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Equivalent Circuit for an rf Cavity

Simple LC circuit representing W

an accelerating resonator et
__(;" == wo" = 1/LC

Metamorphosis of the LC circuit T
Into an accelerating cavity

8 ©° (oo} (oo}

/ of N el B

~lop 3 =] BE=E

Chain of weakly coupled pillbox ° PN o] les]
a) b) c)

cavities representing an accelerating
cavity

d) e)

Metamorphosis of the L-C circuit of Fig.1 into an accelerating cavity (after R.P.Feynman33)).
Fig. Sd shows the cylindrical “pillbox cavity” and Fig. Se a slightly modified pillb:
with beam holes (typical 8 between 0.5 and 1.0). Fig. Sc resembles a low 8 version of th
pillbox variety (0.2<8<0.5).

Chain of coupled pendula as

its mechanical analogue 72222222
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Chain of weakly-coupled pillbox
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Chain of coupled pendula as a
cavities representing an accele~

mechanical analogue to Fig. 6a
rating module
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Parallel Circuit Model of an Electromagnetic Mode

. . . 1V? |
Power dissipated in resistor R: P, = E_FCQ [_% %g —l_: o 1\/
. V? ]
Shunt impedance: R, 1 P: Y R,=2R
Quality factor of resonator:

w.U R AC 0
Qol 0 — WOCR = :l%[ o
diss I"M/c
e : 52
. _aw w, 0¢
£TRET g, W ol
é o W =y
0o .Jl
- e . aw- w, 0L
wo w,, Z °R4l 2Q S
0 : &y o
e 0 U
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1-Port System

Zo

' A
v, () él— R 16 . R
3 [ ]  Totalimpedance: k°Z, + o
1k 1+ Z =0 DW
427, Wo

T

kV
E g V =KV, R
a
k°Z, + 0 R+ k220é+2i% Dw
1+ 2 = Dw Wo
1z
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1-Port System

Energy content U :% CV? :}&V2

2 WR
2
S : L
W abw ©
4
(R+KZ) +4K Z cjeeW ;
V2
Incident power: P =
8Z
. . . R
Define coupling coefficient: b6 =—;
Ko Zo

U Q 4b 1

F?nc ) W (jL'*' 167) Ei :2(:20 (]Ei[:)b1/' %5
5

a+b %W
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1-Port System

_wU 4b 1
* Q" (1+6) . a20, WDOw G
1+ °

B+b B,

Power dissipated P,

Optimal coupling: Pi maximum or P, =P
Y Dw =0, b % :critical coupling

e
: 4b 1

Reflected power P. =P _-P.=P _z- > =
. (1+5)° 420, Dw ©
€ 1+ 0 y
8 B+b w, ¢
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1-Port System

At resonance
Dissipated and Reflected Power
U — QO 4b P o0 // \
- 2 inc 0.8 l ~
W, (1+ b) S
0.6 I \\ — —
4 05 ~
I:%Iiss = 2 I:)inc //
0.4 =
1+ b) N A —
. 2 A i
5 _dl-b O A )
ref a+ b Q ne ° 0 1 2 3 4 5 6 7 8 9 10
b
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Equivalent Circuit for a Cavity with Beam

A Beam in the rf cavity is represented by a current generator.
A Equivalent circuit:

Tg([) =Tgciwr@ Lé % s, @Tb =’*i'b¢i(m A =';;ceicm RL o

i, produces \7b with phase y (detuning angle)

~

i, produces V, with phase y

V, = Vg - Vi
tan y = -2 Q Dw
1+ b w,
wir
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Equivalent Circuit for a Cavity with Beam

.;eftgon Lab

Page9

I,: beam rf current
l,- beam dc current
g,: beam bunch length
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Equivalent Circuit for a Cavity with Beam

.!effé?son Lab

2
1
P, =——{(1+b +b)° +[@+b)tary - btar ]’}
4D
_ Power absorbed by the beam _ R}, cos/
~ Power dissipated in the cavity V,
(1+ Olot)tany ot =0 tad
Minimize Py bop =[L+H]
poRt VZ [L+b|+(1+b)
TR, 2

W

OL
Pagel0 D)I\/IE)NION

UNIVERSITY



Frequency Control

Energy gain W = qVcosf
aw aVv
Energy gain error = v ar tarf

The fluctuations in cavity field amplitude and phase come mostly
from the fluctuations in cavity frequency

Need for fast frequency control

Minimization of rf power requires matching of average cavity
frequency to reference frequency

Need for slow frequency tuners
W
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Some Definitions

A Ponderomotive effects: changes in frequency caused by the
electromagnetic field (radiation pressure)

I Static Lorentz detuning (cw operation)
I Dynamic Lorentz detuning (pulsed operation)

A Microphonics: changes in frequency caused by connections to
the external world

T Vibrations
I Pressure fluctuations

Note: The two are not completely independent.

When phase and amplitude feedbacks are active, ponderomotive
effects can change the response to external disturbances

W
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Cavity with Beam and Microphonics

aw, ° aw

a
tapr ,= - L—Mé
0 &

where aw is the static detuning (controllable)

A The detuningis now  tany =-

and aw_ is the random dynamic detuning (uncontrollable)

Probability Density
Medium b CM Prototype, Cavity #2, CW @ 6MV/m

10 400000 samples
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Q. Optimization with Microphonics

Condition for optimum coupling:

o o

\/(b I+

and opt — ch ¢
PP = &b+1) +, [(b+1) o
R;e

o oY

In the absence of beam (b=0): a_ aw s
Dop = |1+ Q

m
0
Eé Wo

2 EB o % O

pont — V, aw, O 0
g d
2RSh w, =+ H

=U O'Wm If dw is very large

and
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Example

7-cell, 1500 MHz
20 v
18 N\
\
\
16 \\\ /
\\AN
N \\
14 AN
V
12 NS
~—~ e ———
< AN
x 10 N —A
0_ \ T "4
AN
8 N
'~
6 — 21.0 MV/m, 460 UA, 50 Hz 0 deg
— 21.0 MV/m, 460 UA, 38 Hz 0 deg
4 —21.0 MV/m, 460 UA, 25 Hz 0 deg
— 21.0 MV/m, 460 UA, 13 Hz 0 deg
2
—21.0 MV/m, 460 uA, 0 Hz 0deg
0 | | N N B
10 100
Qext (10°)
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Example

3-spoke, 345 MHz, b=0.62

/
14.0 \
\\\ I/
N\ A
12.0 WY 12711
A\\\V yara i
\\\ \\ // /
10.0 WAL 7V 7/
AN\ Y VAVA /A
AN ya'ey.9/
’;\ 8.0 ANNN\N 4 74
v DN y4V e 94
< N N /V/
o OO poi4
6.0 AN\ N p—y” e 4
' AAN X
NN~ x/
_ S~ ~ 7
40 — 10.5 MV/m, 400 uA, 10 Hz 20 deg ~—
: = 10.5 MV/m, 300 uA, 10 Hz 20deg
I—{ ==—10.5MV/m, 200 uA, 10 Hz 20 deg
2.0 771 —105Mv/m, 100 uA, 10 Hz 20 deg
— =—10.5MV/m, OuA, 10Hz 20deg
0.0 I I [ [ [ [ []
1.0 10.0 100.0
Qext (10"6)
i
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Lorentz Detuning

Pressure deforms the cavity wall:

RF power produces radiation pressure:
H 2 E2
p="14 @

2 /o
Outward pressure at the
equator

Inward pressure at

the iris
/

Deformation produces a frequency shift:
Df =- kL E:fcc

W
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Lorentz Detuning

— CEBAF 6 GeV

— CEBAF Upgrade

Energy Content (Normalized)

P
P

-1,000 -800 -600 -400 -200 0 200
Detuning (Hz)
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Microphonics

A Total detuning
aw, + aw,
where aw is the static detuning (controllable)

and aw_ is the random dynamic detuning (uncontrollable)

Probability Density
Medium b CM Prototype, Cavity #2, CW @ 6MV/m

10 400000 samples
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Ponderomotive Effects

A Adiabatic theorem applied to harmonic oscillators (Boltzmann-

Ehrenfest)
If e:id—W<<l then E IS an adiabatic invariant to all orders
w? dt W
au o Ua 0 g5 . |\Dw DJ
D - ~ e Y = Slater
& g e e w U (Slater)

U =fdv € H?(F) +8 E*(I) genergy content)
@ 2 (~ _‘% 2(= "
— H(T) 2 E°(T) gwork done by radiation pressure)

W
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Ponderomotive Effects

~ ey iurn €M 2 6 2y O
_QdSr(r)CX(r) éZH(r) -ZE(r) ¥

= v & L2y 4 Serr) 2
r\]dv84H(r)+4E(r)H

Expand wall displacements and forces in normal modes of vibration
f (r) of the resonator

AASE (D (N,

x(F) =& 0,/ ) 0, = fjx(r) £ {r)dS

F(N=a F,f " F.=QF ) )dS

W
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Ponderomotive Effects

Equation of motion of mechanical mode m

d H.L - ll+ ,H:FFm L=T- U (Euler-Lagrange)
dtpg, @, o4,
U= %a c, 0, (elastic potential energy) c , elastic constant

1. O . .
T=—a c,— (Kinetic energy) W - frequency

29 "\
F=3 Cr o (power loss) t - decay time

-d t W P " Y
W,
qm+t£qm+v\fnq m:C_m F m

W
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Ponderomotive Effects

The frequency shift Dw,, caused by the mechanical mode /mis proportional to q,

IO o’

D +2 Dw_+W._Dv

aF, =k .
t',n m m Efqu )4%AVCn

Total frequency shift: Du(t) = Dw, (t)
Static frequency shift: Dw, =§ Dw,,=-V? 8k,

Static Lorentz coefficient: k=g k,

u»
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Ponderomotive Effects T Mechanical Modes

2 ) ,
[:)L4/377 -+-;:__- [:)b1//77 'F"VN4§; v m "\/iaqii;‘\ﬁér jtil(/Tj/

m

Fluctuations around steady state: Dw,, =bw,, +aw,
V =V,1+dv)

Linearized equation of motion for mechanical mode:

diiy, + [3 dw +W.gw = -2Wk \,? db

m

The mechanical mode is driven by fluctuations in the electromagnetic mode
amplitude.

Variations in the mechanical mode amplitude causes a variation of the
electromagnetic mode frequency, which can cause a variation of its amplitude.

YCl osed feedback system between el ectr
that can lead to instabilities.

W
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Lorentz Transfer Function

diiy + [3 div +\Wgw = -2Wk \L.2 ol

m
- AV2K V2
_ 0
aw,(w) = — ()
(V\/fn - W2) +-—iw
[m
g 30 1 I 1 I L] I | I 1
> L o
=
S 20 =
TEM-class cavities = | )
ANL, single-spoke, 354 MHz, b=0.4 g 10
>
x O >
. . h 100 <
simple spectrum with ]
few modes 0o 2
g
-100 8
D I B T (. S &

0 200 400 600 800 1000
Vibration frequency (Hz)

W
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Lorentz Transfer Function

.geffé?son Lab

Rich frequency spectrum from low to high frequencies

Cavity Detuning, Response

Ratio (dB)

TM-class cavities (Jlab, 6-cell elliptical, 805 MHz, b=0.61)

70
65
60
55
50
45
40
35
30
25

Large variations between cavities

SNS Med b Cryomodule 3, Cavity P
(5MV/m CW)
360
\ + 315
/V \1\ + 270
J _ A

|V LN Y Y P
oy AN 11 47 Y%
AEERIRANNY | 135
S . A
‘ | | + 45

x 0

0 60 120 180 240 300 360 420

AM Drive Frequency (Hz)
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Relative Phase (deg)
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GDR and SEL

M.

®

Phase
Controller

D

0.

Amplitude

Controller _ Klystron

=

K

Phase
Setpoint GDR
Phase Gradient Detector
Detector .
ient :“:
é‘?ﬂgﬂnt |_ Cavity
a)
Ph Amplitud
Limiter Controfier ' Controller s ¥Stron
— D] A
SEL

ZI‘- Loop Phase

Gradient Detector
Gradient
Set Point

M.O.

.geffé?son Lab

(:)—l % I (gé r Cavity
Phase Phase b)
Setpoint
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Generator-Driven Resonator

A In a generator-driven resonator the coupling between the
electromagnetic and mechanical modes can lead to two
ponderomotive instabilities

A Monotonic instability : Jump phenomenon where the
amplitudes of the electromagnetic and mechanical modes
Increase or decrease exponentially until limited by non-linear
effects

A Oscillatory instability : The amplitudes of both modes oscillate
and increase at an exponential rate until [imited by non-linear
effects

W
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Self-Excited Loop-Principle of Stabilization

Controlling the external phase shift g can cc Q

. . . esonator Phase
fluctuations in the cavity frequency w, sothe A, ... ;i %’3
external frequency reference w.

Limiter ~

A

) —

2 1

A
A 2

% Attenuators

W,
w=w, +— tang
2Q

. '\.L\v—@—
Instead of introducing an additional external e 633
this is usually done by adding a signal in quadrature
Y The cavity field amplitude is un
even in the absence of amplitude feedback. Ja A

P /\p

W
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Self-Excited Loop

A Resonators operated in self-excited loops in the absence
of feedback are free of ponderomotive instabilities. An
SEL is equivalent to the ideal VCO.

I Amplitude is stable
I Frequency of the loop tracks the frequency of the cavity

A Phase stabilization can reintroduce instabilities, but they
are easily controlled with small amount of amplitude
feedback

W
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Input-Output Variables

A Generator - driven cavity

Generator amplitude (V)

N
rd il
\\‘ _

Field amplitude (V,)

| Ponderomotive

v

Detuning (W-w,) _|

effects
>

A Cavity in a self-excited loop

Limiter output (V)

Loop phase shift (q) | .- "

Cavity phase shift (q)

Field amplitude (V,)

Pondermotive
. gffects

J)effe?son Lab Page31

Loop frequency (W)

W

OLb
[DMINION

UNIVERSITY



Lorentz Detuning

During transient operation (rise time and decay time) the loop
frequency automatically tracts the resonator frequency. Lorentz
detuning has no effect and is automatically compensated

Amplitude (Norm.)

i

N+

TaWal
V.U

o
=

s 2 4

Detuning (Norm.)
wirr
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Microphonics

A Microphonics: changes in frequency caused by
connections to the external world
I Vibrations
I Pressure fluctuations

When phase and amplitude feedbacks are
active, ponderomotive effects can change the
response to external disturbances

a’Wm+[£ aw,+W:adw = -2Wk \,? dr +n( §

m
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Microphonics

Two extreme classes of driving terms:

A Deterministic, monochromatic
I Constant, well defined frequency
I Constant amplitude

A Stochastic

I Broadband (compared to bandwidth of mechanical
mode)

I Wil be modeled by gaussian stationary white noise
process

W
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Microphonics (probability density)

Single gaussian

Noise driven

Bimodal

Single-frequency driven

Multi-gaussian

Non-stationary noise

105 3 T T T T T =
SNS M02, CAVITY 3 BACKGROUND MICROPHONICS HISTOGRAM SNS M03, CAVITY 1 BACKGROUND MICROPHONICS HISTOGRAM E e E,..= 8MV/m E
- — Fit -
0.06 -

0.09 .++  SDev= 56Hz 4 * Epoe= 0.2 MVim
0.08 SdDev=22Hz || e 10°F — Fit El
' : 008 - 1.6 Hz 3
3 007 5 - Crms= ]
€ 006 foos B ]
g S 10°F =
§ 005 % 0.03 E 3
S 0.04 £ a 3
2 2 0.02 B & 1
5 0.03 2 - E

S & 2 %
S 0.02 0.01 10°F % & =
0.01 F » N 3
' N o : : : : : : " * ]
0 t + = t ot t -20 -15 -10 5 0 5 10 15 20 L 4 x i
-20 -15 -10 -5 0 5 10 15 20 Cavity Detuning (Hz)
1 1 | o L
Cavity Detuning (Hz) 1 020 -10 0 10 20
A frequency (Hz)
805 MHz TM 805 MHz T™M 172 MHz TEM

umwm
—
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Microphonics (frequency spectrum)

TM-class cavities (JLab, 6-cell TEM-class cavities (ANL, single-spoke,
elliptical, 805 MHz, b=0.61) 354 MHz, b=0.4)
Rich frequency spectrum from Dominated by low frequency (<10 Hz)
low to high frequencies from pressure fluctuations
Large variations between Few high frequency mechanical
cavities modes that contribute little to
microphonics level.
| | | L | | I
SNS M02, Cavity 3, Bkgnd Microphonics Spectrum, 1W 0.8 -
e = 595 Hz
| =
’gl.E+oo 0;
gl.E-Ol ‘ Wﬂ M VM ”uﬁ il 50.4 '
: W U g
2 1E02 = v il ﬁ 0.2H
& o
- 0 60 1é° 180 240 300 360 DO 100 20{) 300 400 500 600 700 BDO 9001000

Frequency (Hz)

Vibration Frequency (Hz)

W
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Probability Density (histogram)

Single frequency, constant amplitude

n(t)

>

Gy,

OW oy
—

Harmonic oscillator (W, ) driven by:

p(d w

1.5 ~

0.5 4

-12 -1 08 -06 -04 -02 0 02 04 06 08 1 12

.geffé?son Lab

p(aw) =

d vd Wax

1
N
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White noise, gaussian

oW =
U9

0
2 0.3 A
©
N
Q 0.2 -
0.1 -

3 25 -2 15 -1 05 O 05 1 15 2 2.5 3
dw/ g

1 a2
p(aw) = J—expé =,
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Autocorrelation Function

R()=(X) Xt+)) =lm =) X) X t¢ ) d

Harmonic oscillator (W, ) driven by:
Single frequency, constant amplitude White noise, gaussian

TN

0.5 A

0 . . . . Q-o[\/\/\/\/\/\/\/\/\/
n AR
fuwuuuuquiva

t t

_Ru () _ \ £y = Rall) _ e
r,(t)= R0 =cosw t ) o (2) R.(0) cos(Wf

r(t)

(@)
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Stationary Stochastic Processes

X(t): stationary random variable

Autocorrelation function: R(#)=(X(D X(t+ )) =Li_ng%r'j X) xt¢) d

Spectral Density S(w): Amount of power between w and dw

S(w) and R (t) are related through the Fourier Transform (Wiener-Khintchine)

S.W=5-R.R() & ¢ R)= [%) "6wd

Mean square value:

()=RO)=7 SW) dv

W
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Stationary Stochastic Processes

For a stationary random process driving a linear
system

X(t) > T(w) > y()

(Y)=R(O)=fig(w) & (%)= RO= §u o
R,(f) &R() gauto correlation function of Y9 [ X3
S,(w) [ S(w)]:spectral density of ¥} [ X}
S,(w) = SW)[T(In)]°

+ O

(¥*) = fiS(w) [T(im)]* aw
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Performance of Control System

Residual phase and amplitude errors caused by

microphonics

Can also be done for beam current amplitude and phase

fluctuations

Assume a single mechanical oscillator of frequency W, and decay time ¢ ,

excited by white noise of spectral density A’

n(t)

O oy

—

Gy

J)effegon Lab
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(Ta

> O¢
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Performance of Control System

+ 0 + 0 dw
- ot
<du}, >=A? 136, (i) dw = A2 2 = N
cE APl =A ]2 e 2W,
- o - [ tm
. 2
O A L
<dv->=A ﬁGm(IW)Ga(IW)| dw = <awf >pT I —iW+Wi7 dw
- o m _la -
+ 0 2\/\F +|a G/- (IW) :
- . . \12 _ m ~
<07 ’ >:A2 ﬁGm(IW) G/(IW)| dw = 17I'/’/ezx >,0T ; m+ iiW+W,2n dw
- o m-_|q fm

W
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