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MC Production
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- Higgs-Strahlung Process:

- Higgs Recoil Mass:

- Cross Section and Coupling 
Strength Measurement:

g2 ∝ σ = N/L�

- Full Simulation of the ILD
- MH = 120 GeV
- Ecm = 250 GeV  just above mass threshold
- Beam Parameters: RDR250
- Luminosity: 250 fb-1

- Polarization: 
e-Re+L: (e-: +80%, e+: -30%)
e-Le+R: (e-: -80%, e+: +30%)  

2.5.3 Kinematics Related355

For later on references, some useful kinematics related to the Higgs-strahlung process356

are given in advance.357

The energy and momentum of Higgs and Z in the laboratory frame are given by358

EH =
s−M2

Z
+ M2

H

2
√

s
, (2.29)

EZ =
s−M2

H
+ M2

Z

2
√

s
, (2.30)

|PH | = |PZ | =

�
[s− (MH + MZ)2] · [s− (MH −MZ)2]

2
√

s
. (2.31)

Assuming the center of mass energy
√

s = 250GeV, with MZ = 91.2GeV and359

MH = 120GeV, the expectation values of the EH , EZ , |PH | and |PZ | are360

EH � 137 GeV ,

EZ � 113 GeV ,

|PH | � |PZ | � 66 GeV . (2.32)

For Z decays to a pair of leptons, i.e., µ+µ− or e
+
e
−
, in the high energy limit361

(|P| >> m), the energy and momentum of Higgs and Z can be expressed by the362

momenta of the pair of leptons as363

EZ = Edl = |P1| + |P2| ,

PZ = Pdl = P1 + P2 , (2.33)

Hence, the MZ and MH can be expressed as364

M2

Z = M2

dl
= E2

Z −P2

Z ,

M2

H = M2

recoil
= s + M2

Z − 2EZ

√
s , (2.34)

where the EZ and PZ are given by Equation 2.33.365

Essentially, the MH in Equation 2.34 gives the so-called Higgs Recoil Mass, while366

MZ is the Z Invariant Mass.367

Concerning the pair of leptons decayed from the Z, their possible momentum range368

can be derived. The momentum minimum (Pmin

1,2
) and maximum (Pmax

1,2
) of the pair of369

leptons are thus given by:370

13

Advantages at Linear Collider:
- Using only the Z and Ecm
- Independent of the Higgs decay

e+

e−

Z∗

H

l+

l−
Z

At future International Linear Collider (ILC), the main production mechanisms of

Higgs are the Higgs-strahlung process and the WW fusion mechanism. This dissertation

focuses on the Higgs-strahlung process

e
+
e
− → ZH → ff̄H , (2.25)

which is illustrated in Figure 2.4.

Based on the Higgs-strahlung process, one can precisely measure the Higgs mass

and the coupling gHZZ at the HZZ vertex either by direct measurement of the Higgs

decay or the recoil of the Z decay.

2.5.1 Production Cross-Section

The integrated cross section of the Higgs-strahlung is given by

σ(e
+
e
− → ZH) =

G
2
µM

4
Z

96πs
(v̂

2
e + â

2
e)λ

1/2 λ + 12M
2
Z
/s

(1−M
2
Z
/s)2

, (2.26)

where, Gµ = 1.16637(1)× 10
−5

GeV
−2

is the fermi coupling constant, âe = −1 and

v̂e = −1 + 4s
2
W

with s
2
W

= 0.23149(13) being the electroweak mixing angle, and λ is

the two-particle phase-space function given by

λ = (1−M
2
H/s−M

2
Z/s)

2 − 4M
2
HM

2
Z/s

2
. (2.27)
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Figure 2.5: Cross-setion (σ) of Higgs-strahlung process, as a function of center of mass

energy (
√

s) (left) and as a function of Higgs mass (MH) (right).
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MC Production
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e-Re+L

Production Statistics:

1) Signal:  10 ab-1  each
2) Background: mostly larger than 250 fb-1 
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Figure 6.8: Mdl distributions of µµX (top) and eeX (bottom), and of their correspond-
ing backgrounds.

energy losses. One may noticed that in Figure 6.8(bottom), there is an accumulation1393

of events at small value in the eeX-channel. This is due to the contaminations of the1394

photon conversions. In which, the electron pair converted from a radiation photon is1395

mis-selected as the signal event.1396

Turning to the Mrecoil distribution. It is already discussed in Section 2.6. However,1397

as can be observed in Figure 6.9(top), there is a sudden decrease in the distribution1398

at around 159 GeV in the µµX-channel. As introduced in Section 2.6, the Mrecoil1399

distribution is a convolution of smearing effects and radiative effects, where the radiative1400

effects consist of Beamstrahlung, ISR, FSR and Bremsstrahlung (only affecting eeX-1401

channel). Among these radiative effects, the Beamstrahlung and ISR are limited by the1402

mass threshold MH + MZ. Taking this mass threshold into Equation 2.34, the Mrecoil1403

at the mass threshold is calculated to be 159 GeV. In other words, the Beamstrahlung1404

and ISR cannot contribute to the tail that greater than 159 GeV, while the FSR still1405

can. This sudden decreasing is hardly visible in eeX-channel, since it is overwhelmed1406
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Figure 6.4: PTdl distributions of µµX (left) and eeX (right), and of their corresponding
backgrounds.

2. An electron pair created from the ττ decay: Two major reactions can make it1319

happen. One is the same as a muon pair creation, both the τ+τ− decay to an1320

electron/positron with two neutrinos. The other is that one of the τ+τ− decays1321

to π−π0ντ or π+π0ν̄τ , with π0 → e+e−. In this case, the e+e− system will follow1322

the direction of the τ they decayed from, thus, the PTdl is small.1323

The eeνν and µµνν processes, are mostly through the WW intermediate state,1324

where the pair of electrons or muons are coming from different W. Given a W mass of1325

80 GeV, the decay products will not follow the direction of W. As a result, the angular1326

distribution of the pair of leptons decayed from the WW is isotropic, thus the PTdl1327

distribution is also isotropic.1328

The eeff and µµff processes include reactions through intermediate states of ZZ,1329

γ∗γ∗, Zγ∗ or γ∗Z. However, for all the possible cases, their angular distributions are1330

maximized at ±1. Thus, the PTdl of the lepton pair decayed from either Z or γ∗ are1331
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Background Rejection

Background Suppression in 2 Steps: (Model Independent)
Step One, by cuts:

PTdl>20GeV

6

Mdl∈(80, 100)GeV

Step Two, by Likelihood: 

, etc....,

remaining major bkg:   ZZ and WW

ΔPTbal.>10 GeV
,
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Figure 6.8: Mdl distributions of µµX (top) and eeX (bottom), and of their correspond-
ing backgrounds.

energy losses. One may noticed that in Figure 6.8(bottom), there is an accumulation1395

of events at small value in the eeX-channel. This is due to the contaminations of the1396

photon conversions. In which, the electron pair converted from a radiation photon is1397

mis-selected as the signal event.1398

Turning to the Mrecoil distribution. It is already discussed in Section 2.6. However,1399

as can be observed in Figure 6.9(top), there is a sudden decrease in the distribution1400

at around 159 GeV in the µµX-channel. As introduced in Section 2.6, the Mrecoil1401

distribution is a convolution of smearing effects and radiative effects, where the radiative1402

effects consist of Beamstrahlung, ISR, FSR and Bremsstrahlung (only affecting eeX-1403

channel). Among these radiative effects, the Beamstrahlung and ISR are limited by the1404

mass threshold MH + MZ. Taking this mass threshold into Equation 2.34, the Mrecoil1405

at the mass threshold is calculated to be 159 GeV. In other words, the Beamstrahlung1406

and ISR cannot contribute to the tail that greater than 159 GeV, while the FSR still1407

can. This sudden decreasing is hardly visible in eeX-channel, since it is overwhelmed1408
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Figure 6.6: acol distributions of µµX (left) and eeX (right), and of their corresponding

backgrounds.

acol = 1.4. However, in most of the cases, they do not react through the Z intermediate1371

state, where, a maximum at acol = π is expected. This is extremely true for the ee1372

process, since it is dominantly the Bhabha scattering, as shown in Figure 6.6(bottom).1373

The process ττ can be understood similarly as µµ or ee process, in the case that1374

the pair of muons or electrons come from different taus. However, in case of a pair1375

of electrons in the decay products, and they come from a single tau, a maximum at1376

acol = 0 is expected, since they are following the same direction, as can be observed in1377

Figure 6.6(bottom).1378

For processes eeff and µµff , two Jacobian peaks can appear, which corresponding1379

to two possible intermediate states, ZZ and Zγ∗
, and for both of them the pair of leptons1380

should decay from the Z. In case of the ZZ intermediate state, by substituting MH with1381

MZ in Equation 2.30, a Jacobian peak at acol = 1.6 can be calculated. In case of the1382

Zγ∗
intermediate state, a same Jacobian peak at acol = 1.4 as the ee or µµ process can1383
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small.1334

The cosine of the polar angle θ of the lepton pair system.1335

The cosine of the polar angle of the lepton pair system is noted as cosθdl. The distri-1336

butions of cosθdl for signal and background are shown in Figure 6.5.1337

The cosθdl of the Higgs-strahlung process is the cosθ of Z. The angular distribution1338

of the Higgs-strahlung is given by Equation 2.28. From the equation, it is clear that1339

the distribution of cosθdl of Higgs-strahlung is actually a parabola opened downwards,1340

maximized in the central region, while that of the background is not.1341

The cosθdl is a variable strongly correlated with the PTdl, which can be expressed1342

as a function of PTdl:1343
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Figure 6.5: cosθdl distributions of µµX (left) and eeX (right), and of their correspond-

ing backgrounds.
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Figure 6.4: PTdl distributions of µµX (left) and eeX (right), and of their corresponding
backgrounds.

2. An electron pair created from the ττ decay: Two major reactions can make it1321

happen. One is the same as a muon pair creation, both the τ+τ− decay to an1322

electron/positron with two neutrinos. The other is that one of the τ+τ− decays1323

to π−π0ντ or π+π0ν̄τ , with π0 → e+e−. In this case, the e+e− system will follow1324

the direction of the τ they decayed from, thus, the PTdl is small.1325

The eeνν and µµνν processes, are mostly through the WW intermediate state,1326

where the pair of electrons or muons are coming from different W. Given a W mass of1327

80 GeV, the decay products will not follow the direction of W. As a result, the angular1328

distribution of the pair of leptons decayed from the WW is isotropic, thus the PTdl1329

distribution is also isotropic.1330

The eeff and µµff processes include reactions through intermediate states of ZZ,1331

γ∗γ∗, Zγ∗ or γ∗Z. However, for all the possible cases, their angular distributions are1332

maximized at ±1. Thus, the PTdl of the lepton pair decayed from either Z or γ∗ are1333
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Figure D.9: Fit to the signal plus background using Physics Motivated Function of
µµX (top) and eeX (bottom) channels with polarization mode e−L e+

R, in MI analysis.
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Fit: µ-channel, MI Analysis

7

Pol. e-Le+R , MI analysis,
Physics Motivated Function

MH = 120.001 GeV ± 37MeV
δσ/σ = 3.3%

μ-channel

ε = 55% 
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Fit: e-channel, MI Analysis

8

Pol. e-Le+R , MI analysis,
Physics Motivated Function

e-channel

e-channel suffers from bremsstrahlung!

ε = 37% 

MH = 120.001 GeV ± 83MeV
δσ/σ = 4.9%
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As mentioned in Section 2.6, the radiative effects Beamstrahlung and Bremsstrah-
lung increase the uncertainty for both the recoil mass and cross section measurements
by migrating the signal events off the mass maximum, hence reducing the effective
statistics for the measurements.

By comparing the distributions of the µµX-channel and that of the eeX-channel as
shown in Figure 6.27, one realizes immediately that the Bremsstrahlung considerably
destroys the effective statistics in eeX-channel. The height of maximum after full
detector simulation is only 30% of that in the generator level. Together with the fact
that eeX-channel suffers from larger background, for the Higgs mass measurement, the
two times larger error obtained in the eeX-channel compared with the µµX-channel,
can be understood.

6.7.2 Recovery of the Bremsstrahlung Photons

One possible strategy to compensate the loss of effective statistics due to the Brems-
strahlung radiation, is to identify the final state photons and include them into the
recoil mass calculation.

Based on a dedicated algorithm[55] to identify the Bremsstrahlung photons, the
four momenta of the selected electrons are combined with those of photons which have
a small angular difference with the electrons. If these combined objects form a Z mass,
they are included in the Z reconstruction.

Figure 6.29 compares the Higgs recoil mass distributions with and without Brems-
strahlung recovery. The inclusion of the Bremsstrahlung photons leads to a degradation
of the mass resolution, since low energetic Bremsstrahlung photons are measured by
the SiW ECAL. However, this drawback is counterbalanced by the gain in statistics.

With Bremsstrahlung recovery, the resulting number of signal, number of back-
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Figure 6.29: Comparison of the Higgs recoil mass distributions of eeX channel with
and without the Bremsstrahlung recovery.

99

Bremsstrahlung Recovery

9

- Significantly increases the statistics
- Degrades the mass resolution. 
 (worse ECAL resolution for low energy 
photon reconstruction)

A dedicated algorithm for inclusion of Bremsstrahlung photons. 
(Thanks to M. Thomson)
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Ana. Pol. Ch. S (%) B

MI e
−
R
e
+

L
eeX 1029 (48.84%) 1408

e
−
L
e
+

R
eeX 1491 (41.51%) 3394

MD e
−
R
e
+

L
eeX 1152 (54.66%) 1114

e
−
L
e
+

R
eeX 1724 (54.94%) 1513

Table 6.17: Resulting Number of Signal (S) and Number of Background (B), and the

efficiencies of signal selection (in the parentheses) after background rejection, for eeX-

channel with Bremsstrahlung recovery

Ana. Pol. MH (GeV) σ (fb)

MI e
−
R
e
+

L
120.003 ± 0.081 8.41 ± 0.36 ( 4.28 %)

e
−
L
e
+

R
119.997 ± 0.073 12.52 ± 0.49 ( 3.91 %)

MD e
−
R
e
+

L
119.999 ± 0.074 8.41 ± 0.31 ( 3.69 %)

e
−
L
e
+

R
120.001 ± 0.060 12.51 ± 0.38 ( 3.04 %)

Table 6.18: Resulting Higgs mass MH and cross section σ for the MI Analysis and MD

Analysis in the eeX-channel with Bremsstrahlung recovery.
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Figure 6.30: Fit to the signal plus background using Kernel Estimation for eeX-channel

with polarization mode e
−
L
e
+

R
in MI analysis, with Bremsstrahlung recovery.

Ana. Pol. MH (GeV) σ (fb)

MI e
−
R
e
+

L
120.005 ± 0.035 8.09 ± 0.22 ( 2.73 %)

e
−
L
e
+

R
120.006 ± 0.033 12.02 ± 0.31 ( 2.54 %)

MD e
−
R
e
+

L
120.006 ± 0.033 8.10 ± 0.20 ( 2.46 %)

e
−
L
e
+

R
120.007 ± 0.028 12.02 ± 0.24 ( 2.04 %)

Table 6.19: Resulting Higgs mass MH and cross section σ by merging µµX-channel and

eeX-channel with Bremsstrahlung recovery, for the MI Analysis and MD Analysis.

100

Bremsstrahlung Recovery

10

e-channel, Pol. e-Le+R , MI analysis, 
With Bremsstrahlung Recovery, 

Kernel Estimation

ε = 42% 

MH = 119.997 GeV ± 73 MeV
                                       (~10% improv.)
δσ/σ = 3.9% 
                 (~20% improv.)
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Discussion I: Accelerator Impact

11

of the incoming beams. It is imposed by accelerator components such as the initial

linac, the damping rings or, in case of electron beams, by an undulator in the electron

beam line. The relative beam energy spread for
√

s = 250 GeV are 0.28% for electron

beams and 0.18% for positron beams, as given in Table 3.2. The uncertainty of detector

response, in this measurement, is mainly the tracking momentum resolution, as given

by Equation 3.1 for ILD.
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Figure 6.27: The Higgs recoil mass distribution in the µµX- channel (top) and eeX-

channel (bottom), comparison of that in generator level and after detector simulation.

Figure 6.27 compares the Higgs recoil mass distribution in the generator level and af-

ter full detector simulation and reconstruction for µµX-channel (top) and eeX-channel

97

μ-channel

- The Higgs Recoil Mass measurement is very sensitive to accelerator effects: 

• Beam Energy Spread: Increases the width of recoil mass peak, thus reduces the 
accuracy of the measurement.

• Beamstrahlung: Largely reduces the effective statistics on the recoil mass peak 

Only about 330 MeV 
from ILD

Uncertainties from incoming 
beams are the dominant 
source of statistical error. 

At Ecm=250GeV
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Discussion II: Systematic Errors
On the Higgs recoil mass measurement

Reference reaction ZZ can be used
Z invariant mass: control the tracking 
momentum
Z recoil mass: control the center of mass 
energy and radiative effects

On the cross-section measurement

Efficiency is the main source, uncertainty 
due to background suppression
By simplifying the background suppression, 
i.e. only several common cuts:
 δσstat. increases by ~10%, But, largely 
reduces the uncertainty of efficiency.

 (GeV)µµM
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N
e

v
ts
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Figure 6.34: Fit of the Invariant Mass of the Z → µ
+
µ
− in the ZZ process using Kernel

Estimation, with polarization mode e−
L
e+

R
. An accuracy of 13 MeV is obtained for the

invariant mass measurement.

effects from the accelerator should be precisely measured.1946

In conclusion, the major sources of the systematic error of the Higgs recoil mass1947

measurement are imperfect knowledge of the tracking system, the center of mass energy,1948

and the detector material budget. To control them, a well studied reference reaction is1949

needed.1950

The ZZ process is an excellent choice, with the MZ precisely known to a precision1951

of 2 MeV[5]. The ZZ process has a similar scenario as the Higgs-strahlung process with1952

the Z decays to a pair of muons or electrons, with the recoil mass of the Higgs replaced1953

by that of the Z. This designated work needs one of the Z decays to a pair of muons or1954

electrons, without constraint on the other Z.1955

By measurement of the invariant mass of the Z → l
+
l
−, the tracking system can1956

be calibrated. At
√

s = 250GeV, assuming MH = 120GeV, the ZZ → µµX/eeX has1957

about 40 times larger cross section than that of the ZH → µµX/eeX. With this much1958

larger statistics the Z mass can be measured to a precision of 13 MeV, using channel1959

ZZ → µµX, see Figure 6.34 for the fit. Moreover, the e+e− → Z → µ
+
µ
−
/e+e−,1960

which has an even larger cross section, can also be employed in this calibration. The1961

resulting systematic error due to the tracking system can be precisely determined and1962

controlled.1963

The Z recoil mass of the ZZ process can be used to determine and control the center1964

of mass energy and the radiative effects. The Z recoil mass could be determined to a1965

statistical precision of 28 MeV, using channel ZZ → µµX, see the fit in Figure 6.35.1966

With this small statistical error, the knowledge of the center of mass energy and the1967

radiative effects could be validated precisely.1968

Other sources of the systematic errors of the Higgs recoil mass measurement could be1969

the methods of background rejection, and the data modeling, i.e., the fit methods. The1970
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Figure 6.35: Fit of the Recoil Mass to the Z → µ+µ− in the ZZ process using Kernel
Estimation, with polarization mode e

−
L e

+
R. An accuracy of 28 MeV is obtained for the

Z recoil mass measurement.

potential uncertainty due to the data modeling can be measured and corrected using1971

high statistical MC production. For instance, in this study, with 10 ab
−1

statistics1972

of the Higgs-strahung MC production, three fit methods give nearly identical results.1973

While the methods of the background rejection do not shift the maximum of the recoil1974

mass distribution directly. There are, however, some indirect effects, e.g. the distortion1975

of the tail of the distribution. These are minor effects in the mass measurement and1976

could be corrected by the data modeling.1977

In the Cross Section Measurement1978

The error of the cross section can be decomposed as1979

δσ =

�
δNdata

�L

�

stat.

⊕
�

δNB

�L ⊕ Ndata −NB

�2L δ�⊕ Ndata −NB

�L2
δL

�

sys.

, (6.33)

where, Ndata is the total number of events, NB is the number of background events,1980

� is the efficiency of signal selection, and L is the luminosity.1981

The first error term is introduced by the δNdata. This is measured by the fit, and1982

treated as the statistical error. The next three error terms are treated as systematic1983

errors, they are the δNB, δ� and the δL.1984

The luminosity will be measured precisely using high statistical calibration processes1985

like the Bhabha scattering. The number of background events could also be estimated1986

precisely, since all the backgrounds related are well studied. With high statistical MC1987

production, the number of background events could be preciously measured process by1988

process.1989
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δMrecoil=28MeV

Z recoil mass in ZZ reaction:

Z invariant mass in ZZ reaction:

2.5.3 Kinematics Related355

For later on references, some useful kinematics related to the Higgs-strahlung process356

are given in advance.357

The energy and momentum of Higgs and Z in the laboratory frame are given by358

EH =
s−M2

Z
+ M2

H

2
√

s
, (2.29)

EZ =
s−M2

H
+ M2

Z

2
√

s
, (2.30)

|PH | = |PZ | =

�
[s− (MH + MZ)2] · [s− (MH −MZ)2]

2
√

s
. (2.31)

Assuming the center of mass energy
√

s = 250GeV, with MZ = 91.2GeV and359

MH = 120GeV, the expectation values of the EH , EZ , |PH | and |PZ | are360

EH � 137 GeV ,

EZ � 113 GeV ,

|PH | � |PZ | � 66 GeV . (2.32)

For Z decays to a pair of leptons, i.e., µ+µ− or e
+
e
−
, in the high energy limit361

(|P| >> m), the energy and momentum of Higgs and Z can be expressed by the362

momenta of the pair of leptons as363

EZ = Edl = |P1| + |P2| ,

PZ = Pdl = P1 + P2 , (2.33)

Hence, the MZ and MH can be expressed as364

M2

Z = M2

dl
= E2

Z −P2

Z ,

M2

H = M2

recoil
= s + M2

Z − 2EZ

√
s , (2.34)

where the EZ and PZ are given by Equation 2.33.365

Essentially, the MH in Equation 2.34 gives the so-called Higgs Recoil Mass, while366

MZ is the Z Invariant Mass.367

Concerning the pair of leptons decayed from the Z, their possible momentum range368

can be derived. The momentum minimum (Pmin

1,2
) and maximum (Pmax

1,2
) of the pair of369

leptons are thus given by:370

13

g2 ∝ σ = N/L�
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Discussion III: Angular Analysis

13

For the CP-odd Higgs boson A with J
PC

= 0
+−

, the differential cross-

section for the process e
+
e
− → ZA with Z → ff̄ may be written as

dσ(e
+
e
− → ZA)

dcθdcθ∗dφ∗
∼ 1 + c

2
θc

2
θ∗ −

1

2
s
2
θs

2
θ∗ −

1

2
s
2
θs

2
θ∗c2φ∗ + 2AeAfcθcθ∗ .(5)

Similarly, one can derive the corresponding distribution of cθ, cθ∗ and φ∗

for the process e
+
e
− → ZA to be

dσ(e
+
e
− → ZA)

dcθ
∼ 1 + cos

2 θ , (6)

dσ(e
+
e
− → ZA)

dcθ∗
∼ 1 + cos

2 θ∗ , (7)

dσ(e
+
e
− → ZA)

dφ∗
∼ 1− 1

4
cos 2φ∗ . (8)
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Figure 1: cos θ distribution of e
+
e
− → ZH from MC generator, assum-

ing 250 fb
−1

without polarization, together with theoretical predictions of

processes e
+
e
− → ZH and ZA given by Equation 2 and 6.
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Figure 2: cos θ∗ distribution of e
+
e
− → ZH from MC generator, assum-

ing 250 fb−1 without polarization, together with theoretical predictions of
processes e

+
e
− → ZH and ZA given by Equation 3 and 7.
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Figure 3: φ∗ distribution of e
+
e
− → ZH from MC generator, assuming

250 fb−1 without polarization, together with theoretical predictions of pro-
cesses e

+
e
− → ZH and ZA given by Equation 4 and 8.
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cosθ

We can determine the Higgs Spin Parity from angular analysis:

φ* Definition:
 θ : ZH production angle
 φ*: Z decay azimuthal 
angle in the Z rest frame

H: JPC=0++

A: JPC=0+-

But, in the background suppression we employed many angular cuts!
     e.g.
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Figure 6.6: acol distributions of µµX (left) and eeX (right), and of their corresponding

backgrounds.

acol = 1.4. However, in most of the cases, they do not react through the Z intermediate1371

state, where, a maximum at acol = π is expected. This is extremely true for the ee1372

process, since it is dominantly the Bhabha scattering, as shown in Figure 6.6(bottom).1373

The process ττ can be understood similarly as µµ or ee process, in the case that1374

the pair of muons or electrons come from different taus. However, in case of a pair1375

of electrons in the decay products, and they come from a single tau, a maximum at1376

acol = 0 is expected, since they are following the same direction, as can be observed in1377

Figure 6.6(bottom).1378

For processes eeff and µµff , two Jacobian peaks can appear, which corresponding1379

to two possible intermediate states, ZZ and Zγ∗
, and for both of them the pair of leptons1380

should decay from the Z. In case of the ZZ intermediate state, by substituting MH with1381

MZ in Equation 2.30, a Jacobian peak at acol = 1.6 can be calculated. In case of the1382

Zγ∗
intermediate state, a same Jacobian peak at acol = 1.4 as the ee or µµ process can1383

68

small.1334

The cosine of the polar angle θ of the lepton pair system.1335

The cosine of the polar angle of the lepton pair system is noted as cosθdl. The distri-1336

butions of cosθdl for signal and background are shown in Figure 6.5.1337

The cosθdl of the Higgs-strahlung process is the cosθ of Z. The angular distribution1338

of the Higgs-strahlung is given by Equation 2.28. From the equation, it is clear that1339

the distribution of cosθdl of Higgs-strahlung is actually a parabola opened downwards,1340

maximized in the central region, while that of the background is not.1341

The cosθdl is a variable strongly correlated with the PTdl, which can be expressed1342

as a function of PTdl:1343

dl
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Figure 6.5: cosθdl distributions of µµX (left) and eeX (right), and of their correspond-

ing backgrounds.
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Figure 6.4: PTdl distributions of µµX (left) and eeX (right), and of their corresponding
backgrounds.

2. An electron pair created from the ττ decay: Two major reactions can make it1321

happen. One is the same as a muon pair creation, both the τ+τ− decay to an1322

electron/positron with two neutrinos. The other is that one of the τ+τ− decays1323

to π−π0ντ or π+π0ν̄τ , with π0 → e+e−. In this case, the e+e− system will follow1324

the direction of the τ they decayed from, thus, the PTdl is small.1325

The eeνν and µµνν processes, are mostly through the WW intermediate state,1326

where the pair of electrons or muons are coming from different W. Given a W mass of1327

80 GeV, the decay products will not follow the direction of W. As a result, the angular1328

distribution of the pair of leptons decayed from the WW is isotropic, thus the PTdl1329

distribution is also isotropic.1330

The eeff and µµff processes include reactions through intermediate states of ZZ,1331

γ∗γ∗, Zγ∗ or γ∗Z. However, for all the possible cases, their angular distributions are1332

maximized at ±1. Thus, the PTdl of the lepton pair decayed from either Z or γ∗ are1333
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Acol cosθdl PTdl

, etc...., ,

This means we have to re-design our background suppression in order 
to perform this analysis:  working in progress...

L=250fb-1 L=250fb-1
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(A) Full Simulation Study: Ecm=250GeV, RDR250 Beam Parameters
• Production
• Background Suppression
• Fit to Extract the Results
• Bremsstrahlung Recovery (for the e-channel)
• Discussions

(B) Fast Simulation Study: SB2009 Beam parameters
• Fast Simulation
• Results
• Discussions

(I will present the details in the morning 
of Mar. 28 on “GDE :Beam Delivery System”)

(C) Summary

Outline

Results for ILD LOI

Dedicated Study for SB2009 
Discussion, 
   - the impact on the Higgs 
recoil mass measurement
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Fast Simulation

A dedicated Fast Simulation Algorithm is developed for the ILD concept

Parameterize the Momentum Resolution as a function of P and cosθ

The MC true momentum of a given muon is smeared according to this 
parameterization.

2 Parameterization of the Momentum Resolution

The first step is to have the momentum resolution of the ILD detector. We parameterize
the momentum resolution of ILD detector as a function of the momentum (P ) and cos θ of
leptons. The momentum resolution function is given by Equation 1.

∆P

P 2
=






a1 ⊕ b1/P : | cos θ| < 0.78

(a2 ⊕ b2/P )
�

sin (1− | cos θ|) : | cos θ| > 0.78
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Figure 1: The black scatter plot shows the distribution of momentum resolution of the ILD
detector as a function of lepton P and cos θ obtained from full simulation of the detector.
The red surface shows the fit of Equation 1 to the distribution. The parameters obtained
from the fit is shown in Table 1.

a1 2.08× 10−5 (1/GeV)
b1 8.86× 10−4

a2 3.16× 10−6 (1/GeV)
b2 2.45× 10−4

Table 1: Parameters in Equation 1 obtained by fitting it to the distribution of momentum
resolution of the ILD detector shown in Figure 1.

Equation 1 is thus fitted to the distribution of momentum resolution got from the full
simulation of the ILD detector, as shown in Figure 1. In this figure, the black scatter
plot shows the momentum resolution as a function of P and cos θ from ILD detector full
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MH (bottom) distributions from fast simulation and full simulation of the ILD detector at√
s =250 GeV.
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Results

Discussions:
Luminosity of SB2009 is worse than RDR: Given Ecm, SB2009 
gives worse results than RDR
TF (Travel Focus) indeed gives better results than w/o TF, due to 
higher luminosity.
S/B higher at 350 GeV than 250GeV: due to better bkg suppression
At 350 GeV, detector effect is dominant, while at 250 GeV 
accelerator effects are dominant

Cut-Chain

(1) | cos θµ| < 0.99

(2) PTdl > 20 GeV

(3) Mdl ∈ (80, 100) GeV

(4) acop ∈ (0.2, 3.0)

(8) Mrecoil ∈ (115, 150) GeV

(9) Likelihood Further Rejection

(using variables PTdl, cos θdl, Mdl and acol)

Table 3: The cut-chain for background suppression.

After the background suppression, the remaining numbers of events of signal and back-

ground reactions are given in Table 4.

Reactions ZH → µµX ZZ WW

Ninitial 1248 29k 61k

Nselected 633 658 30

Table 4: Numbers of events before and after background suppression, for signal and back-

grounds.

Beam Par Lint (fb
−1

) � S/B MH (GeV) σ (fb) (δσ/σ)
RDR 250 188 55% 62% 120.001± 0.043 11.63± 0.45 (3.9%)

RDR 350 300 51% 92% 120.010± 0.084 7.13± 0.28 (4.0%)

SB2009 w/o TF 250b 55 55% 62% 120.001± 0.079 11.63± 0.83 (7.2%)

SB2009 w/o TF 350 175 51% 92% 120.010± 0.110 7.13± 0.37 (5.2%)

SB2009 TF 250b 68 55% 62% 120.001± 0.071 11.63± 0.75 (6.4%)

SB2009 TF 350 250 51% 92% 120.010± 0.092 7.13± 0.31 (4.3%)

Table 5: Results of different beam parameters, assuming a beam polarization of (e
−

:

−80%, e
+
: +30%). The results of RDR 250 and SB2009 w/o TF 250b are scaled from my

previous analysis based on full simulation according to the integrated luminosity. That of

RDR 350 is estimated by scaling the result of SB2009 w/o TF 350 obtained here according

to the integrated luminosity.

Figure 6 shows the fit to the recoil mass spectrum of remaining signal and background.

An equivalent plot with beam parameters RDR 250 can be found in reference [3, 4].

From Figure 6, the derived results of the Higgs mass measurement is MH = 120.010±
0.110 GeV, and of the cross-section is σ = 7.13± 0.37 fb (δσ/σ = 5.2%). A comparison of

the results with other beam parameters are shown in Table 5, together with the efficiency

(�) and signal over background (S/B). In this table, the results of RDR 250 SB2009 w/o

TF 250b are scaled from my previous analysis [3, 4] based on full simulation according to

the integrated luminosity. And the results of RDR 350 is estimated by scaling the result of

SB2009 w/o TF 350 according to the integrated luminosity.

The higher S/B at
√
s =350 GeV is due to better background suppression. For example

the variable cos θdl, its distribution of ZH signal is much center for
√
s =350 GeV than

6

Only muon-channel, Beam Pol. (e-: -80%, e+: +30%)
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Discussions
Comparison of Higgs Recoil Mass distributions with different beam parameters:

Major difference between 
RDR and SB2009:
                  Luminosity!

muon channel, Beam Pol. (e-: -80%, e+: +30%)
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Discussions
Comparison of Higgs Recoil Mass distributions with different beam parameters:

Major difference between 
RDR and SB2009:
                  Luminosity!

muon channel, Beam Pol. (e-: -80%, e+: +30%)

Saving the Construction Budget by 15% 

 =
Triple the running 

budget!!! 
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Why Better BKG suppression at 350GeV?

19
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For a given luminosity, Comparison Before and After Detector Simulation.

Because:
     - beam energy spread : 
           same at 250 and 
             350 GeV
     - lepton momentum is 
       higher at  350GeV,
       and ΔP~P2

Discussion: Accelerator Impact

Major contribution to the 
width of peak: 
    - Ecm=250GeV 
        Accelerator effects
    - Ecm=350GeV
        Detector effects
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Summary
Full Simulation Study for ILD LOI:

Background rejection: near total suppression of WW and lepton pair

Combined Results (e and mu channel) Achieved: 

δMH=33MeV,    δσ/σ=2.5%

Accelerator Effects are dominant at Ecm=250GeV

Systematic Error is waiting for study

Higgs spin parity should be able to be measured by angular analysis 

Fast Simulation Study for SB2009:

Worse results from SB2009 due to smaller luminosity

TF gives better results than w/o TF

at Ecm=350GeV, background suppression can be more efficient

at Ecm=350GeV, given the luminosity, detector effect is dominant
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Thanks to All of You!

22
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Beam Simulation
Using GUINEA-PIG with SB2009 Beam parameters given by Brian 
Foster’s talk on SB2009 Meeting at DESY 2009
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Estimate the Integrated Luminosity for various sets of beam parameters 
according to Peak Luminosities: taken RDR 500 as reference

Resulting numbers:

24

Estimation of the Integrated Luminosity

3 Event Generation

I use PYTHIA for the event generation. The event generation takes the beams simulated
by GUINEA-PIG as inputs through the interface CALYPSO. A validation of the codes of
the event generation is given in Appendix B.

I take the ZH → µ
+
µ
−
X channel under study, with two major background reactions

the WW (W+
W

− → µ
+νµµ−ν̄µ) and the ZZ (ZZ → µ

+
µ
−
ff̄). Their cross-sections at√

s =350 GeV with beam polarization (e− : −80%, e
+ : +30%) are listed in Table 1.

Appendix C gives a discussion of these numbers.

Reaction Cross-Section
ZH → µµX 7.1 fb

WW 346 fb
ZZ 165 fb

Table 1: Reactions and cross sections at
√
s =350 GeV with beam polarization (e− :

−80%, e
+ : +30%). The signal is indicated by bold face letters.

If I take the RDR 500 peak luminosity (Lpeak,RDR500 = 2.0 × 1034cm−2s−1) and inte-
grated luminosity (Lint,RDR500 =500 fb−1) as reference, the estimated integrated luminosity
of a given set of beam parameters should be [12]:

Lint =
Lpeak

Lpeak,RDR500
· Lint,RDR500 (1)

Following this rule, these integrated luminosities for various beam parameters are listed
in Table 2.

RDR SB2009 w/o TF SB2009 w/ TF√
s (GeV) 250 350 500 250.a 250.b 350 500 250.a 250.b 350 500

Peak L (1034cm−2s−1) 0.75 1.2 2.0 0.2 0.22 0.7 1.5 0.25 0.27 1.0 2.0
Integrated L (fb−1) 188 300 500 50 55 175 375 63 68 250 500

Table 2: Estimated Integrated luminosities for various beam parameters [11].

4 Fast Simulation

I developed a dedicated fast simulation algorithm for the ILD detector concept. The fast
simulation firstly parameterizes the momentum resolution obtained from the full simulation
of the ILD detector [6] as a function of momentum and cos θ. It thus smears the MC true
momentum of a given lepton candidate according to the parameterized momentum resolu-
tion. This algorithm is detailed in reference [5], including a validation of it by comparing
the fast simulation results with those of the full detector simulation.

The higgs recoil mass distribution of the signal after the fast simulation is shown in
Figure 3, comparing with the one before fast simulation.

Figure 4 compares the recoil mass distributions of the fast simulated signal with beam
parameters SB2009 w/o TF 250b and 350, with their integrated luminosity taken into

3

3 Event Generation

I use PYTHIA for the event generation. The event generation takes the beams simulated
by GUINEA-PIG as inputs through the interface CALYPSO. A validation of the codes of
the event generation is given in Appendix B.

I take the ZH → µ
+
µ
−
X channel under study, with two major background reactions

the WW (W+
W

− → µ
+νµµ−ν̄µ) and the ZZ (ZZ → µ

+
µ
−
ff̄). Their cross-sections at√

s =350 GeV with beam polarization (e− : −80%, e
+ : +30%) are listed in Table 1.

Appendix C gives a discussion of these numbers.

Reaction Cross-Section
ZH → µµX 7.1 fb

WW 346 fb
ZZ 165 fb

Table 1: Reactions and cross sections at
√
s =350 GeV with beam polarization (e− :

−80%, e
+ : +30%). The signal is indicated by bold face letters.

If I take the RDR 500 peak luminosity (Lpeak,RDR500 = 2.0 × 1034cm−2s−1) and inte-
grated luminosity (Lint,RDR500 =500 fb−1) as reference, the estimated integrated luminosity
of a given set of beam parameters should be [12]:

Lint =
Lpeak

Lpeak,RDR500
· Lint,RDR500 (1)

Following this rule, these integrated luminosities for various beam parameters are listed
in Table 2.

RDR SB2009 w/o TF SB2009 w/ TF√
s (GeV) 250 350 500 250.a 250.b 350 500 250.a 250.b 350 500

Peak L (1034cm−2s−1) 0.75 1.2 2.0 0.2 0.22 0.7 1.5 0.25 0.27 1.0 2.0
Integrated L (fb−1) 188 300 500 50 55 175 375 63 68 250 500

Table 2: Estimated Integrated luminosities for various beam parameters [11].

4 Fast Simulation

I developed a dedicated fast simulation algorithm for the ILD detector concept. The fast
simulation firstly parameterizes the momentum resolution obtained from the full simulation
of the ILD detector [6] as a function of momentum and cos θ. It thus smears the MC true
momentum of a given lepton candidate according to the parameterized momentum resolu-
tion. This algorithm is detailed in reference [5], including a validation of it by comparing
the fast simulation results with those of the full detector simulation.

The higgs recoil mass distribution of the signal after the fast simulation is shown in
Figure 3, comparing with the one before fast simulation.

Figure 4 compares the recoil mass distributions of the fast simulated signal with beam
parameters SB2009 w/o TF 250b and 350, with their integrated luminosity taken into

3

The major difference between RDR and SB2009 is the Luminosity!
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Analysis

Event generation using PYTHIA: 

Beam Pol. (e-: -80%, e+: +30%) at Ecm=350GeV

taken only muon-channel, and bkg only ZZ and WW

Same analysis procedure as for the LOI.

Numbers of signal and bkgs: Ecm=350GeV, SB2009 w/o TF 350

Cut-Chain

(1) | cos θµ| < 0.99

(2) PTdl > 20 GeV

(3) Mdl ∈ (80, 100) GeV

(4) acop ∈ (0.2, 3.0)

(8) Mrecoil ∈ (115, 150) GeV

(9) Likelihood Further Rejection

(using variables PTdl, cos θdl, Mdl and acol)

Table 3: The cut-chain for background suppression.

After the background suppression, the remaining numbers of events of signal and back-

ground reactions are given in Table 4.

Reactions ZH → µµX ZZ WW

Ninitial 1248 29k 61k

Nselected 633 658 30

Table 4: Numbers of events before and after background suppression, for signal and back-

grounds.

Beam Par Lint (fb
−1

) � S/B MH (GeV) σ (fb) (δσ/σ)
RDR 250 188 55% 62% 120.001± 0.043 11.63± 0.45 (3.9%)

RDR 350 300 51% 92% 120.010± 0.084 7.13± 0.28 (4.0%)

SB2009 w/o TF 250b 55 55% 62% 120.001± 0.079 11.63± 0.83 (7.2%)

SB2009 w/o TF 350 175 51% 92% 120.010± 0.110 7.13± 0.37 (5.2%)

Table 5: Results of different beam parameters, assuming a beam polarization of (e
−

:

−80%, e
+
: +30%). The results of RDR 250 and SB2009 w/o TF 250b are scaled from my

previous analysis based on full simulation according to the integrated luminosity. That of

RDR 350 is estimated by scaling the result of SB2009 w/o TF 350 obtained here according

to the integrated luminosity.

Figure 6 shows the fit to the recoil mass spectrum of remaining signal and background.

An equivalent plot with beam parameters RDR 250 can be found in reference [3, 4].

From Figure 6, the derived results of the Higgs mass measurement is MH = 120.010±
0.110 GeV, and of the cross-section is σ = 7.13± 0.37 fb (δσ/σ = 5.2%). A comparison of

the results with other beam parameters are shown in Table 5, together with the efficiency

(�) and signal over background (S/B). In this table, the results of RDR 250 SB2009 w/o

TF 250b are scaled from my previous analysis [3, 4] based on full simulation according to

the integrated luminosity. And the results of RDR 350 is estimated by scaling the result of

SB2009 w/o TF 350 according to the integrated luminosity.

The higher S/B at
√
s =350 GeV is due to better background suppression. For example

the variable cos θdl, its distribution of ZH signal is much center for
√
s =350 GeV than

250 GeV [3], while that of the ZZ background is much forward.

6
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Figure 6: Fit to recoil mass spectrum of signal plus background based on the fast simulation,

at
√
s =350 GeV, with beam polarization (e− : −80%, e+ : +30%) beam parameters

SB2009 w/o TF, and assuming an integrated luminosity of 175 fb
−1

.

When comparing RDR 250 and 350, the errors on the cross-section are similar, while

the error on the MH at 350 GeV is worse by a factor of 2 than that at 250 GeV.

When comparing SB2009 w/o TF 250 and 350, the higher luminosity at 350 GeV gives

better result on cross-section, but not on the MH , which is worse by 1.4 times due to the

wider mass peak.

For a given
√
s, the results of SB2009 w/o TF are worse due to the decrease of luminosity.

Also, the comparison above shows the results on Higgs mass is about 3 times worse

if we change to use beam parameters SB2009 350 w/o TF, and on the cross-section more

than 1.5 times worse.

A Validation of the Beam Simulation

In order to validate my simulation codes, I firstly simulated the beam with beam parameters

RDR 250 [1, 11] at
√
s =250 GeV, and compared my simulation with that simulated

centrally by SLAC for the Letter of Intent production [7].

Figure 7 and 8 show the comparisons of my simulated luminosity spectra and those of

SLAC central production with beam parameters RDR 250. They confirm with each other.

7

SB2009 w/o TF 350
δMH=110MeV; δσ=5.2%
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Background Rejection I: By Cuts
Cut-Chain: Model Independent
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Figure 6.4: PTdl distributions of µµX (left) and eeX (right), and of their corresponding
backgrounds.

2. An electron pair created from the ττ decay: Two major reactions can make it1319

happen. One is the same as a muon pair creation, both the τ+τ− decay to an1320

electron/positron with two neutrinos. The other is that one of the τ+τ− decays1321

to π−π0ντ or π+π0ν̄τ , with π0 → e+e−. In this case, the e+e− system will follow1322

the direction of the τ they decayed from, thus, the PTdl is small.1323

The eeνν and µµνν processes, are mostly through the WW intermediate state,1324

where the pair of electrons or muons are coming from different W. Given a W mass of1325

80 GeV, the decay products will not follow the direction of W. As a result, the angular1326

distribution of the pair of leptons decayed from the WW is isotropic, thus the PTdl1327

distribution is also isotropic.1328

The eeff and µµff processes include reactions through intermediate states of ZZ,1329

γ∗γ∗, Zγ∗ or γ∗Z. However, for all the possible cases, their angular distributions are1330

maximized at ±1. Thus, the PTdl of the lepton pair decayed from either Z or γ∗ are1331
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(1) PTdl > 20 GeV
(2) Mdl ∈ (80, 100) GeV
(3) acop ∈ (0.2, 3.0)
(4) ΔPTbal. >10 GeV
(5) |Δθ2tk| > 0.01
(6) |cosθmissing| < 0.99
(7) Mrecoil ∈ (115, 150) GeV
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Figure 6.8: Mdl distributions of µµX (top) and eeX (bottom), and of their correspond-
ing backgrounds.

energy losses. One may noticed that in Figure 6.8(bottom), there is an accumulation1393

of events at small value in the eeX-channel. This is due to the contaminations of the1394

photon conversions. In which, the electron pair converted from a radiation photon is1395

mis-selected as the signal event.1396

Turning to the Mrecoil distribution. It is already discussed in Section 2.6. However,1397

as can be observed in Figure 6.9(top), there is a sudden decrease in the distribution1398

at around 159 GeV in the µµX-channel. As introduced in Section 2.6, the Mrecoil1399

distribution is a convolution of smearing effects and radiative effects, where the radiative1400

effects consist of Beamstrahlung, ISR, FSR and Bremsstrahlung (only affecting eeX-1401

channel). Among these radiative effects, the Beamstrahlung and ISR are limited by the1402

mass threshold MH + MZ. Taking this mass threshold into Equation 2.34, the Mrecoil1403

at the mass threshold is calculated to be 159 GeV. In other words, the Beamstrahlung1404

and ISR cannot contribute to the tail that greater than 159 GeV, while the FSR still1405

can. This sudden decreasing is hardly visible in eeX-channel, since it is overwhelmed1406
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Figure 6.7: acop distributions of µµX (left) and eeX (right), and of their corresponding

backgrounds.

be derived.1382

While for the eeνν and µµνν, the acol is randomly distributed due to the same1383

reason that discussed for PTdl and cosθdl.1384

The invariant mass and recoil mass of the lepton pair system.1385

The invariant mass (Mdl) and recoil mass (Mrecoil) of the lepton pair system, are shown1386

in Figures 6.8 and 6.9, respectively, for signal and background. They are given by1387

Equation 2.34.1388

In the Higgs-strahlung process, the Mdl is the MZ, which is maximized at 91.2GeV,1389

and the Mrecoil gives the Higgs mass MH. The Mdl distribution features a Breit-Wigner1390

shape symmetrical with respect to MZ. The observed MZ distribution has a tail to1391

the smaller value, see Figure 6.8. This is due to the FSR and the Bremsstrahlung1392
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By Cuts
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Figure 6.9: Mrecoil distributions of µµX (top) and eeX (bottom), and of their corre-

sponding backgrounds.

by the Bremsstrahlung effect.1407

For the µµ process, in case of the muon pair comes from a Z decay, a maximum at1408

MZ = 91.2 GeV in the Mdl distribution with a corresponding maximum at
√

s−MZ =1409

159 GeV in the Mrecoil distribution can be observed, as shown in Figure 6.8(top) and1410

Figure 6.9(top), respectively. These two maxima are nearly invisible in process ee,1411

since it is dominantly the Bhabha scattering, as shown in Figure 6.8(bottom) and1412

Figure 6.9(bottom).1413

Similarly, for the eeff and µµff processes, in case of the lepton pair comes from1414

a Z decay, the Mdl forms a MZ. However, in the Mrecoil distribution, the intermediate1415

state of ZZ can give a maximum at MZ, as shown in Figure 6.9. While all the other1416

intermediate states can be discussed accordingly.1417

For processes eeνν, µµνν and ττ , since the lepton pair in their final states is mostly1418

coming from different particles, both their Mdl and Mrecoil distributions are rather1419
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Cut-Chain: Model Independent
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Figure 6.16: |cosθmissing| distributions of µµX (top) and eeX (bottom), and of their
corresponding backgrounds.

is assumed to be only a minor effect compared to the two major effects just discussed1550

before.1551

6.4.2 Cut-Based Rejection1552

As mentioned before, two parallel analyses are performed. One is Model Independent1553

(MI) Analysis, which is the general case, where no assumption on the Higgs decay1554

mode is made. The second one is named Model Dependent (MD) Analysis, where the1555

characteristics of Higgs decay are employed.1556

Based on the studies in Section 6.4.1, the cuts for MI and MD analyses selected1557

and given in Table 6.6. These will be referred as MI Cut-Chain and MD Cut-Chain in1558

the following. The cuts are applied sequentially in the same order as listed.1559

Reminding that in the production of ee and µµ processes, the Pre-Cuts (Table 6.3)1560

79

cosθmissing

28

II-2. Higgs Recoil Mass and Cross-Section Analysis at ILC

(1) PTdl > 20 GeV
(2) Mdl ∈ (80, 100) GeV
(3) acop ∈ (0.2, 3.0)
(4) PTbal. >10 GeV
(5) |Δθ2tk| > 0.01
(6) |cosθmissing| < 0.99
(7) Mrecoil ∈ (115, 150) GeV
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PTdl balance PTγ ? 
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Figure 6.8: Mdl distributions of µµX (top) and eeX (bottom), and of their correspond-
ing backgrounds.

energy losses. One may noticed that in Figure 6.8(bottom), there is an accumulation1395

of events at small value in the eeX-channel. This is due to the contaminations of the1396

photon conversions. In which, the electron pair converted from a radiation photon is1397

mis-selected as the signal event.1398

Turning to the Mrecoil distribution. It is already discussed in Section 2.6. However,1399

as can be observed in Figure 6.9(top), there is a sudden decrease in the distribution1400

at around 159 GeV in the µµX-channel. As introduced in Section 2.6, the Mrecoil1401

distribution is a convolution of smearing effects and radiative effects, where the radiative1402

effects consist of Beamstrahlung, ISR, FSR and Bremsstrahlung (only affecting eeX-1403

channel). Among these radiative effects, the Beamstrahlung and ISR are limited by the1404

mass threshold MH + MZ. Taking this mass threshold into Equation 2.34, the Mrecoil1405

at the mass threshold is calculated to be 159 GeV. In other words, the Beamstrahlung1406

and ISR cannot contribute to the tail that greater than 159 GeV, while the FSR still1407

can. This sudden decreasing is hardly visible in eeX-channel, since it is overwhelmed1408
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Figure 6.6: acol distributions of µµX (left) and eeX (right), and of their corresponding

backgrounds.

acol = 1.4. However, in most of the cases, they do not react through the Z intermediate1371

state, where, a maximum at acol = π is expected. This is extremely true for the ee1372

process, since it is dominantly the Bhabha scattering, as shown in Figure 6.6(bottom).1373

The process ττ can be understood similarly as µµ or ee process, in the case that1374

the pair of muons or electrons come from different taus. However, in case of a pair1375

of electrons in the decay products, and they come from a single tau, a maximum at1376

acol = 0 is expected, since they are following the same direction, as can be observed in1377

Figure 6.6(bottom).1378

For processes eeff and µµff , two Jacobian peaks can appear, which corresponding1379

to two possible intermediate states, ZZ and Zγ∗
, and for both of them the pair of leptons1380

should decay from the Z. In case of the ZZ intermediate state, by substituting MH with1381

MZ in Equation 2.30, a Jacobian peak at acol = 1.6 can be calculated. In case of the1382

Zγ∗
intermediate state, a same Jacobian peak at acol = 1.4 as the ee or µµ process can1383

68

small.1334

The cosine of the polar angle θ of the lepton pair system.1335

The cosine of the polar angle of the lepton pair system is noted as cosθdl. The distri-1336

butions of cosθdl for signal and background are shown in Figure 6.5.1337

The cosθdl of the Higgs-strahlung process is the cosθ of Z. The angular distribution1338

of the Higgs-strahlung is given by Equation 2.28. From the equation, it is clear that1339

the distribution of cosθdl of Higgs-strahlung is actually a parabola opened downwards,1340

maximized in the central region, while that of the background is not.1341

The cosθdl is a variable strongly correlated with the PTdl, which can be expressed1342

as a function of PTdl:1343
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Figure 6.5: cosθdl distributions of µµX (left) and eeX (right), and of their correspond-

ing backgrounds.
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Figure 6.4: PTdl distributions of µµX (left) and eeX (right), and of their corresponding
backgrounds.

2. An electron pair created from the ττ decay: Two major reactions can make it1321

happen. One is the same as a muon pair creation, both the τ+τ− decay to an1322

electron/positron with two neutrinos. The other is that one of the τ+τ− decays1323

to π−π0ντ or π+π0ν̄τ , with π0 → e+e−. In this case, the e+e− system will follow1324

the direction of the τ they decayed from, thus, the PTdl is small.1325

The eeνν and µµνν processes, are mostly through the WW intermediate state,1326

where the pair of electrons or muons are coming from different W. Given a W mass of1327

80 GeV, the decay products will not follow the direction of W. As a result, the angular1328

distribution of the pair of leptons decayed from the WW is isotropic, thus the PTdl1329

distribution is also isotropic.1330

The eeff and µµff processes include reactions through intermediate states of ZZ,1331

γ∗γ∗, Zγ∗ or γ∗Z. However, for all the possible cases, their angular distributions are1332

maximized at ±1. Thus, the PTdl of the lepton pair decayed from either Z or γ∗ are1333
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Background Rejection II: By Likelihood

within (0, 1)
fL = LS/(LS + LB)

L =
�

i

Pi
Probability 

i th Variable 

Likelihood: 

Likelihood Fraction: 

After cuts rejection, major background remained is the ZZ/WW production,
Further rejection using Likelihood Method is applied

PDFs of the 
4 variables 
employed

Acol cosθdl Mdl

PTdl

①



HENGNE LI2010-MAR-27 LCWS2010, BEIJING MAR. 2010

Appendix A2088

Figures for Likelihood Further2089

Rejection2090

The figures in this appendix show the optimization procedure to decide the cut on fL,2091

for all the eight analysis channels, i.e, for µµX and eeX channels with e−L e+
R and e−Re+

L2092

polarization modes in MI and SM analyses. See Section 6.4.3 for details.2093

L
f

0 0.2 0.4 0.6 0.8 1

N
  
 

0

50

100

150

200

250

300

Signal

Background

 cut
L

f
0 0.2 0.4 0.6 0.8 1

N
  
 

0

2000

4000

6000

8000

Signal

Background

 cut
L

f
0 0.2 0.4 0.6 0.8 1

S
+

B
S

/

0

5

10

15

20

25

30

>0.26Lf

Figure A.1: The distributions of the Likelihood Fraction fL (left), the number of re-
maining events versus the cut on fL (middle), and the significance versus fL cuts (right).
The distributions are shown for the µµX-channel with polarization mode e−L e+

R in the
MI Analysis.
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Background Rejection II: By Likelihood

Decide the fL cut by the maximum significance 
for each particular analysis channel

fL Distribution Nevt vs. fL Significance

fL > 0.26

Pol. e-Le+R, μμX-channel, MI Analysis for illustration

On average, Likelihood further rejection suppresses ZZ background 
by a factor of 2, and remove nearly all the WW background, with a 
loss of signal about 10%.

②
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Sources of Bremsstrahlung

32

In Figure 3.9, the ratio between the momentum reconstructed and the Monte Carlo

truth are compared between the electrons and muons, using the Higgs-strahlung sample

with Z → e
+
e
−

and Z → µ+µ−, respectively. According to the figure, momenta of

muons can be correctly reconstructed, while that of the electrons are strongly subtracted

due to the Bremsstrahlung energy loss.

Both the two figures discussed before show that the Bremsstrahlung seriously affects

the electron final states, and the energy loss is proportional to the material budget of

the detector. Therefore, the vertex of the Bremsstrahlung photon can be used to

sketch the passive material of the ILD detector. Figure 3.10 shows such a sketch, using

electrons from the Higgs-strahlung with Z → e
+
e
−
. The accumulation of the vertices

corresponds to the passive material of the detector components as labeled in the figure.
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Figure 3.10: Vertices of Bremsstrahlung photons. The accumulation of vertices cor-

responds to the passive material of detector components as labeled. Figure is drawn

using the Higgs-strahlung sample with Z → e
+
e
−
.

Components Thickness (X0)

Beam Pipe 0.2%

VXD (3 double-layers) 0.48%

Beryllium Shell 0.14%

Aluminum Foil 0.6%

SIT (2 layers) 1.3%

TPC inner field-cage 1.3%

Sum 4%

Table 3.4: Transverse passive material budget of the ILD baseline design.

For simplicity, Figure 3.11 gives the material budget in the barrel region before the

TPC, sketched by bremsstrahlung photon vertexes. The positions of the photon vertex

correspond to the locations of detector components as labeled. While, the amount of

the material is propotional to the mean energy loss due to Bremsstrahlung. From this

sketch, the transverse material budget that summarized in Table 3.4 can be visualized.
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parameters just given can describe reasonably the best momentum resolution for both

the electrons and muons. However, the badly measured tracks and low momentum

tracks are much more abundant for electrons than for muons. The major reason for

the worse tracking performance of electrons is the Bremsstrahlung, which is studied in

the following.
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Figure 3.8: Distributions of the fraction of Bremsstrahlung energy loss for electrons

and muons before entering TPC, using the Higgs-strahlung samples with Z → e
+
e
−

and Z → µ+µ−, respectively.
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Figure 3.9: Distributions of the ratio between reconstructed momentum and Monte-

Carlo truth for electrons and muons, using the Higgs-strahlung samples with Z → e
+
e
−

and Z → µ+µ−, respectively.

Figure 3.8 shows the distributions of the fraction of energy loss due to Bremsstrah-

lung before entering the TPC, for electrons and muons in the Higgs-strahlung sample

with Z → e
+
e
−

and Z → µ+µ−, respectively. From the figure, no energy loss can be

observed for muons, however, for electrons, about 15% of them lose more than 10% of

their energy due to Bremsstrahlung.
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Figure 3.11: Mean Bremsstrahlung energy loss as a function of the Bremsstrahlung

photon vertex in the barrel region of the ILD detector, for electrons in the Higgs-

strahlung sample with Z → e
+
e
−
. The vertices correspond to the positions of the

detector components as labeled, with the mean energy loss proportional to the amount

of material.

The studies above show that there are totally about 4% X0 material in front of

the TPC, which makes an electron quite often lose a large fraction of its energy due

to Bremsstrahlung before entering the TPC. As the main drift chamber with up to

224 points of measurements, the TPC is the most precision detector component in

ILD to measure the momentum of a charged track. Therefore, the momentum of an

electron that precisely measured by the TPC, may not be the one at the interaction

point. Instead, it may be the momentum after Bremsstrahlung energy loss. Thus the

Bremsstrahlung effect of electrons introduces additional difficulty when measuring the

Higgs recoil mass with ZH → eeX. The influence on the results will be shown and

discussed in Chapter 6.
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~4% X0 Material 
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identification. This is caused by final state charged pions which pass the detector as1240

minimal ionizing particles and which are indistinguishable from muons with the applied1241

selection criteria. This deficiency is partially balanced by the fact that two leptons of1242

the same type are required for the reconstruction of the Z and that they should yield1243

the mass of the Z. Indeed, using the above selection cuts, without the P > 15 GeV1244

request, the efficiency to identify a pair of leptons from the Z decay is 95.4% for the1245

case Z → µµ and 98.8% for the case Z → e
+
e
−
.1246

6.3 Track Selection1247

As the invariant mass of the lepton pair system and thus the recoil mass will be cal-1248

culated from the four momenta reconstructed from the tracks, badly measured tracks1249

need to be discarded from the analysis. The track quality can be estimated by the ratio1250

∆P/P 2
where the uncertainty ∆P is derived from the error matrix of the given track1251

by error propagation.1252
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Figure 6.2: 2D ∆P/P 2
distribution vs. cosθ (left) and ∆P/P 2

distribution vs. track

momentum (right) of muon candidates decayed from Z
0

of Higgs-strahlung process.
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Figure 6.3: 2D ∆P/P 2
distribution vs. cosθ (left) and ∆P/P 2

distribution vs. track

momentum (right) of electron candidates decayed from Z
0

of Higgs-strahlung process.

Figure 6.2 and 6.3 show, for muons and electrons separately, the dependency of1253
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identification. This is caused by final state charged pions which pass the detector as1240

minimal ionizing particles and which are indistinguishable from muons with the applied1241

selection criteria. This deficiency is partially balanced by the fact that two leptons of1242

the same type are required for the reconstruction of the Z and that they should yield1243

the mass of the Z. Indeed, using the above selection cuts, without the P > 15 GeV1244

request, the efficiency to identify a pair of leptons from the Z decay is 95.4% for the1245

case Z → µµ and 98.8% for the case Z → e
+
e
−
.1246

6.3 Track Selection1247

As the invariant mass of the lepton pair system and thus the recoil mass will be cal-1248

culated from the four momenta reconstructed from the tracks, badly measured tracks1249

need to be discarded from the analysis. The track quality can be estimated by the ratio1250

∆P/P 2
where the uncertainty ∆P is derived from the error matrix of the given track1251

by error propagation.1252
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distribution vs. cosθ (left) and ∆P/P 2

distribution vs. track

momentum (right) of muon candidates decayed from Z
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of Higgs-strahlung process.
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Figure 6.3: 2D ∆P/P 2
distribution vs. cosθ (left) and ∆P/P 2

distribution vs. track

momentum (right) of electron candidates decayed from Z
0

of Higgs-strahlung process.

Figure 6.2 and 6.3 show, for muons and electrons separately, the dependency of1253
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Lepton ID and Track Selection

33

1) Cuts for lepton ID:

• Parameterize ΔP/P2 for central region

∆P/P 2 = a⊕ b/P ;
where a = 2.5× 10−5; b = 8× 10−4

• The criterion ΔP/P2 applied 

|cosθ| < 0.78 : ∆P/P 2 < 2× (2.5× 10−5 ⊕ 8× 10−4/P )
|cosθ| > 0.78 : ∆P/P 2 < 5× 10−4

Efficiency of lepton pair ID: 
(pair selection according to Z Mass)

     μ-channel (muon ID)      :  95.4%
     e-channel (electron ID)  :  98.8%

2) ΔP/P2 criterion on tracks in the selection of 
lepton candidates 

ΔP is propagated from tracking error matrix

Same cuts applied on both μ-channel and e-channel

Central region

Forward region

ee process µµ process
|cosθe+/e− | < 0.95

Mdl ∈ (71.18, 111.18) GeV Mdl ∈ (71.18, 111.18) GeV
PTdl > 10 GeV PTdl > 10 GeV

Mrecoil ∈ (105, 165) GeV Mrecoil ∈ (105, 165) GeV

Table 6.3: Pre-Cuts for e+e− → e+e− and e+e− → µ+µ− production.

the two leptons; and Mrecoil refers to the recoiling mass against the lepton pair system.1211

These variables are discussed in Section 6.4.1.1212

Thereafter, the generated events are subject to a detailed ILD detector simulation.1213

The simulation is performed with the MOKKA[38] software package which provides1214

the geometry interface to the GEANT4[39] simulation toolkit. The event reconstruc-1215

tion is performed under the Marlin Framework[40], using the LDC Tracking[41] and1216

PandoraPFA[30] as the tracking and particle plow algorithms, respectively. For this1217

study the versions as contained in the software package ILCSoft v01-06[42] are em-1218

ployed.1219

6.2 Lepton Identification1220

The task of lepton identification (Lepton-ID) is to identify the muons and electrons pro-1221

duced in the decay of the Z. In a first step, the energy deposition in the ECAL (Eecal),1222

the total calorimetric energy (Etotal) and the measured track momentum (Ptrack) are1223

compared accordingly for each final state particle. The Lepton-ID is mainly based on1224

the assumption that an electron deposits most of its energy in the ECAL while a muon1225

passes both the ECAL and HCAL as a minimal ionizing particle. The observables1226

and cut values are summarized in Table 6.4. The motivation of the cut values can be1227

inferred from Figure 6.1 where the spectra for the corresponding lepton type in the1228

relevant momentum range P > 15 GeV compared with those from other particles are1229

displayed.1230

µ-Identification e-Identification
Eecal/Etotal < 0.5 > 0.6
Etotal/Ptrack < 0.3 > 0.9

Table 6.4: Variables and cut values for the Lepton-ID.

The criteria to estimate the quality of the Lepton-ID and hence the signal selection1231

are the Efficiency and Purity. These are defined as follows:1232

Efficiency =
Ntrue∩iden

Ntrue

Purity =
Ntrue∩iden

Niden
(6.2)

60

μμX-channel for illustration
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(1) PTdl > 10 GeV
(2) Mdl ∈ (71, 111) GeV
(3) Nadd.TK > 1 
(4) |Δθ2tk| > 0.01
(5) |Δθmin| > 0.01
(6) acop ∈ (0.2, 3.0)
(7) |cosθmissing| < 0.99
(8) Mrecoil ∈ (115, 150) GeV

remaining events of µµ and ee processes having a sizable transverse momentum,1445

which is the hypothesis to construct the ∆PTbal. variable.1446

• The Mdl cut: E.g. Mdl ∈ (80, 100) GeV. This cut selects the events of µµ and ee1447

processes that forming a Z, which are always accompanied by an energetic ISR1448

radiation. At the same time, the lower boundary of Mdl cut removes the events1449

with larger FSR and Bremsstrahlung. So that, it enforces the correlation between1450

the two transverse momenta.1451

Number of additional tracks besides the two lepton candidates1452

The number of additional tracks besides the two lepton candidates is noted as Nadd.TK.1453

This is a model dependent variable, assuming the Higgs decay products should be1454

visible and at least contain two charged tracks. Based on this assumption, for the1455

Higgs-strahlung process, the number of additional tracks besides the two tracks from1456

the Z decay, Nadd.TK, should be greater than two, which come from the Higgs decay.1457

However, for the background processes ee, µµ, ττ , eeνν and µµνν, ideally, the1458

Nadd.TK should be zero. Therefore, this variable itself can efficiently separate the Higgs-1459

strahlung process from the background processes just mentioned. It should be noticed1460

that, the variable Nadd.TK does not work for the background processes eeff and µµff .1461

This is due to the fact that with one of the Z or γ∗
decays to a pair of electrons or muons,1462

the other one has a large chance to create more than 2 tracks, e.g. Z → hadron jets1463

has a branching ratio of about 70%.1464

Figures 6.12 and 6.13 show the Nadd.TK distributions of the Higgs-strahlung and1465

 (GeV)
add.TK

N
0 10 20 30 40

n
o

rm
. 

a
.u

.

0

0.02

0.04

0.06
XµµZH -> 

 (GeV)
add.TK

N
0 2 4 6 8 10

n
o

rm
. 

a
.u

.

0

0.2

0.4

0.6

0.8
µµee -> 

 (GeV)
add.TK

N
0 2 4 6 8 10

n
o

rm
. 

a
.u

.

0

0.2

0.4

0.6

0.8

!!ee -> 

 (GeV)
add.TK

N
0 2 4 6 8 10

n
o

rm
. 

a
.u

.

0

0.2

0.4

0.6

0.8

1

""µµee -> 

Figure 6.12: Nadd.TK distributions for signal and background in the µµX-channel.
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A Model Dependent Analysis

Additional Number of Tracks besides the two lepton candidates

WW

μμX

ττ

μμ

H->ττ

photon conversions
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An Additional Model Dependent Analysis is Performed:

MD Cut-Chain:

Assume Higgs decay dominantly has two or more charged tracks.
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Figure D.11: Fit to the signal plus background using Physics Motivated Function of
µµX (top) and eeX (bottom) channels with polarization mode e−L e+

R, in MD analysis.
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Fit: µ-channel, MD Analysis
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Pol. e-Le+R , MD analysis,
Physics Motivated Function

II-2. Higgs Recoil Mass and Cross-Section Analysis at ILC

μ-channel

~20% Improv. than MI Ana. 

ε = 65% 

MH = 120.000 GeV ± 31MeV
δσ/σ = 2.8%
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Figure 6.31: Fit to the signal plus background using Kernel Estimation for eeX-channel
with polarization mode e−Re+

L in MI analysis, with Bremsstrahlung recovery.
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Figure 6.32: Fit to the signal plus background using Kernel Estimation for eeX-channel
with polarization mode e−L e+

R in MD analysis, with Bremsstrahlung recovery.
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Figure 6.33: Fit to the signal plus background using Kernel Estimation for eeX-channel
with polarization mode e−Re+

L in MD analysis, with Bremsstrahlung recovery.
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II-2. Higgs Recoil Mass and Cross-Section Analysis at ILC
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MH = 120.001 GeV ± 60MeV
δσ/σ = 3.0%
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Fit Methods

Signal Functions: (three functions are studied, with identical results)

Background:

GPET Function: 

Polynomial Function

Build Composite Model:

Kernel Estimation: 

Physics Motivated Function:  New!

Gaussian core for the Peak with an Exponential complementing the tail, updated from 
previous contributions.

An universal method for all kinds of distributions, 
Intensively used at LEP for Higgs searches, 

Beamstrahlung
(Yokoya-Chen)

ISR Gaussian⊗ ⊗ ⇒Higgs Recoil Mass

Analytical Numerical Propagate to

With beam parameters given in advance, 
Can predict the MC distribution

the distributions of fL of signal and background; the middle plot shows the number

of events remaining as a function of the cut on fL for signal and background; and the

one on the right is the significance versus the fL cuts, where the maximum on the

significance is marked and the optimized fL cut value is labeled. The figures for all the

other analysis channels are given in Appendix A.

The number of events remaining after the Likelihood rejection for signal and various

backgrounds for all eight analysis channels are listed in the tables in Appendix B. With

the Likelihood rejection, all the backgrounds are further suppressed by about a factor

of two, while the loss of the signal is at most 12%.

The number of signal and total number of background remaining, together with the

final signal selection efficiency of all eight analysis channels are summarized in Table

6.10.

Ana. Pol. Ch. S (%) B

MI e
−
R
e
+

L
µµX 1165 (59.20%) 1023

eeX 909 (43.14%) 1991

e
−
L
e
+

R
µµX 1596 (54.68%) 2563

eeX 1153 (36.74%) 3508

MD e
−
R
e
+

L
µµX 1289 (65.53%) 883

eeX 889 (42.20%) 1139

e
−
L
e
+

R
µµX 1911 (65.49%) 1397

eeX 1378 (43.90%) 1679

Table 6.10: The final number of signal (S) and number of background (B) after back-

ground rejection, and the corresponding efficiencies of signal selection (in the parenthe-

ses).

6.5 Fit Methods

In the previous section, the methods to select the signal and to suppress the background

have been studied and applied. The resulting number of signal and background are

summarized in Table 6.10. The remaining spectrum is a superimposition of signal and

background events.

The next analysis step is to extract the Higgs mass (MH) and the total Higgs-

strahlung cross section (σ) from the remaining spectrum, where the cross section is

determined by the number of signal events (NS) as given by Equation 2.36.

For this purpose, a composed model FM (x) can be constructed, with at least two

parameters, MH and NS . These two parameters together with their statistical errors

can be determined by fitting the FM (x) to the remaining spectrum of signal plus back-

ground. The composed model can be constructed as

FM (x; MH, NS) = NS · FS(x; MH) + NB · FB(x) , (6.14)

83

To be extracted!
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Kernel Estimation

A sum of Kernels

38

3.59% from eeX-channel. The fit plots of all the other analysis channels are shown in

Appendix D, and the results are given in Section 6.6.

6.5.2 Kernel Estimation

This is an application
2

of the Kernel Estimation[45], which is extensively used in the

Higgs searches at LEP[46, 47]. The Kernel Estimation is an universal method, through

which, an analytical function can be derived to describe any distribution. However,

there is no physical significance included in the function.

The Kernel Estimation provides an unbinned and non-parametric estimate of the

probability density function from which a set of data is draw. The Adaptive Kernel
Estimation[45] of the parent distribution is given by

f(x) =
1

N

N�

i=1

1

hi
K

�
x− ti

hi

�
, (6.17)

with

hi = (
4

3
)
1/5 N−1/5

�
σi

f0(ti)
, (6.18)

where, {ti} represents the unbinned data totally N events, the hi is the smoothing

parameter (also called the bandwidth) of the ith event, the σi is the local standard

deviation of the ith event, and the f0(x) is the parent distribution. The function K(x)

is the Kernel Function to spread out the contribution of each data point in the estimate

of the parent distribution. An obvious and natural choice of K(x) is a Gaussian with

µ = 0 and σ = 1:

K(x) = G(x; 0, 1) =
1√
2π

e−x2/2. (6.19)

However, the application of the original Adaptive Kernel Estimation, although pos-

sible but not simple. First of all, to initialize the function using unbinned data implies

that the number of “parameters” involved is enormous, i.e., at least two times the num-

ber of events N . Second, the parent distribution f0(x) and the local standard deviation

are unknown, which involves additional works, i.e., to estimate the parent distribution

using the Fixed Kernel Estimation[45] .

Due to the reasons above, a simplification of the original Adaptive Kernel Estima-

tion is performed. The Simplified Kernel Estimation using Gaussian Kernel is given

by

2
The application study of the Kernel Estimation is inspired by a sum of four Gaussian kernels[48]

to describe the Higgs recoil mass spectrum, which is eventually used to produce the results presented

in the ILD Letter of Intent.
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Physics Motivated Function
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6.5.3 Physics Motivated Function

The last function to be introduced for the signal distribution is a physical moti-

vated one
3

. It is derived starting from the Beamstrahlung approximation formula

developed by Yokoya and Chen[49, 50, 51, 52], convoluted analytically with the ISR

approximation[53], and then numerically convoluted with Gaussian function. This dis-

sertation gives the first development of the Physics Motivated function, and the detailed

derivation is given in Appendix C.

The Physics Motivated Function is given by:

FS(x) = f2(y(x)) ·
����
dy

dx

���� (6.23)

where,

y(x) =
1

2s2
·
�
2s(x2 −MH

2
) + (s + x2 −MZ

2
)(s− x2

+ MZ
2
)−

(s− x2
+ MZ

2
) ·

�
4s(MH

2 −MZ
2
) + (s− x2 + MZ

2
)2

�
,

(6.24)

dy

dx
=

x

s2
·

�
s− x2

+ MZ
2
+

�
4s(MH

2 −MZ
2
) + (s−M2 + MZ

2
)2

�2

�
4s(MH

2 −MZ
2
) + (s− x2 + MZ

2
)2

;
(6.25)

and,

f2(y) =

N�

i=0

p(i) · [g1(y; i)⊗G(y; 0, σ)] , (6.26)

with

p(i) =
2

i

i!

�
nγ

2

�i

e−nγ , (6.27)

g1(y; i) = κ
i
3 · y(

i
3+β−1) · Γ(1 + β)

Γ(
i
3

+ β)
· 1F1(

i

3
,
i

3
+ β,−κy) . (6.28)

In these formulae, 1F1(a, b, z) is the Confluent Hypergeometric Function;
√

s is

centre-of-mass energy; MH and MZ are the masses of Higgs and Z
0
, respectively; y is the

fraction of energy loss being a fraction of the beam energy; the G(y; 0, σ) is a Gaussian

3The development of the Physics Motivated Function is inspired and supported by[54].
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