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Higgs doublet is associated with a global symmetry breaking
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Nonlinear sigma model (NLΣM)
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: cutoff scale

f

Λ

(gauge int , Yukawa int)

SM-like

Mass & self int are generated from the explicit breaking

Deviation from the SM

Little Higgs 
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Pseudo NG Higgs doublet Lagrangian
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LSILH = Ldim4 + Ldim6

�
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�
+ · · ·
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Nonlinear representation

T abcd ≡ −1
6
facif bdi − 1

24
facef bde

Nonlinear sigma model Lagrangian

Think global symmetry     breaks into 
Xa : broken generators
T i : unbroken generators

Maurer-Cartan 1-form

U = eiΠaXa/fwhere
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G H

NG field

LNLΣM =
f2

2
Tr [α⊥µαµ

⊥]

=
1
2
(∂µΠa)(∂µΠa) +

1
f2

T abcdΠaΠb(∂µΠc)(∂µΠd) + · · ·

U†∂µU ≡ iαa
⊥µXa + iαi

�µT i

dim 6



Higgs NLΣM Lagrangian
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Higgs NLΣM Lagrangian
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f2
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T abcdhahb(∂µhc)(∂µhd)

General N

�

SO(4N)

∼ TSO(4N)
ac TSO(4N)

bd

a, b, c, d = 1 ∼ 4N

�
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Classification of SO(4) generator
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T abcdhahb(∂µhc)(∂µhd)

[3,1] [1,3]

(α, β = 1, 2, 3)

SU(2)  ×SU(2)  L R

Classify SO(4) generators
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�
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�

�
TSO(4)
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�
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�
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Want to identify SU(2) ×U(1)  invariant formL Y

�
TSO(4N)

(i,j)

�
=

�
TLα

(i,j), T
Rβ
(i,j), U(i,j), S

αβ
(i,j)

�

∼
�
ha(TSO(4N))ac∂µhc

� �
hb(TSO(4N))bd∂

µhd

��

SO(4N)

General N



How to construct SU(2)  ×U(1)   invariant terms
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SU(2) ×U(1)   invariant formL Y

†Sum over left & right indices

†Leave only σ   of SU(2) 3
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Determined by symmetry breaking pattern

SU(2) ×U(1)   invariant formL Y

N=1

†Sum over left & right indices

†Leave only σ   of SU(2) 3

10/20

Low, Rattazzi and Vichi (2009)
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e.g.
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Degrees of freedom
Eac ≡ (δa1δc2 + δa3δc4)− (a↔ c)N=1
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4
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Degrees of freedom

Only SU(2)  ×U(1)   inv

Nonlinear rep

3 1

2 0

L Y

∵ Bose sym

Eac ≡ (δa1δc2 + δa3δc4)− (a↔ c)N=1

Re Im
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Low, Rattazzi and Vichi (2009)

LHiggs

NLΣM ⊃ 1
f2
T abcdhahb(∂µhc)(∂µhd)

fundamental

composite

T abcd = −αL + αR

4
�
δabδcd − δadδbc

�
+

αL − αR

4
�abcd − β

4
EacEbd

c
H

f2
∂µ(H†

H)∂µ(H†
H)

c
T

f2
(H†←→

D µH)(H†←→
D

µ
H)

c
r

f2
H

†
H(DµH)†(Dµ

H)

c
HT

f2
∂µ(H†

H)(H†←→
D

µ
H)



Nonlinear rep

3
2
N2(N2 + 1) 1

2
N2(3N2 − 1)

1
2
N2(N2 + 3)

1
2
N2(N2 − 1)

DOF reduction in the Nonlinear rep case !

Degrees of freedom
General N

Re Im

Only SU(2) ×U(1)   L Y
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LHiggs

NLΣM ⊃ 1
f2
T abcdhahb(∂µhc)(∂µhd)
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Dim 6 derivative int in 2HDM

Consider the custodial invariant theory

Ldim 6

2HDM
=

cH

1111

2f2
O

H

1111
+

cH

1112

f2
(OH

1112
+ O

H

1121
) +

cH

1122

f2
O

H

1122
+

cH

1221

f2
O

H

1221

+
cH

1212

2f2
(OH

1212
+ O

H

2121
) +

cH

2221

f2
(OH

2212
+ O

H

2221
) +

cH

2222

2f2
O

H

2222

− cH

1221
− cH

1212

3f2
O

T

1122
+

cT

1221

f2
O

T

1221
− 3cT

1221
− cH

1221
+ cH

1212

6f2
(OT

1212
+ O

T

2121
)
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O
H

ijkl
= ∂µ(H†

i
Hj)∂µ(H†

k
Hl)

O
T

ijkl
= (H†

i

←→
D µHj)(H†

k

←→
D

µ
Hl)

Coefficients              cH,T

f2 :  8 real DOF



High E region
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W±
L , ZL

W±
L , ZL

Equivalence theorem

Parameters cH,T

f2
, α , β

EWSB can be written as

LK =
1

2

(
∂µh30 ∂µh70

)
(12 + CK)

(
∂µh30
∂µh70

)
+

1

2

(
h30 h70

)
M

(
h30
h70

)
, (4.18)

where h3 = v cosβ + h30, h
7 = v sinβ + h70 and the matrix CK stands for the O(v2/f2)

corrections. The mass matrix, M , includes the effects from dimension-six Higgs potentials.

The following matrices are introduced to make the kinetic term to be the canonical form:

V =

(
cos θ sin θ

− sin θ cos θ

)
, K =

(
1/

√
1 + k1 0

0 1/
√
1 + k2

)
, (4.19)

such that,

V CKV † =

(
k1 0

0 k2

)
. (4.20)

Mass eigenstates of the CP even Higgs bosons, h and H (mh ≤ mH), can be written as
(
h

H

)
=UV †K−1V

(
h30
h70

)
, (4.21)

where U diagonalizes the mass matrix, V †KVMV †KV , in the basis giving the canonical

kinetic term. Using the mixing angle α which diagonalizes the mass matrixM in Eq. (4.18),

we can write

U =

(
cosα sinα

− sinα cosα

)
+ Uξ, (4.22)

V †KV =12 +Kξ, (4.23)

where Uξ and Kξ are O(v2/f2) corrections given by the kinetic mixing. When we neglect

O(v2/f2) corrections, the mass eigenstates for the CP even sector are given as follows3 :
(
h

H

)
=

(
cosα sinα

− sinα cosα

)(
h30
h70

)
. (4.24)

As we mentioned, the dimension-six derivative interactions, Eq. (4.6), give the leading

behavior of E2/f2, and the kinetic mixing only induces the correction of O(v2/f2).

Mass eigenstates of the CP odd sector, G0 and A, can be obtained similarily to the

CP even sector by replacing α with β for the diagonalization matrix at the leading order:
(
G0

A

)
=

(
cosβ sinβ

− sinβ cosβ

)(
h4

h8

)
, (4.25)

where G0 is the longitudinal mode of Z boson and A is the CP odd Higgs boson. The

matrix also gives us the mass eigenstates in the charged Higgs sector even if we take the

O(v2/f2) corrections into consideration because the dimension-six derivative interactions

never contribute to the kinetic term of the charged Higgs sector after the field redefinition.
3This is a different notation from Ref. [15] in which CP-even mass eigenstates are defined as H =

cosαh3
0 + sinαh7

0 and h = − sinαh3
0 + cosαh7

0.
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:  10 real DOF

Dim 6 derivative int dominates
Massless approximation

(s, t� mV ,mHiggs)

W±
L , ZL

h, H,A,H
±

W±
L , ZL

h, H,A,H
±

Scatterings of V  and HiggsL
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σ(W+
L

W
−
L
→ H

+
H
−)cust =

s

32πf4

2
3
(C5(β)2 − C5(β)(cH

1221 − c
H

1122) + (cH

1221 − c
H

1122)
2)

σ(W+
L

W
−
L
→ HH)cust =

s

32πf4
C6(α, β)2

σ(W+
L

W
−
L
→ AA)cust =

s

32πf4
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4.2 Scattering amplitudes of the longitudinal modes and the Higgs bosons

We derive the scattering amplitudes of the longitudinal modes and the Higgs bosons from

dimension-six two-derivative interactions in the 2HDM governed by nonlinear dynamics

with the custodial symmetry. Other contributions are neglected since they are sub-leading

corrections in high energy region. To study the influence on vector boson fusion processes,

we consider the case that the initial states consist of longitudinal modes of the SM gauge

bosons, W±
L and ZL.

The amplitudes shown below are given in terms of the Mandelstam variables. For a

process, V1V2 → X1X2, the variables are defined as,

s =(p1 + p2)
2 = (q1 + q2)

2, (4.26)

t =(q1 − p1)
2 = (q2 − p2)

2, (4.27)

u =(q2 − p1)
2 = (q1 − p2)

2, (4.28)

where pµ1 , p
µ
2 , q

µ
1 and qµ2 are momenta of the particles V1, V2, X1 and X2, respectively.

Since amplitudes are considered in the energy region which is much higher than the mass

scale of the physical Higgs bosons, we show the results in terms of s and t using a relation,

s + t + u = 0. The results of this subsection are based on the custodial invariance. In

Appendix C, we also calculate scattering amplitudes including terms violating the custodial

symmetry.

Firstly, amplitudes producing the SM particles, W±
L , ZL and h, are presented. These

processes also appear in the SILH model. In the following amplitudes, coefficients are given

in Eq. (4.6). For notational simplicity, we define cx = cosx, sx = sinx. The amplitudes

are given by

M(W+
L W−

L → W+
L W−

L )cust =
s+ t

f2
C1(β), (4.29)

M(W+
L W−

L → hh)cust =
s
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s
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L → hZL)cust =0, (4.32)
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C1(β), (4.33)

M(ZLZL → hh)cust =
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M(ZLZL → ZLZL)cust =0, (4.35)

M(ZLZL → hZL)cust =0, (4.36)

M(W+
L ZL → W+

L h)cust =0, (4.37)
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L ZL → W+

L ZL)cust =
t

f2
C1(β), (4.38)

M(W+
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L → W+
L W+

L )cust =− s

f2
C1(β), (4.39)
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σ(W+
L

W
−
L
→ H

+
H
−)cust =

s

32πf4

2
3
(C5(β)2 − C5(β)(cH

1221 − c
H

1122) + (cH

1221 − c
H

1122)
2)

σ(W+
L

W
−
L
→ HH)cust =

s

32πf4
C6(α, β)2

σ(W+
L

W
−
L
→ AA)cust =

s

32πf4
C5(β)2

σ(W+
L

W
−
L
→ HA)cust =

s

32πf4

2
27

cos2(α− β)(cH

1221 − c
H

1212)
2

σ(ZLZL → H
+
H
−)cust =2σ(W+

L
W
−
L
→ AA)cust

σ(ZLZL → HH)cust =σ(W+
L

W
−
L
→ HH)cust

σ(ZLZL → AA)cust =
s

32πf4
(cH

1122 − 3c
T

1221)
2

σ(W+
L

ZL → H
+
H)cust =σ(W+

L
W
−
L
→ HA)cust

σ(W+
L

ZL → H
+
A)cust =

s

32πf4

1
2

�
(C5(β)− c

H

1122 + c
H

1221 − 3c
T

1221)
2

+
1
3

�
C5(β) +

c
H

1221 + 2c
H

1212

3
− c

H

1122 + c
T

1221

�2�

Cross sections
Scatterings of V  and HiggsL

M(W+
L W−

L → W+
L W−

L )cust =
s+ t

f2
C1(β),

s
M(W+

L W−
L → hh)cust =

s

f2
C2(α,β),

sM(W+
L W−

L → ZLZL)cust =
s

f2
C1(β),

M(ZLZL → W+
L W−

L )cust =
s

f2
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sM(ZLZL → hh)cust =
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f2
C2(α,β),M →
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L ZL → W+
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t

f2
C1(β),

s
M(W+

L W+
L → W+

L W+
L )cust =− s

f2
C1(β),

M(W+
L W−

L → W+
L H−)cust =

s+ t

f2
C3(β),

s
M(W+

L W−
L → hH)cust =

s

f2
C4(α,β),

s+ 2tM(W+
L W−

L → hA)cust =− i
s+ 2t

3f2
sα−β(c

H
1221 − cH1212)M →

M(W+
L W−

L → ZLA)cust =
s

f2
C3(β),

M(ZLZL → W+
L H−)cust =

s

f2
C3(β),

s
M(ZLZL → hH)cust =

s

f2
C4(α,β),

M(W+
L ZL → H+h)cust =− i

s+ 2t

3f2
sα−β

(
cH1221 − cH1212

)
M →

M(W+
L ZL → W+

L A)cust =
t

f2
C3(β)

M(W+
L ZL → H+ZL)cust =

t

f2
C3(β)

s
M(W+

L W+
L → W+

L H+)cust =− s

f2
C3(β),

VLV �
L → LL�

VLV
�
L → LH

VLV
�
L → HH

�

10 independent processes !

10 real parameters !
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Only one Higgs doublet

Scatterings of V  and Higgs

dependence can discriminate 2HDM from SILH !!
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Summary

†Analyzed dim 6 derivative interactions

†Calculated scatterings σ of V  and Higgs  (N = 2)
Growth with energy

SU(2) × U(1)   invariant formL Y

Pseudo NG N Higgs doublet models 
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DOF

1
2
N2(N2 + 3)

1
2
N2(N2 − 1)

Re Im

σ ∝ s

f4

3
2
N2(N2 + 1) 1

2
N2(3N2 − 1)

nonlinear rep

SU(2) ×U(1)L Y

α− β

L

Discrimination 2HDM from SILH with

†Let’s study the collider signatures !!
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α⊥µ(Π) g−→ α⊥µ(Π�) = h(Π, g)α⊥µ(Π)h−1(Π, g)

α�µ(Π) g−→ α�µ(Π�) = h(Π, g)α�µ(Π)h−1(Π, g) + i−1h(Π, g)∂µh−1(Π, g)

f2Tr{α⊥µ(Π)αµ
⊥(Π)}

Tr{Fµν(α�)Fµν(α�)} , T r{α⊥µα⊥νFµν(α�)}

αµ = i−1U†(∂µ − iAµ)U

Maurer-Cartan 1-form

: homogeneous tr.

: inhomogeneous tr.

U = eiΠaXa/fwhereU†∂µU ≡ iαa
⊥µXa + iαi

�µT i

Transformation law

Gauged

Invariant combinations



Bi-doublet notation

SO(4N) fundamental rep ⇔  Bi-doublet rep

SU(2)  L
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[1,1]
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i Hi) where Φi → LΦiR

†

ha
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(see Appendix D), we obtain the following Lagrangian:

L6
2HDM =

cH1111
2f2

OH
1111 +

cH1112
f2

(OH
1112 +OH

1121) +
cH1122
f2

OH
1122 +

cH1221
f2

OH
1221

+
cH1212
2f2

(OH
1212 +OH

2121) +
cH2221
f2

(OH
2212 +OH

2221) +
cH2222
2f2

OH
2222

+
cT1122
f2

OT
1122 +

cT1221
f2

OT
1221 +

cT1212
2f2

(OT
1212 +OT

2121). (4.6)

The relations between the above coefficients and the ones in Eq. (4.1) are

cH1111 =
3

2
(aL1111 + aR1111), (4.7)

cH1112 =
3

2
(aL1112 + aR1112), (4.8)

cH1122 =
3

2
(aL1212 + aR1212 + aS1212 + 2aSS1212), (4.9)

cH1221 =
3

2
(aL1122 + aR1212 − aSS1212), (4.10)

cH1212 =
3

2
(aL1212 + aR1122 − aS1212 − aSS1212), (4.11)

cH2221 =
3

2
(aL2221 + aR2221), (4.12)

cH2222 =
3

2
(aL2222 + aR2222), (4.13)

cT1122 =
1

2
(−aL1122 + aL1212 + aR1122 − aR1212 − aS1212), (4.14)

cT1221 =
1

2
(−aL1212 + aL1122 + aU1212), (4.15)

cT1212 =
1

2
(aR1212 − aR1122 + aS1212 − aU1212). (4.16)

The other coefficients vanish. In the above equations, the following relations are obtained:

cT1122 = −(cT1221 + cT1212) = −1

3
(cH1221 − cH1212). (4.17)

Therefore, the Lagrangian discussed here has eight real DOF. This is equivalent to a result

in Ref. [13]. On the other hand, using equations in Table 6, the general 2HDM realized

by nonlinear dynamics without the SO(4) symmetry has fourteen real and six imaginary

DOF. For the following discussions, we eliminate cT1122 and cT1212 using Eq. (4.17).

We first discuss the kinetic term mixing induced by the dimension-six derivative in-

teractions and show that this mixing can be neglected in deriving leading behavior of the

scattering amplitudes at high energy.

After the EWSB, the kinetic term mixing appears in the Lagrangian for neutral Higgs

bosons at O(v2/f2). Since we assume the CP invariance, the mixing appears for the CP

even and odd sector separately. We show the prescription for the mixing with the CP even

sector as an example. The kinetic term and the mass term of the CP even sector after the

– 18 –

4.1 Dimension-six derivative interactions

The derivative interactions on the 2HDM governed by nonlinear dynamics can be written

using interactions of type I, II and III:

T abcd
2HDM = aL1111

(
TLα
(1,1)

)

ac

(
TLα
(1,1)

)

bd
+ 2aL1112

(
TLα
(1,1)

)

ac

(
TLα
(1,2)

)

bd
+ 2aL1122

(
TLα
(1,1)

)

ac

(
TLα
(2,2)

)

bd
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(
TLα
(1,2)

)

ac

(
TLα
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)

bd
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(
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bd
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ac
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)

bd
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)

ac

(
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)

bd
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(
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(
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)

bd
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(
TRα
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)
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(
TRα
(2,2)

)

bd

+ aS1212

(
Sα3
(1,2)

)

ac

(
Sα3
(1,2)

)

bd
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(
Sαβ
(1,2)

)

ac

(
Sαβ
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)

bd
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(
TLα
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)
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(
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)

bd
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)
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(
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)

bd
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(
TLα
(2,2)

)
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(
Sα3
(2,1)

)
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+ 2aY1111

(
TR3
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)
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(
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)

bd
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(
TR3
(1,1)

)
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(
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)

bd
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(
TR3
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)
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(
TR3
(2,2)

)

bd
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(
TR3
(1,2)

)
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)
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+ 4aY U
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TR3
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(
U(1,2)

)
bd
.

(4.1)

In the following, we assume that the Lagrangian possesses the custodial invariance which

automatically ensures the CP invariance [14]2. From the phenomenological standpoint, the

custodial symmetry breaking terms are severely constrained. For the case with custodial

symmetry violating terms, see Appendix C. The SO(4) invariance is achieved by the

following conditions:

aY U
1112 = 0, aY U

1212 = 0, aY U
2212 = 0, (4.2)

aLS1112 = 0, aLS1212 = 0, aLS2212 = 0, (4.3)

aY1111 = 0, aY1112 = 0, aY2212 = 0, aY2222 = 0, (4.4)

aS1212 = aY1212 = −aY1122
2

. (4.5)

Note that there exists a non-trivial realization of the SO(4) invariance even if each term

corresponding to the coefficient appearing in Eq. (4.5) violates the SO(4) symmetry.

In terms of the SU(2)L doublet, since Or can be eliminated by the field redefinition

2 In Ref. [14], it is pointed out the custodial symmetry of the Higgs potential is violated by the imaginary

part of H†
i Hj . Since the symmetry in the derivative interactions is violated by the imaginary part of H†

i ∂Hj ,

their discussion can be applied to this case by the replacement of ∂Hk with Hl (k != l).
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corresponding to the coefficient appearing in Eq. (4.5) violates the SO(4) symmetry.

In terms of the SU(2)L doublet, since Or can be eliminated by the field redefinition

2 In Ref. [14], it is pointed out the custodial symmetry of the Higgs potential is violated by the imaginary
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Figure 4: Cross section for the hard scattering W+W+ → W+W+ as a function of the center

of mass energy for two different cuts on t and mh = 180 GeV. The left plot shows the almost

inclusive cross section with −s + 4M2
W < t < −M2

W . The right plot shows the hard cross section

with −3/4 < t/s < −1/4.

On the other hand, the scattering of transverse modes is dominated by the forward t- and

u-poles

σTT→TT (Qmin) �
g4

π

�
s4W
Q2

min

+
c4W

Q2
min +M2

Z

�
∼ g4

π

s4W + c4W
Q2

min

, (3.10)

and the ratio of the longitudinal to transverse cross section is

σLL→LL(Qmin)

σTT→TT (Qmin)
� (1− a2)2

512

Q2
min

s4W + c4W

s

M4
W

(3.11)

corresponding to a numerical factor Ns ∼ 1/500 ! By using Table 1 one can directly

check that this factor simply originates from a pile up of trivial effects (factors of 2) in

the amplitudes. Interestingly, this numerical enhancement occurs for the TT → TT and

LT → LT scattering channels, as clearly displayed by the left plot of Fig. 4, while it is

absent in TT → LL (this latter channel is not shown in Fig. 4 because its cross section is

much smaller than the others).

Of course the best way to test hard vector boson scattering is to go to the central

region where the ‘background’ from the Coulomb singularity of Z and γ exchange is absent.

Figure 5 reports the ratio of the differential cross sections as a function of t both for a = 0

(left plot) and a = 1 (right plot). It is shown that even for exactly central W ’s (t = −s/2)

the ratio is still smaller than its naive estimate, the suppression factor being Nh ∼ 4×10−4

for a = 0. The origin of this numerical (as opposed to parametric) suppression is in the

value of the coefficients Ai entering the various scattering channels. Indeed, for t = −s/2

Eq. (3.7) simplifies to

A � −2
�
At

γ +At
Z +Au

γ +Au
Z

�
+Areg. +As

s

v2
, (3.12)
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Figure 7: Cross section for the hard scattering W+W− → hh with mh = 180 GeV. The left

plot shows the inclusive cross section with no cut on t. The right plot shows the hard scattering

cross section with a cut −s + 2m2
h + 2M2

W + Q2
min < t < −Q2

min, with Q2
min = s/2 − m2

h −
M2

W − (s/4)
�
(1− 4m2

h/s)(1− 4M2
W /s). This choice of Q2

min is compatible with the kinematical

constraint close to threshold energies and coincides with the cut applied in the right plot of Fig. 4

for s � m2
h (as Q2

min → s/4). Notice that differently from WW → WW , the ratio of longitudinal

over transverse scattering is not particularly enhanced by the cut. The behavior of the amplitudes

near threshold is sensitive to the cubic self-coupling d3 controlling the s-channel Higgs exchange.

The continuous and dotted LL → hh curves respectively correspond to the MHCM4 and MCHM5

models with ξ = (a2 − b) and d3 as given in Eqs. (2.13) and (2.14).

channel weight At
W Au

W Areg. As

LL → hh 1/2 a2g2/2 a2g2/2
g2((4a2−2b)M2

W+(3ad3−2a2)m2
h)

4M2
W

b− a2

TT → hh
++ → hh 1 0 0 (b− a2)g2/2 0

+− → hh 1 0 0 −a2g2/2 0

Table 2: W+W− → hh scattering: coefficients for the decomposition of the amplitude according

to Eq. (3.15). By crossing and complex conjugation there are only 4 independent polarization

channels, one of which has vanishing coefficients and is not shown. When computing the cross

section each channel has to be weighted by the corresponding multiplicity factor reported in the

third column.

one finds that in this case the naive estimate works well, and the onset of strong scattering

is at energies
√
s ≈ gv. Notice that the differential cross sections in Eq. (3.16) are almost

independent of t, except in the very forward/backward regions where the longitudinal

channels can be further enhanced by the W exchange.

A final remark concerns the behavior of the WLWL → hh cross section close to thresh-

old energies. While at s � v2 the cross section only depends on (a2 − b), as expected

from the estimate performed in the previous section using the Goldstone boson approxi-

mation, at smaller energies there is a significant dependence on the value of the trilinear

coupling d3. This is clearly shown in Fig. 7, where the continuous and dotted curves re-
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