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Update in beam emittance measurement study: minimal error in FODO channel

Purpose: minimization of errors in beam emittance measurements in FODO channel as a
function of phase advance per cell

1. 2D Beam Emittance Measurement
Single particle transformation matrix

X C S [ Xo
‘X"_‘C' S'lIx (-1
Beam ellipse transformation:
8 C2‘ 2CS  S?|p,
=|-CC CS+SC' -S§S' ||, (1-2)
Vi lc? 208 82 %

Beam emittance is determined from 3 independent measurements of beam size at different
locations Ry, R,, R3 via solution of 3x3 matrix:

R |C7  2CiS;  S?||Bod
RY=[C3 2GS, S3|opd (1-3)
R [C3 -2C3S;  S%|Vod
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Beam emittance 3=+ (Bo3)(Vo3) - (0L3)? (1-4)

Large error in determination of beam emittance is expected if (see BDS meeting note
of YB, 12/05/2006)

a:(A(‘EB)2 =~1| or bz(%)zzl (1-5)

where
A =R(CrS3 - C3S9) (1-6)
B =R,(C3S1 - C1S3) (1-7)

G =R3(C2S1 - C1S)) (1-8)
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Consider FODO channel with beam measurement stations after each cell:
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1.1 Semi-analytical approach

Transformation matrix after each cell 1s :

x|_| COSHL + ot sinld B sinp || x, (0-1)
‘X" |-y sinpt COS|L - o sinlL | X',
Considering centers of quadrupoles, where o0 = 0, matrix elements are:
C=cosu S=Bsinp (2-2)
Consider measurements afer each FODO cell:
Cy=cos L S;=Psinu
C, =cos 2u S, = Bsin 2u (2-3)

C; =cos 3u S; = Bsin 3u
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Uncertainty in beam emittance:

where partial errors are:

A3 =/ (A3))? + (A)? + (A33)?

A31 =3(R, Ry, R3) - 3(R1+AR |, Ry, R3)

A3 =3(R, Ry, R3) - 3(Ry, Ry+ARy, R3)

A3 =3(R, Ry, R3) - 3(Ry, Ry, R3+AR3)

(2-4)

(2-5)
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Error in determination of emittance and parameters a, b as functions of phase advance per cell for AR/R = 0.01.
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Error in determination of emittance (semi-analytical method) for ARy/R; =-0.01 (i=1,2,3).
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1.2 Numerical approach

For each value of phase advance |1, random variation of measured beam sizes

Ri=R?1+0) |, Ry=RP(1+g) |,| R3=R{ (1 +h)

results in variation of determined value of beam emittance
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Rms value of error in beam emittance:
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Error in 2D beam emittance determination (numerical method) as a function of phase advance in FODO channel
with beam size measurements at every other quad (R;= R, = Rj).
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2.4D Beam Emittance Measurement

G611 O12 013 O14

— : i — _|021 O22 O23 On4
G - matrix of 4D beam: o= 2-1
031 O32 033 O34 (2-1)

O41 O42 O43 Oyg

Matrix (2-1) 1s symmetric, G;= Gj;, so only 10 elements of matrix are independent.
Measurements are provided for beam sizes

<X2> = Glla <y2> = C5339 <Xy> =0 13 (2_2)

at different locations . Explicit transformation for G,;, 033, G;3 1s:

R R Riz Ri4
011 2R11R12 2R11R13 2R11R14 2R12R13 2R12R14 2R13R14 G11
033 = R%l 2R31R32 2R31R33 2R31R34 R%z 2R32R33 2R34R32 R%3 2R33R34 R%4 012
013 |[R{1R3] R12R31+R11R32 R13R31+R11R33 R31R14+R11R34 R1pR3p R13R32+R12R33 R32R14+R12R34 R13R33 R14R33+R13R34 R{4R34 13

014
022
023
024
033

oid 0 (2-3)

Todetermine 10 independent values of G-matrix, we take 3 x 3 + 1 =10 equations from 4
independent measurement stations.
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FODO channel with four beam measurement stations after each cell
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Example: Phase advance u =45°

Measured values: o,,V=0,,® =06,,¥= 0,,* =2.397600E-12
633(1) = 033(2): 033(3) = 033(4): 1.070000E-10
(513(1) = (513(2): (513(3) = (513(4)=0

Determined values of 0 — matrix

Exact Numerical
o, 2.397600E-12 2.397600E-12
012(0) 0 0
(513(0) 0 0
614(0) 0 0
65, 1.5676182 E-15 1.567620E-15
(523(0) 0 0
(524(0) 0 0
o33 1.070000E-10 1.070000E-10
034(0) 0 0
0.4, 3.50975e-13 3.509757E-13

Determined values of beam emittance:

Exact Numerical

Ix = \/(511(522 - 0%2 6.1306782¢-14 6.130682E-14

3y— V033044 - O%4 | 6.1281668¢-12 6.128164E-12
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Error in 4D beam emittance determination (numerical method) as a function of phase
advance in FODO channel with beam size measurements after each cell.



Yuri Batygin ~ 2007/02/13 16

Conclusion
Minimal value of error in emittance determinantion in FODO channel for uncoupled beam

is reached for the value of phase advance between measurement stations (L = 60°.

Next step: analysis of coupled beam emittance determination



