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QCD Static potential V(r)
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•W[C] is gauge invariant, and well-defined quantity 

e.g. comparison possible with Lattice  QCD 

• Important quantity  in heavy quark physics, J/y,U
Quarkonia energy spectrum 

Wilson loop  in large  T limit defines the static potential



Static potential in pert. QCD
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Higher loop computation

Here we surmarize steps for higher loop calculation in general 

with keyword. 



Reduction to Master Integrals

 Generation of amplitudes by 

Grace  (Ishikawa-Kaneko-Kato-Kawabata-Shimizu-Tanaka, 1992) 

Q-graph: P. Nogueira (1993)

Color.h with FORM (Vermaseren, Ritbergen-Schellekens-Vermaseren, 1999) 

 IntegrationByParts Identity (IBP) (Chtyrkin –Tkachov, 1981)

 Laport algorithm  (S.Laporta 2000,  see also ) 

solve system of equations by Laporta algorithm and rewrite

all the Feynman integrals  with few number of Master integrals(MI)

)()( akfkdkfkd DD  



Taming Master Integrals

 Mellin-Barnes representaion (…, V. Smirnov 1999,…)

 Sector decomposition  (…, Binoth-Heinrich 2000,…)

We evaluated  most of  MIs  twice with independent codes  by means 

of MB/SD, and obtained agreement within  estimated error.

There are several codes available in market which is quite powerful for traditional 

Feynman integrals:
MB.m(M.Czakon), AMBRE.m(Gluza-Kajda-Rieman),  Sector_decomposition(Bogner-

Weinzierl), FIESTA.m(Smirnov-Tentyukov), HypExp.m(Huber-Maitre)



IBP and reduction: Simplest example
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Master Integral

Go down/left  to reduce the indices

Symmetry  F(i,j)=F(j,i)



Result  and Summary

43
1 5

( )] [ 8 ln( ) 2 ln( ) 6 ]
24 3

[
C C
F A s

V r r C
US A s Er

There are non-perturbative corrections for Wilson loop,  which at 

leading order is known as ultra-soft  correction. 

In the following we will combine this with 

our perturbative corrections.

Appelquist-Dine-Muznich (1977),Brambilla-Pineda-Soto-Vairo(1999),



QCD potential at three loop

 QCD potential (PT+US)  at three loop for m=25,50,100 [GeV]

for top quark. Three lines coincide and one sees no difference. 



QCD potential at three loop

 Comparison with Lattice data for 0-flavour QCD, region 

roughly corresponds to Upsilon 1S.



Summary

 QCD static potential at three loop is completed after 32 ( 10) 

years from 1-loop (2-loop) computation.  

(Anzai-YK-Sumino,  Smirnov-Smirnov-Steinhauser 2009)

 Scale dependence is tiny for top,  convergence to quench 

Lattice data is also good, which encourage us  for 

phenomenological applications.

a. Precision determination of QCD coupling with Lattice data

b. Quarkonium phenomenology with obaitned potential

c. Another applications of technology to three loop?


