii, K.Hagiwara, H. Murayama, C.K.Ng, PRD47, 56(1993).

G̃(E; p) → momentum distributions

•1992: S- and P- wave interference gives  in                       
by H. Murayama, and Y.Sumino, PRD47,82 (1993).

AFB e+e− → tt̄

•1992:  directly from solving Lipman-Schwinger equation,           
by M. Jezebek, J.H.Kuhn, T.Teubner, ZPC56, 653 (1992).

G̃(E; p)



[K.Hagiwara, H.Yokoya, and YJZ JHEP02 (2018), arXiv:1712.09953]
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Decay final states 
keep all the spin 
correlations of .tt̄

Sum of all helicity  
Trace of density matrices.

≡
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We studied  including toponium contributions.e−e+ → tt̄H

Production is process dependent.

e−e+ → tt̄H

s = 550 GeV

2017



 and  decayt t̄

5

Appendix A in [K.Hagiwara, H. Yokoya, and YJZ, JHEP2018, 1712.09953 ] gives  and  decay density matrices. The above 
forms are obtained after integrating over  phase space. Hadronic decays are also sensitive to top spin, because one of W-decay 
dijets gives the same information as the charged leptons in semi-leptonic decays.

t → bℓ̄ν bd̄u
b + ν
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µ
�)ijuL(¯̀)ju

⇤
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in the top rest frame
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L(⌫)(i�
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L(b) uL(¯̀)

T (i�2)uL(p, h)
Fierz Identity
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�µ
± = (1,±~�)

<latexit sha1_base64="OR9g/P4X9FPA6mFT7m0vGIaXA7w=">AAAB+HicdVDLSgNBEJz1GeMjqx69DAbBgyybTdzEW9CLxwjmAUkIs5PZZMjsg5leIS75Ei8eFPHqp3jzb5xNIqhoQUNR1U13lxcLrsC2P4yV1bX1jc3cVn57Z3evYO4ftFSUSMqaNBKR7HhEMcFD1gQOgnViyUjgCdb2JleZ375jUvEovIVpzPoBGYXc55SAlgZmIe3BmAGZnaW9eMxnA7NoWxc11zl3sG3ZdtUpuxlxqhWnjEtayVBESzQG5ntvGNEkYCFQQZTqluwY+imRwKlgs3wvUSwmdEJGrKtpSAKm+un88Bk+0coQ+5HUFQKeq98nUhIoNQ083RkQGKvfXib+5XUT8Gv9lIdxAiyki0V+IjBEOEsBD7lkFMRUE0Il17diOiaSUNBZ5XUIX5/i/0nLsUqu5d5UivXLZRw5dISO0SkqoSqqo2vUQE1EUYIe0BN6Nu6NR+PFeF20rhjLmUP0A8bbJ5jGk7s=</latexit>

✓,�

<latexit sha1_base64="pFRsvWIWBTjiqbpgTTPPDopySeE=">AAAB8HicdVBNSwMxEJ31s9avqkcvwSJ4KrtF1vZW9OKxov2QdinZNG1Dk+ySZAtl6a/w4kERr/4cb/4bs20FFX0w8Hhvhpl5YcyZNq774aysrq1vbOa28ts7u3v7hYPDpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh+CrzWxOqNIvknZnGNBB4KNmAEWysdN+dUJLeznqmVyi6JdfC91FGvIrrWVKtVsrlKvLmlusWYYl6r/De7UckEVQawrHWHc+NTZBiZRjhdJbvJprGmIzxkHYslVhQHaTzg2fo1Cp9NIiULWnQXP0+kWKh9VSEtlNgM9K/vUz8y+skZlAJUibjxFBJFosGCUcmQtn3qM8UJYZPLcFEMXsrIiOsMDE2o7wN4etT9D9plkueX/Jvzou1y2UcOTiGEzgDDy6gBtdQhwYQEPAAT/DsKOfReXFeF60rznLmCH7AefsEZHaQ1A==</latexit>

~St

<latexit sha1_base64="7CLxsyxehFP6MXfa6nAzxW0ol54=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK0pnVXdOOyon1AE8JkOmmHTh7MTAol9E/cuFDErX/izr9x0lZQ0QMXDufcy733BCmjQprmh1ZaW9/Y3CpvV3Z29/YP9MOjrkgyjkkHJyzh/QAJwmhMOpJKRvopJygKGOkFk+vC700JFzSJ7+UsJV6ERjENKUZSSb6uu1OC87u5n7sB4lDOfb1qGpdNx76woWmYZsOuOQWxG3W7Bi2lFKiCFdq+/u4OE5xFJJaYISEGlplKL0dcUszIvOJmgqQIT9CIDBSNUUSEly8un8MzpQxhmHBVsYQL9ftEjiIhZlGgOiMkx+K3V4h/eYNMhk0vp3GaSRLj5aIwY1AmsIgBDiknWLKZIghzqm6FeIw4wlKFVVEhfH0K/ydd27Acw7mtV1tXqzjK4AScgnNggQZogRvQBh2AwRQ8gCfwrOXao/aivS5bS9pq5hj8gPb2CRUbk/s=</latexit>

~St̄

<latexit sha1_base64="cJWH5EJIJHrE0Y3o62E9Ewfc38Y=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWARXEhJisR2V3TjsoJ9QBPKZDpph04ezNwIJWTjr7hxoYhbP8Odf+OkraCiBy6cOede5t7jJ4IrsKwPY2l5ZXVtvbRR3tza3tk19/Y7Kk4lZW0ai1j2fKKY4BFrAwfBeolkJPQF6/qTq8Lv3jGpeBzdwjRhXkhGEQ84JaClgXno+kRmLowZkPxs/kjGPB+YFatqaTgOLohdt2xNGo16rdbA9syyrApaoDUw391hTNOQRUAFUapvWwl4GZHAqWB52U0VSwidkBHraxqRkCkvmx2Q4xOtDHEQS10R4Jn6fSIjoVLT0NedIYGx+u0V4l9eP4Wg7mU8SlJgEZ1/FKQCQ4yLNPCQS0ZBTDUhVHK9K6ZjIgkFnVlZh/B1Kf6fdGpV26k6N+eV5uUijhI6QsfoFNnoAjXRNWqhNqIoRw/oCT0b98aj8WK8zluXjMXMAfoB4+0TsCeXJg==</latexit>

✓̄, �̄

<latexit sha1_base64="NTvMrFdKE4DHhV80/Y3ZHwKxgO4=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSIIQskWWdtb0YvHCvYD2rVk02wbm90sSVYopf/BiwdFvPp/vPlvzLYVVPTBwOO9GWbmBYng2mD84Swtr6yurec28ptb2zu7hb39ppapoqxBpZCqHRDNBI9Zw3AjWDtRjESBYK1gdJn5rXumNJfxjRknzI/IIOYhp8RYqdllQtye9gpFXMIWnocy4lawa0m1WimXq8idWRgXYYF6r/De7UuaRiw2VBCtOy5OjD8hynAq2DTfTTVLCB2RAetYGpOIaX8yu3aKjq3SR6FUtmKDZur3iQmJtB5Hge2MiBnq314m/uV1UhNW/AmPk9SwmM4XhalARqLsddTnilEjxpYQqri9FdEhUYQaG1DehvD1KfqfNMsl1yt512fF2sUijhwcwhGcgAvnUIMrqEMDKNzBAzzBsyOdR+fFeZ23LjmLmQP4AeftE4VWjyA=</latexit>

`+<latexit sha1_base64="Uo0w+rLcxn3bnhGBLSVmaoIoZ2Q=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgxWV3W7f1VvTisYJthXYt2TTbxmaTJckKpfQ/ePGgiFf/jzf/jdm2goo+GHi8N8PMvDBhVGnH+bByS8srq2v59cLG5tb2TnF3r6VEKjFpYsGEvAmRIoxy0tRUM3KTSILikJF2OLrI/PY9kYoKfq3HCQliNOA0ohhpI7W6hLHbk16x5NhnNd879aBjO07VK/sZ8aoVrwxdo2QogQUaveJ7ty9wGhOuMUNKdVwn0cEESU0xI9NCN1UkQXiEBqRjKEcxUcFkdu0UHhmlDyMhTXENZ+r3iQmKlRrHoemMkR6q314m/uV1Uh3VggnlSaoJx/NFUcqgFjB7HfapJFizsSEIS2puhXiIJMLaBFQwIXx9Cv8nLc92fdu/qpTq54s48uAAHIJj4IIqqINL0ABNgMEdeABP4NkS1qP1Yr3OW3PWYmYf/ID19gmUAo8p</latexit>
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2019 LHC run2 data for  production cross section and dilepton events at  .tt̄ s = 13 TeV, ∼ 36 fb−1

✤ Both ATLAS and CMS observed excess of data over the ‘SM’ prediction at low (ll’), m(ll’) bins [ATLAS EPJC 2020, 
CMS JHEP 2019].
✦ This may suggest that either  production MC underestimates small angle dileptons, or new physics.
✦ The standard  MC does not contain toponium.

ϕ

tt̄
tt̄

[ATLAS EPJC2020] [CMS JHEP2019]

LHC  13TeV  36 fb-1
~3σ excess
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Anomaly?2019



✴ Multiple gluon exchange effects are evaluated by 
using Green’s function of the non-relativistic 
Hamiltonian with QCD potential. [V.S.Fadin and 
V.A.Khoze (JETP1987) (Sov. J. Nucl. Phys1988)] [Y.Sumino and H.Yokoya, JHEP2010]

-2 GeV

7

NRQCD Hamiltonian

[(E + iΓt) − {− ∇2

mt
+ V(c)

QCD(r)}] G(c)(E + iΓt, ⃗r ) = δ3( ⃗r )

G̃(c)(E + iΓt, ⃗p) = ∫ d3 ⃗re−i ⃗p⋅ ⃗rG(c)(E + iΓt, ⃗r)

|ℳ |2 → ℳ G̃(E; p*)
G̃0(E; p*)

2
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<latexit sha1_base64="DhnLNzuupqJbqRwAO6mpOsu8JRg=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8LbMxxOQW9OIxgnlAsoTZyWwyZHZ2mZkVwpKP8OJBEa9+jzf/xskLVLSgoajqprsrSATXBuNPZ219Y3NrO7eT393bPzgsHB23dJwqypo0FrHqBEQzwSVrGm4E6ySKkSgQrB2Mb2Z++4EpzWN5byYJ8yMylDzklBgrtXsBUVky7ReK2MW1Kr6soQUpl1YEI8/FcxRhiUa/8NEbxDSNmDRUEK27Hk6MnxFlOBVsmu+lmiWEjsmQdS2VJGLaz+bnTtG5VQYojJUtadBc/T6RkUjrSRTYzoiYkf7tzcS/vG5qwqqfcZmkhkm6WBSmApkYzX5HA64YNWJiCaGK21sRHRFFqLEJ5W0Iq0/R/6RVcr2KW7krF+vXyzhycApncAEeXEEdbqEBTaAwhkd4hhcncZ6cV+dt0brmLGdO4Aec9y8FaJAN</latexit>

p̄

<latexit sha1_base64="szYD1z3GszVFzol0Dw5TPVfF7uQ=">AAAB6HicdVDLTgJBEJzFF+IL9ehlIjHxtJlFWeFG9OIREgET2JDZoRdGZh+ZmTUhhC/w4kFjvPpJ3vwbZwETNVpJJ5Wq7nR3+YngShPyYeVWVtfWN/Kbha3tnd294v5BW8WpZNBisYjlrU8VCB5BS3Mt4DaRQENfQMcfX2V+5x6k4nF0oycJeCEdRjzgjGojNTv9YonYxK3USA0Tu0Kc6pwQ4lbLZ9gxJEMJLdHoF997g5ilIUSaCapU1yGJ9qZUas4EzAq9VEFC2ZgOoWtoRENQ3nR+6AyfGGWAg1iaijSeq98npjRUahL6pjOkeqR+e5n4l9dNdVD1pjxKUg0RWywKUoF1jLOv8YBLYFpMDKFMcnMrZiMqKdMmm4IJ4etT/D9pl23Htd3meal+uYwjj47QMTpFDrpAdXSNGqiFGAL0gJ7Qs3VnPVov1uuiNWctZw7RD1hvnx7JjS0=</latexit>

W
<latexit sha1_base64="ILKb38tXus39YhWiDPaEfEU/neQ=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GjLV6WNXdOOygn1AO5RMmrahSWZIMkIZ+gtuXCji1h9y59+YaSuo6IELh3Pu5d57wpgzbRD6cHJr6xubW/ntws7u3v5B8fCoraNEEdoiEY9UN8SaciZpyzDDaTdWFIuQ0044vc78zj1VmkXyzsxiGgg8lmzECDaZ1KecD4ol5JZ9VK+WIXJ95NX9C0sQqtV9D3qWZCiBFZqD4nt/GJFEUGkIx1r3PBSbIMXKMMLpvNBPNI0xmeIx7VkqsaA6SBe3zuGZVYZwFClb0sCF+n0ixULrmQhtp8Bmon97mfiX10vMqBakTMaJoZIsF40SDk0Es8fhkClKDJ9Zgoli9lZIJlhhYmw8BRvC16fwf9Iuu17FrdxelhpXqzjy4AScgnPggSpogBvQBC1AwAQ8gCfw7Ajn0XlxXpetOWc1cwx+wHn7BHezjo0=</latexit>

`

<latexit sha1_base64="7q/8zwU2JOhPDI8uMpYhcGBWugo=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuwqSaPnZFNy4r2Ic0oUymk3boZBJmJkIJ/Qo3LhRx6+e482+ctBVU9MCFwzn3cu89QcKZ0gh9WCura+sbm4Wt4vbO7t5+6eCwo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcpX73XsqFYvFrZ4m1I/wSLCQEayNdOcFWGaeSGeDUhnZFRc1ahWIbBc5DffcEITqDdeBjiE5ymCJ1qD07g1jkkZUaMKxUn0HJdrPsNSMcDoreqmiCSYTPKJ9QwWOqPKz+cEzeGqUIQxjaUpoOFe/T2Q4UmoaBaYzwnqsfnu5+JfXT3VY9zMmklRTQRaLwpRDHcP8ezhkkhLNp4ZgIpm5FZIxlphok1HRhPD1KfyfdCq2U7WrNxfl5uUyjgI4BifgDDigBprgGrRAGxAQgQfwBJ4taT1aL9bronXFWs4cgR+w3j4Bi+aQ7g==</latexit>

⌫̄
<latexit sha1_base64="sbvGIn5dqV2yjz8j/Z16L1X4aW8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28Bb14TMA8IFnC7GQ2GTP7YGZWCCFf4MWDIl79JG/+jbNJBBUtaCiquunu8hPOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT64zv3NPhWRxdKumCfVCPIpYwAhWWmqOBsWSZV7WXOfCQZZpWVWn7GbEqVacMrK1kqEEKzQGxff+MCZpSCNFOJayZ1uJ8mZYKEY4nRf6qaQJJhM8oj1NIxxS6c0Wh87RmVaGKIiFrkihhfp9YoZDKaehrztDrMbyt5eJf3m9VAU1b8aiJFU0IstFQcqRilH2NRoyQYniU00wEUzfisgYC0yUzqagQ/j6FP1P2o5pu6bbrJTqV6s48nACp3AONlShDjfQgBYQoPAAT/Bs3BmPxovxumzNGauZY/gB4+0TMv+NOg==</latexit>g <latexit sha1_base64="sbvGIn5dqV2yjz8j/Z16L1X4aW8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28Bb14TMA8IFnC7GQ2GTP7YGZWCCFf4MWDIl79JG/+jbNJBBUtaCiquunu8hPOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT64zv3NPhWRxdKumCfVCPIpYwAhWWmqOBsWSZV7WXOfCQZZpWVWn7GbEqVacMrK1kqEEKzQGxff+MCZpSCNFOJayZ1uJ8mZYKEY4nRf6qaQJJhM8oj1NIxxS6c0Wh87RmVaGKIiFrkihhfp9YoZDKaehrztDrMbyt5eJf3m9VAU1b8aiJFU0IstFQcqRilH2NRoyQYniU00wEUzfisgYC0yUzqagQ/j6FP1P2o5pu6bbrJTqV6s48nACp3AONlShDjfQgBYQoPAAT/Bs3BmPxovxumzNGauZY/gB4+0TMv+NOg==</latexit>g

[B.Fuks, K.Hagiwara, K.Ma and YJZ. Phys.ReV.D104(2021)3,034023, Eur.Phys.J.C85(2025) 2, 157]

<latexit sha1_base64="Q5bZfMBz2S0OBS5O2n2V5eDMKbo=">AAACGHicbVDLSsNAFJ3UV42vqEs3g0UQ+jARqW6Eohs3QgX7gCaEyXTaDp08mJkIJeQz3Pgrblwo4rY7/8ZJm4W2HrhwOOde7r3HixgV0jS/tcLK6tr6RnFT39re2d0z9g/aIow5Ji0cspB3PSQIowFpSSoZ6UacIN9jpOONbzO/80S4oGHwKCcRcXw0DOiAYiSV5BpniT1CEiY2Rgzep6mbVCvVVL+u6ktGuVJOddcomTVzBrhMrJyUQI6ma0ztfohjnwQSMyREzzIj6SSIS4oZSXU7FiRCeIyGpKdogHwinGT2WApPlNKHg5CrCiScqb8nEuQLMfE91ekjORKLXib+5/ViObhyEhpEsSQBni8axAzKEGYpwT7lBEs2UQRhTtWtEI8QR1iqLLMQrMWXl0n7vGbVa/WHi1LjJo+jCI7AMTgFFrgEDXAHmqAFMHgGr+AdfGgv2pv2qX3NWwtaPnMI/kCb/gBOTJ4O</latexit>

M̂�,� = �M̂+,+

from
<latexit sha1_base64="DbFKompjYIc7ivGwgq1fosFmxnY="></latexit>

|⌘t >=
| ">t | #> t̄ � | #>t | "> t̄p

2

<latexit sha1_base64="FW+Djsl2bn5DFnAk9ZVx61KCxgg="></latexit>

|M|2 ⇠
X

h,h̄

X

h0,h̄0

⇢t!b¯̀⌫
h,h0 (✓̄, �̄)⇢gg!tt̄

hh̄,h0h̄0⇢
t̄!b̄`⌫̄
h̄h̄0 (✓,�)

<latexit sha1_base64="OR9g/P4X9FPA6mFT7m0vGIaXA7w=">AAAB+HicdVDLSgNBEJz1GeMjqx69DAbBgyybTdzEW9CLxwjmAUkIs5PZZMjsg5leIS75Ei8eFPHqp3jzb5xNIqhoQUNR1U13lxcLrsC2P4yV1bX1jc3cVn57Z3evYO4ftFSUSMqaNBKR7HhEMcFD1gQOgnViyUjgCdb2JleZ375jUvEovIVpzPoBGYXc55SAlgZmIe3BmAGZnaW9eMxnA7NoWxc11zl3sG3ZdtUpuxlxqhWnjEtayVBESzQG5ntvGNEkYCFQQZTqluwY+imRwKlgs3wvUSwmdEJGrKtpSAKm+un88Bk+0coQ+5HUFQKeq98nUhIoNQ083RkQGKvfXib+5XUT8Gv9lIdxAiyki0V+IjBEOEsBD7lkFMRUE0Il17diOiaSUNBZ5XUIX5/i/0nLsUqu5d5UivXLZRw5dISO0SkqoSqqo2vUQE1EUYIe0BN6Nu6NR+PFeF20rhjLmUP0A8bbJ5jGk7s=</latexit>

✓,�

<latexit sha1_base64="pFRsvWIWBTjiqbpgTTPPDopySeE=">AAAB8HicdVBNSwMxEJ31s9avqkcvwSJ4KrtF1vZW9OKxov2QdinZNG1Dk+ySZAtl6a/w4kERr/4cb/4bs20FFX0w8Hhvhpl5YcyZNq774aysrq1vbOa28ts7u3v7hYPDpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh+CrzWxOqNIvknZnGNBB4KNmAEWysdN+dUJLeznqmVyi6JdfC91FGvIrrWVKtVsrlKvLmlusWYYl6r/De7UckEVQawrHWHc+NTZBiZRjhdJbvJprGmIzxkHYslVhQHaTzg2fo1Cp9NIiULWnQXP0+kWKh9VSEtlNgM9K/vUz8y+skZlAJUibjxFBJFosGCUcmQtn3qM8UJYZPLcFEMXsrIiOsMDE2o7wN4etT9D9plkueX/Jvzou1y2UcOTiGEzgDDy6gBtdQhwYQEPAAT/DsKOfReXFeF60rznLmCH7AefsEZHaQ1A==</latexit>

~St

<latexit sha1_base64="7CLxsyxehFP6MXfa6nAzxW0ol54=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK0pnVXdOOyon1AE8JkOmmHTh7MTAol9E/cuFDErX/izr9x0lZQ0QMXDufcy733BCmjQprmh1ZaW9/Y3CpvV3Z29/YP9MOjrkgyjkkHJyzh/QAJwmhMOpJKRvopJygKGOkFk+vC700JFzSJ7+UsJV6ERjENKUZSSb6uu1OC87u5n7sB4lDOfb1qGpdNx76woWmYZsOuOQWxG3W7Bi2lFKiCFdq+/u4OE5xFJJaYISEGlplKL0dcUszIvOJmgqQIT9CIDBSNUUSEly8un8MzpQxhmHBVsYQL9ftEjiIhZlGgOiMkx+K3V4h/eYNMhk0vp3GaSRLj5aIwY1AmsIgBDiknWLKZIghzqm6FeIw4wlKFVVEhfH0K/ydd27Acw7mtV1tXqzjK4AScgnNggQZogRvQBh2AwRQ8gCfwrOXao/aivS5bS9pq5hj8gPb2CRUbk/s=</latexit>

~St̄

<latexit sha1_base64="cJWH5EJIJHrE0Y3o62E9Ewfc38Y=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWARXEhJisR2V3TjsoJ9QBPKZDpph04ezNwIJWTjr7hxoYhbP8Odf+OkraCiBy6cOede5t7jJ4IrsKwPY2l5ZXVtvbRR3tza3tk19/Y7Kk4lZW0ai1j2fKKY4BFrAwfBeolkJPQF6/qTq8Lv3jGpeBzdwjRhXkhGEQ84JaClgXno+kRmLowZkPxs/kjGPB+YFatqaTgOLohdt2xNGo16rdbA9syyrApaoDUw391hTNOQRUAFUapvWwl4GZHAqWB52U0VSwidkBHraxqRkCkvmx2Q4xOtDHEQS10R4Jn6fSIjoVLT0NedIYGx+u0V4l9eP4Wg7mU8SlJgEZ1/FKQCQ4yLNPCQS0ZBTDUhVHK9K6ZjIgkFnVlZh/B1Kf6fdGpV26k6N+eV5uUijhI6QsfoFNnoAjXRNWqhNqIoRw/oCT0b98aj8WK8zluXjMXMAfoB4+0TsCeXJg==</latexit>

✓̄, �̄

<latexit sha1_base64="NTvMrFdKE4DHhV80/Y3ZHwKxgO4=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSIIQskWWdtb0YvHCvYD2rVk02wbm90sSVYopf/BiwdFvPp/vPlvzLYVVPTBwOO9GWbmBYng2mD84Swtr6yurec28ptb2zu7hb39ppapoqxBpZCqHRDNBI9Zw3AjWDtRjESBYK1gdJn5rXumNJfxjRknzI/IIOYhp8RYqdllQtye9gpFXMIWnocy4lawa0m1WimXq8idWRgXYYF6r/De7UuaRiw2VBCtOy5OjD8hynAq2DTfTTVLCB2RAetYGpOIaX8yu3aKjq3SR6FUtmKDZur3iQmJtB5Hge2MiBnq314m/uV1UhNW/AmPk9SwmM4XhalARqLsddTnilEjxpYQqri9FdEhUYQaG1DehvD1KfqfNMsl1yt512fF2sUijhwcwhGcgAvnUIMrqEMDKNzBAzzBsyOdR+fFeZ23LjmLmQP4AeftE4VWjyA=</latexit>

`+<latexit sha1_base64="Uo0w+rLcxn3bnhGBLSVmaoIoZ2Q=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgxWV3W7f1VvTisYJthXYt2TTbxmaTJckKpfQ/ePGgiFf/jzf/jdm2goo+GHi8N8PMvDBhVGnH+bByS8srq2v59cLG5tb2TnF3r6VEKjFpYsGEvAmRIoxy0tRUM3KTSILikJF2OLrI/PY9kYoKfq3HCQliNOA0ohhpI7W6hLHbk16x5NhnNd879aBjO07VK/sZ8aoVrwxdo2QogQUaveJ7ty9wGhOuMUNKdVwn0cEESU0xI9NCN1UkQXiEBqRjKEcxUcFkdu0UHhmlDyMhTXENZ+r3iQmKlRrHoemMkR6q314m/uV1Uh3VggnlSaoJx/NFUcqgFjB7HfapJFizsSEIS2puhXiIJMLaBFQwIXx9Cv8nLc92fdu/qpTq54s48uAAHIJj4IIqqINL0ABNgMEdeABP4NkS1qP1Yr3OW3PWYmYf/ID19gmUAo8p</latexit>

`�

z

8

<latexit sha1_base64="nNgUfELw7X4tYvKyiHnPUowHgBg="></latexit>

M = ū(⌫)�µPLv(¯̀)
�gµ⌫

q2 �m2
W

ū(b)�⌫PL
p/+mt

p2 �m2
t

<latexit sha1_base64="c9ZWaosQkH1hVRPE4GuI0fjmHx0="></latexit>

mt � p/

p̄2 �m2
t

�⇢PLv(b̄)
�g⇢�

q02 �m2
W

ū(`)��PLv(⌫̄)
<latexit sha1_base64="b8Wo0/rzTWAZogcqi6KfY3Or5uM="></latexit>

=
X

h,h̄

T t!b¯̀⌫
h M̂hh̄T̄ t̄!b̄`⌫̄

= 1 + cos θ̄
2

1 + cos θ
2 + 1 − cos θ̄

2
1 − cos θ

2 + 1
2 sin θ̄ sin θ cos(ϕ̄ − ϕ)

production 
density matrixρgg→tt̄

hh̄,h′ ̄h′ 
= M̂

hh̄
M̂*

h′ h̄′ 
= (ρ++,++ ρ++,−−

ρ−−,++ ρ−−,−−) = 1
2 ( 1 −1

−1 1 )
∑
hh̄

∑
h′ ̄h′ 

ρ
hh̄,h′ ̄h′ 

ρt→ℓ+
hh′ 

(θ̄, ϕ̄)ρt̄→ℓ−

h̄h̄′ 
(θ, ϕ) = F(θ̄, ϕ̄; θ, ϕ)

= 1  
when (θ, ϕ) = (θ̄, ϕ̄)

p * → 0
t rest frame  rest framet̄



<latexit sha1_base64="8QUKviyjnDeHt4tGy7V0E9Umaz4=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KotF6Eogc9VrAf0Iaw2W7bpbtJ2N0oJdZ/4sWDIl79Jd78N27bHLT6YODx3gwz84KYM6Ud58vKLS2vrK7l1wsbm1vbO3Zxt6miRBLaIBGPZDvAinIW0oZmmtN2LCkWAaetYHQ59Vt3VCoWhbd6HFNP4EHI+oxgbSTfLgpfn7vVk8e0KwW6os2Jb5ecsjMD+kvcjJQgQ923P7u9iCSChppwrFTHdWLtpVhqRjidFLqJojEmIzygHUNDLKjy0tnpE3RolB7qR9JUqNFM/TmRYqHUWASmU2A9VIveVPzP6yS6f+alLIwTTUMyX9RPONIRmuaAekxSovnYEEwkM7ciMsQSE23SKpgQ3MWX/5LmcdmtlCs3p6XaRRZHHvbhAI7AhSrU4Brq0AAC9/AEL/BqPVjP1pv1Pm/NWdnMHvyC9fENInOTSw==</latexit>

mt = 173 GeV

tt without toponium

toponium

<0.8

~105

~3000

<0.8

[1] B.Fuks, K.Hagiwara, Kai Ma and YJZ, ‘Signatures of toponium formation in LHC run 2 data’, Phys. Rev.D 104 (2021) 3, 034023.
[2] B.Fuks, K.Hagiwara, Kai Ma and YJZ, ‘Simulating toponium formation signals at the LHC’, arXiv:2411.18962. EPJC 85 (2025) 157.

Predictions based on LHC 36/fb analysis

2021

2024

< 0.8%

7%

9

<latexit sha1_base64="1Wk+KVV5++lTeBALvvkKrq7G9dk="></latexit>

Sp
B + S

! Sp
B

⇠ 3000p
105

⇠ 9

<latexit sha1_base64="ClrLca93eajpl+asFhn6qUpLOqE=">AAACN3icbZBNSwMxEIaz9avWr6pHL8EiKkLZLVK9CEU9eBIVWwvdWrLp1AazHySzQln6r7z4N7zpxYMiXv0HpnUFbR0YeHmfGZJ5vUgKjbb9ZGUmJqemZ7Kzubn5hcWl/PJKTYex4lDloQxV3WMapAigigIl1CMFzPckXHm3RwN+dQdKizC4xF4ETZ/dBKIjOENjtfKnW+4xSGT0opW4IOWgN/vb16WDFLhRV4ygnR8EyEZQK1+wi/aw6LhwUlEgaZ218o9uO+SxDwFyybRuOHaEzYQpFFxCP+fGGiLGb9kNNIwMmA+6mQzv7tMN47RpJ1SmA6RD9/dGwnyte75nJn2GXT3KBuZ/rBFjZ7+ZiCCKEQL+/VAnlhRDOgiRtoUCjrJnBONKmL9S3mWKcTRR50wIzujJ46JWKjrlYvl8t1A5TOPIkjWyTraIQ/ZIhZyQM1IlnNyTZ/JK3qwH68V6tz6+RzNWurNK/pT1+QXOU6tU</latexit>

(�R``0)
2 = (��``0)

2 + (�⌘``0)
2

Toponium study starts!

S
B

∼ 3%



Next steps

1Sj=0

3Sj=1

3Pj=0
3Pj=1

3Pj=2

ηt η′ t χ0
t χ2

t

Θ Θ′ χ1
t

S-wave (l=0) P-wave (l=1)

E ~ 2 GeV−
10

•Spin-1 toponium

qq̄ → (tt̄ )color singlet
HL-LHC?
e+e−@ s ≈ 2mt

Our current simulation program has a 
discontinuity @ . 
Experts help needed.

m(tt̄) = 2mt + 4GeV

•Precise measurement of mt @ LHC

•P-wave toponium
gg → (tt̄ )color singlet LHC physics

,  ,  are almost degenerate and interfere.η′ t χ0
t χ2

t

•Merging of NRQCD and QCD @ NLO

E ~ 0.5 GeV−



11

•  are all spin triplets Θ, χ0,1,2
t

↑ ↓ + ↓ ↑
2

↑ ↑

↓ ↓

• ,  are spin singlets ηt η′ t Prefers θℓℓ̄ ≈ 0

Prefers θℓℓ̄ ≈ π

↑ ↓ − ↓ ↑
2

(1 + cos θ̄)(1 − cos θ)
2

(1 − cos θ̄)(1 + cos θ)
2

1 + cos θ̄
2

1 + cos θ
2 + 1 − cos θ̄

2
1 − cos θ

2 − 1
2 sin θ̄ sin θ cos(ϕ̄ − ϕ)

1 + cos θ̄
2

1 + cos θ
2 + 1 − cos θ̄

2
1 − cos θ

2 + 1
2 sin θ̄ sin θ cos(ϕ̄ − ϕ)

=1 when  (θ̄, ϕ̄) = (θ, ϕ)

largest when  (θ̄, θ) = (0,π)

largest when  ϕ̄ − ϕ = π

largest when  (θ̄, θ) = (π,0)

1
2 ( 1 −1

−1 1 )

1
2 (1 1

1 1)

(1 0
0 0)

(0 0
0 1)

production density matrix

dilepton angular distributions
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-2 -1 0 1 2
�h = hµ+ - he-

0

0.1

0.2

0.3

0.4

0.5

0.6

ds
/s

to
t

p
s = 2mt - 2.3 GeVeL

eR

eL
eR

-p -1
2p 0 1

2p p

�f = fµ+ - fe-

0

1

2

3

ds
[fb

]

pT (t) > 10 GeV
pT (l) > 30 GeV

e+e- ! t t̄ ! µ+nµb + e-neb mt = 172.5 GeV, �t = 1.315 GeV

Prel
im

ina
ry

Prel
im

ina
ry
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Helicity amplitudes for  revisitede−e+ → tt̄
Mσσ̄

α = M (e−(k, α
2 )e+(k̄, − α

2 ) → t(p, σ
2 )t̄(p̄, σ̄

2 ))
= v†

α(k̄)σμ
αuα(k)

Aαβ =
− 2

3 e2

q2 +
gZll

α gZtt
β

q2 − m2
Z

Fierz identities: ⃗σij ⋅ ⃗σkl = 2δilδkj − δijδkl

(σμ
±)ij(σ∓μ)kl = 2(δijδkl − δilδkj) = 2(iσ2)ik(iσ2)jl

(σμ
±)ij(σ∓μ)kl = 2δilδkj

∑
β=L,R

Aαβu†
β (p, σ

2 )σβμvβ(p̄, σ̄
2 )

Mσσ̄
L = ALL [v†

L(k̄)(iσ2)u*L (p, σ
2 )] [uT

L (k)(iσ2)vL(p̄, σ̄
2 )] +ALR [u†

R(p, σ
2 )uL(k)] [v†

L(k̄)vR(p̄, σ̄
2 )]

In the rest frame of t: t spin is 
In the rest frame of :  spin is t̄ t̄ } along  (opposite of ) polarization direction e− e+

At the threshold, t rest frame  rest frame   rest frame∼t̄ ∼ e−e+

e+e−

t̄

t

 z

 z’

θ



14

Helicity amplitudes for : non-relativistic limite−e+ → tt̄

{
M±∓

L = 2E {(ALR + ALL)E + (ALR − ALL)p}
±1 − cos θ

2
M±±

L = 2Emt(ALR + ALL)(∓ sin θ
2 )

{S-wave 
( )p → 0

M±∓
L = 2m2

t (ALR + ALL)
±1 − cos θ

2
M±±

L = 2m2
t (ALR + ALL)(∓ sin θ

2 ) { | ↑ ↑ ⟩z′ 

1 − cos θ
2 + | ↓ ↓ ⟩z′ 

1 + cos θ
2 +

| ↑ ↓ ⟩z′ + | ↓ ↑ ⟩z′ 

2
sin θ

2
= | ↓ ↓ ⟩z = Θ | j = s = 1, Jz = m = − 1⟩

P-wave 
linear in p M±∓

L = 2mt p(ALR − ALL) 1 ∓ cos θ
2

p { | ↑ ↑ ⟩z′ 

1 − cos θ
2 − | ↓ ↓ ⟩z′ 

1 + cos θ
2 }

= p cos θ | ↓ ↓ ⟩z + p
sin θ

2
| ↑ ↓ ⟩z + | ↓ ↑ ⟩z

2
∼ χ1

t | j = s = 1, Jz = m = − 1⟩

e+e−

t̄

t

 z

 z’

θ

=
|ℓ = 1,0⟩z |s = 1, − 1⟩z − |ℓ = 1, − 1⟩z |s = 1,0⟩z

2

r = p
mt

ALR − ALL

ALR + ALL

Relative strength of P-wave over S-wave 
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Decay lepton (down-type quark) distribution
mm̄

m′ m̄′ 

−+

−+

−−

++

−− ++

(1 − r cos θ)2

( r
2 sin θ)

2

( r
2 sin θ)

2

r
2 sin θ(1 − r cos θ)

r
2 sin θ(1 − r cos θ)

− r
2 sin θ(1 − r cos θ)

− r
2 sin θ(1 − r cos θ)

0

0

ρmm̄,m′ m̄′ 

Jz = m, m̄

ρmm̄,m′ m̄′ 
ρt→ℓ+

mm′ 
ρ̄t̄→ℓ−

m̄m̄′ 

∼ (1 − r cos θ)2(1 − cos θ̄*)(1 + cos θ*)
+r sin θ(1 − r cos θ)[(1 − cos θ̄*)sin θ* cos ϕ* − (1 + cos θ̄*)sin θ̄ cos ϕ̄*]
+( r sin θ

2 )
2

[(1 + cos θ̄*)(1 + cos θ*) + (1 − cos θ̄*)(1 − cos θ*)]

r = p
mt

ALR − ALL

ALR + ALL

Prel
im

ina
ry



Greens function reweighting of the amplitudes
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M = MS + MP

G̃S(E, p)
G̃0(E, p)

MS + G̃P(E, p)
G̃0(E, p)

MP

2

= G̃S(E, p)
G̃0(E, p)

2

MS + G̃P(E, p)
G̃S(E, p)

MP

2

MS ∼ 2m2
t (ALL + ALR) | ↓ ↓ ⟩z

MP ∼ 2m2
t (ALL + ALR) ⋅ r (−cos θ | ↓ ↓ ⟩z − sin θ

2
| ↓ ↑ ⟩z + | ↑ ↓ ⟩

2 )
2m2

t (ALL + ALR) G̃S(E, p)
G̃0(E, p)

2

(1 − R cos θ) | ↓ ↓ ⟩z − R sin θ
2 ( | ↓ ↑ ⟩z + | ↑ ↓ ⟩z)

2

r R = G̃P(E, p)
G̃S(E, p)

r = G̃P(E, p)
G̃S(E, p)

p
mt

ALR − ALL

ALR + ALL

Both Re(R) and Im(R) can be measured from decay lepton angular correlations. 



S-wave Green’s Function  |Gs(E, p) |2

−2GeV

Γt = 0.15GeVΓt = 1.5GeV

−2GeV
−0.5GeV

Prel
im

ina
ry

Prel
im

ina
ry



P-wave Green’s Function  |GP(E, p) |2

−0.5GeV

Γt = 0.15GeVΓt = 1.5GeV

−0.5GeV

Prel
im

ina
ry

Prel
im

ina
ry
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-6 -4 -2 0 2 4
W - 2 mt [GeV]

0

10

20s t
ot

[fb
]

mt = 172.5 GeV, �t = 1.315 GeV

e+e- ! t t̄ ! µ+nµb + e-neb

Green
No-Green
Green
No-Green

Bound states Continuum 

Prel
im

ina
ry

Prel
im

ina
ry

Sommerfeld

Toponium

Unitarity −2ImGS(E + iΓt,0) = ∫ d3p
(2π)3 G̃S(E, p)

2
2Γt

In order to test the accuracy of our  
by numerically solving the LS equation, we 
use the Coulomb potential with constant 

G̃S(E, p)

αS
ImGS(E + iΓt,0) is known analytically. 



-6 -4 -2 0 2 4p
s - 2 mt [GeV]

0.0

0.5

1.0

s P s S

¥10-2

10-2

10-1

1

10

s t
ot

[fb
]

mt = 172.5 GeV, �t = 1.315 GeV

e+e- ! t t̄ ! µ+nµb + e-neb

Total
S-Wave
P-Wave

Total
S-Wave
P-Wave

20

∫ d3p
(2π)3 G̃S(E, p)

2

∫ d3p
(2π)3 G̃P(E, p)

2

E1=-2.3GeV E2=-0.56GeV, no peak at E=-E2, (χ1
t )

Prel
im

ina
ry
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We can discover  by measuring interference between S- and P-wave amplitudes.χ1
t

-6 -4 -2 0 2 4p
s - 2 mt [GeV]

0.0

0.5

1.0

A F
B

¥10-1

mt = 172.5 GeV, �t = 1.315 GeV

e+e- ! t t̄ ! µ+nµb + e-neb

With GreenWith Green

Prel
im

ina
ry

H. Murayama, and Y.Sumino, PRD47,82 (1993).

0 1
2p p 3

2p 2p

fl(eL)

0

1

2

3

ds
[fb

]

0 1
2p p 3

2p 2p

fl(eR)

0

1

2

3
p

s = 2mt - 0.58 GeV
pT (t) > 10 GeV
pT (l) > 30 GeV

fµ+

fe-

fµ+

fe-

e+e- ! t t̄ ! µ+nµb + e-neb mt = 172.5 GeV, �t = 1.315 GeV

Prel
im

ina
ry
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 (x=-t)
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toponium

toponium formation
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V～ー4GeV

g g

Space-time evolution of toponium formation and decay
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• Coulombic potential

V(r) = − 4
3

αS(1/r)V

r

•  not 
included in our 
simulation.  

Eobs.
b < Eemis.

b

• P-wave toponium 
is twice larger than 
the ground state.

[M.Peter&Y.Sumino, PRD 57,6912 (1998)].　

E~-2GeV
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• We can study quantum physics at the scale of 10-7 times smaller than the atoms by 
using high energy lepton collider, such as ILC.  

• Beam polarization is a powerful probe since it directly controls top and anti top spin 
polarizations. 

t

t̄

1
20GeV ∼ 0.01fm ∼ 10−17m 1Å = 0.1nm = 10−10m

∼ 0.5Å

(Size of positronium )
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