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1D theory (~3 hrs)

3D theory (~2 hrs)

Seeding (~1 hr)

Tutorials (demonstrate problems/simulations)  

Lecture outline
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Introduction

Electron equation of motion

High-gain theory

Self Amplified Spontaneous Emission

Nonlinear harmonic generation

1D FEL Theory
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XFELs are Extremely Bright and Ultrafast

time

XFEL 1012 photons

Synchrotron 106 photons

100 fs

10 ps

Note: synchrotron sources are much higher rep. rate than XFELs
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Electron trajectory in a planar undulator

Undulator magnetic field near axis

x

8In beam frame
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Undulator radiation resonant wavelength

Works for harmonics
lh=l1/h

UVSOR, Okazaki, Japan
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Radiation spectrum 
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 Produced by resonant interaction of a relativistic electron 

beam with EM radiation in an undulator (J. Madey, 1971)

electron 

beam
photon 

beam

e- beam dumpundulator

l1

 Radiation intensity  N2

 Tunable, Powerful, Coherent radiation sources

Free Electron Lasers
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Three FEL modes
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 Resonant interaction

 Energy exchange in the undulator

FEL longitudinal dynamics
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 Time rate of change in the phase is

 This is resonant condition if l=l1, and g=gr

 Since g a function of time, we introduce a normalized energy variable 

 The phase equation becomes
(j for each individual electron)



 The energy equation becomes

 It is convenient to use z as the independent variable z ~ ct

 If we keep track of the oscillatory part of

see tutorial
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 Longitudinal electron motion in combined undulator and 

radiation fields described by pendulum equations

l1







for planar undulator

=1 for helical undulator

FEL Pendulum equation
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 Gain per pass is small, ignore Maxwell equation.

 Use only particle motion and energy conservation.

Radiation gain

Radiation loss

Radiation frequency

Low-gain regime
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S. Reiche

log
(radiation power)

distance

electron 

beam
photon 

beam

e- beam dumpundulator

High-gain regime
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SASE

Self Amplified Spontaneous Emission

Saldin et al. (1980)

Bonifacio, Pellegrini et al. (1984)
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Beam cross section area

 Transverse electric field:

 Transverse current

 We apply slowly-varying phase and amplitude (SVPA) approximation

 We then decompose the wave operator as

Maxwell equation

fast oscillatoryslowly varying
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 Note that 

 In addition, we have

 Maxwell equation becomes to

 Average both sides by  

neglect because 
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FEL equations and energy conservation
 Write the pendulum equations in terms of the slowly varying E:

 Change the field equation variables from (t , z) to ( , z)

 We obtain 

 1D FEL equations conserves total energy (particle+field) 

Particle energy density Field energy density 19



IA=17 kA is Alfven current

set to 1

FEL scaling parameter r
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saturation efficiency (r ~ 10-3 for short-wavelength FELs)

FEL efficiency
 At saturation electrons are fully bunched so that |            | 1, and radiation

21



 Illustrate FEL gain by neglecting  dependence of E field (slippage)

1D solution
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Cubic equation
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Exponential solution
 General solution 

 Solving for the initial conditions

 At large undulator distance, the exponential solution (m3) dominates

seeded SASE or pre-bunched

 Consider the case of SASE (no seed and no energy modulation)
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 Shot noise originates from discrete nature of electrons  

… .. .  ..

Dz

SASE

electron arrival time t is random  spontaneous emission

 amplified by FEL interaction

 quasi-coherent x-rays

What is SASE?
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Qualitative Analysis



 Solving Maxwell-Vlasov equation in the linear regime before saturation. The 

Vlasov equation describes the evolution of particle longitudinal distribution 

under the influence of the electric field the particles generate.

 The initial particle energy distribution is described by V() with

 Solutions to                  for which m has a positive imaginary part (mI) give rise to  

exponential growing radiation power.

Quantitative Analysis

seeded SASE

frequency detune D =(-1)/ 1
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 For a flattop energy distribution

Dispersion relation

= 0

 Cubic equation is now generalized to a dispersion relation (m as a function of 

D) for an arbitrary energy distribution.

 For a cold beam with vanishing energy spread
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off-energy particle

 For efficient FEL interaction, the resonant wavelength spread caused by the 

energy spread over a gain length << 1

~ 10-3 for short-wavelength FELs

 This is a local energy spread requirement not a global one 

 Concepts of “slice” energy spread (later )

Effects of energy spread
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 For the case of vanishing energy spread (cold beam)

SASE bandwidth ~r

 Assuming                   , we can expand the solution in Taylor series 

SASE Bandwidth
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 Example: LCLS shot noise power

r = 5x10-4, Pbeam = 14 GV x 3 kA = 40 TW

Psat ~ r Pbeam = 20 GW

lc = 1.5e-10/(2.5x5x10-4) = 0.12 m m = 400 attosecond

Nlc ~ 107, 

Pnoise ~ rPbeam/Nlc = 2 kW 

 Integrating over the SASE term over the frequency, obtain power 

SASE shot noise power
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+ - + - + -

- + - + - +

+

-

Slippage leads to coherence length and spiky 
structure

Due to resonant condition, light overtakes e- beam by one radiation 

wavelength l1 per undulator period (interaction length = undulator length)

z

Slippage length = l1 × N undulator periods:                                        
(at 1.5 Å, LCLS slippage length is: ls ≈ 1.5 fs << 100-fs pulse length)

Each part of optical pulse is amplified by those electrons within a 
slippage length (an FEL slice)

Coherence length is slippage over ~2LG (lc ≈ ls/10)

ML ≈ Dz/lc independent radiation sources (modes)

Nl1

e-x-rays

slippage
length

Dz

~1 µm

P. Emma
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• E(t)=j E0(t-tj), tj is the random arrival time of jth e-

E0: wave packet of a single e-

Nul/c

coh

2 uN

c

l


  r
 

bunch duration Tb

• Sum of all packets  E(t)

• coherence time (one FEL slice)

lc=ccoh ~ 1000 l << bunch length

Temporal coherence
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pulse energy

coherence time



Michelson interferometer 

Measurement of temporal coherence
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• Due to noise start-up, SASE is a chaotic light temporally

with ML coherent modes (ML spikes in intensity profile)

• Its longitudinal phase space is ML larger than FT limit 

(rooms for improve!)

• Integrated energy fluctuation

• Singe spike intensity fluctuates 100%

• ML is NOT a constant, decreases due to increasing 

coherence in the exponential growth, increases due to 

decreasing coherence after saturation)

1

L

W

W M

D
=

coh

bunch length

coherence length

b
L

T
M


 =

Statistical fluctuation
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Statistical fluctuation is large 

for long-wavelength exps

since ML is only a few, 

but much smaller for X-ray 

FELs

LCLS near saturation 

ML ~ 200  

DW/W ~ 7 %

30 % of  X-Ray Pulse Length

LCLS 1.5 Å simulations
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LCLS spectrum

SASE spectrum

• Spectral properties are similar to temporal domain, 

except that everything is inverted

bandwidth ~ 2 r

spike width ~

bcT

l

• Example, LCLS relative spectral spike width 

for 100 fs bunch length is 5x10-6, 

for  10 fs bunch length is 5x10-5,

for 1 fs is 5x10-4 40



SASE 1D Summary

 Power gain length

 Exponential growth P = Pn exp(z/LG)

 Startup noise power Pn ~ r2gmc3/lr

~ spontaneous radiation in two power gain length

 Saturation power ~ r x e-beam power

 Saturation length ~ lu/r ~ 20 LG

 RMS bandwidth at saturation ~ r

 Temporal coherence length at saturation ~ lr/r

4 3

u
GL

l

 r
=
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Z=25 m Z=37.5 m Z=50 m

Z=62.5 m Z=75 m Z=87.5 

m m

Single mode dominates  close to 100% transverse coherence

Transverse coherence
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Peak Brightness Enhancement From 

Storage Ring Light Sources To SASE

#of photons

Ωx Ωy Ωz

B = (Ωi- phase space area)

Enhancement 

Factor

# of 

photons Nlc
~10

6 
to 10

7

Undulator in SR SASE

Ne NeNlc

ΩxΩy (2πx) (2πy

ΩZ

compressed

D





Z

c

 

 
 

 

 
 = 10 -3 10ps

D





Z

c

 

 
 

 

 
 = 10-3 100 fs 210

210l 2( 
2

B 1023 1033 1010

Nlc: number of electrons within a coherence length lc

to 1011
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• FEL instability creates energy and denstiy modulation at l, 

l

small signal, linear regime

t

E

Nonlinear Harmonic Generation

8beam frame

• In a planar undulator, emissions of harmonics lh=l/h (h=1,2,3,…)

odd harmonics are usually favored

viewed off-axis  broke the half-period symmetry  even ones

l

near saturation, nonlinear regime

• Near saturation, strong bunching at fundamental produces

rich harmonic components
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• Harmonics are not independent: Maxwell-Vlasov 

• In general

• For fundamental, nonlinear term is weak until saturation

For harmonics, nonlinear term dominates before saturation

• In general, ah
NL ~ a1

h >> ah
L, with a nonlinear gain length Lg/h

 
Generation HarmonicNonlinear Linear

NL

h

L

hh
aaa =

  


ninteractio harmonicnonliner 

...
bunchinglinear 

2

1

1
  term...   term

2


=

=






 






hhh

hhhh

m

m
aaaa

ihz

Harmonic Interactions

Bonifacio, Salvo, Pierini, NIMA (1990)

Freund, Biedron, Milton, IEEE (2000)

Huang, Kim, PRE (2000) 45



Nonlinear harmonic generation

LCLS at 1.5 Å

P3~0.01P1

Coherent harmonics lr/h driven by fundamental lr

 gain length = LG/h

 Similar transverse coherence

 Significant 3rd harmonic power 
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 High-gain harmonic generation (HGHG)

 Echo-enabled harmonic generation

 Self-seeding

Seeding to improve temporal coherence

SASE

seeded

SASE



HGHG Principle

DModulator Radiator

l1 lh=l1/h

seed 

laser
to next 

stage
……...electrons

L.-H. Yu, PRA44, 5178 (1991)
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DModulator Radiator

f0(0,0) f1(0,) f2(,)

=ck1 Dt is the long. position (phase) w.r.t. to the wave

 = Dg/g is the relative energy variable

0 z1

High-gain harmonic generation

Energy modulation

Density modulation

f2(,) = f1(0,) = f0(0,0)

Initial unmodulated distribution 49
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In order to reach hth harmonic 

Energy modulation becomes effective energy spread in the 

radiator

 Need several stages to reach very short wavelengths

Each stage uses a fresh part of the beam

e-beam
Stage 1 Stage 2, 3,…Shifter

laser x-ray
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BNL SDL results

L.H. Yu, et al., Phys. Rev. Lett. 91, 074801 (2003).

0.23 nm FWHM

SASE x105

Wavelength (nm)

In
te

n
si

ty
 (

a.
u

.)

HGHG

Spectrum of HGHG and SASE at 266 nm under the same electron beam condition
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Bunch compressor

Linear accelerator

Bunch compressor

Vertical 
transport 

line

FEL

Beam switchyard

Injector

FEL-1

FEL-2

Fermi FEL at Sincrotrone Trieste (Italy) 

• Spectral range covered by two undulator lines

FEL 1: 100 – 20 nm (12–60eV) single stage

FEL 2: 20 – 4 nm (60–300eV) two stages



Echo-Enabled Harmonic Generation

Separated energy bands Separated current spikes

beam

Laser 

Modulator 1 Modulator 2 radiator

Laser

One optical cycle

• Very high harmonic (~100) microbunching may be produced

G. Stupakov, PRL, 102, 074801 (2009)

D. Xiang, G. Stupakov, PRST-AB, 12, 030702 (2009)



G. Stupakov
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G. Stupakov
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G. Stupakov
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G. Stupakov
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G. Stupakov
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EEHG demonstration experiments



Two-stage self-seeding option*

* J. Feldhaus et al. / Optics Communications 140(1997) 341-352 

Basic requirements:

1) The 1st section operates in linear high-gain regime, <PSASE>~10MW

2) The micro bunching is smeared out after the magnetic chicane

3) The monochromator resolution D/5·10-5

4) The seeding power PSEED~10kW >> shot noise power PSHOT~10W

5) The seed pulse is amplified to saturation in the 2nd undulator section

Schematic view of the seeding option for FLASH
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Hard x-ray self-seeding @ LCLS

Geloni, Kocharyan, Saldin (DESY)

1 GW 25 GW

FEL spectrum 
after 
diamond 
crystal

Power dist. after 
diamond crystal

Monochromatic 
seed power

Wide-band 
power

6 mm  20 fs

5 MW

Self-seeding of 
1-mm e- pulse 
at 1.5 Å yields 
10-4 BW with 
low charge 
mode
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Bragg diagnostic with camera

Chicane 

magnet

Diamond mono chamber

63

X-rays

J. Amann et al., Nature Photonics 6, 693 (2012) 



8.3 keV

20 eV

SASE spectrum (diamond OUT)

Factor of 40-50 BW reduction

diamond IN

A well 

seeded 

pulse (not 

typical)

SASE

seeded

SASE 300 uJ

Seeded 240 uJ

0.45 eV

(510-5)insert 
diamon
d & turn 

on 
chicane

0.45 eV

chicane OFF

chicane ON

Fourier 

Transform 

limit is 5 fs
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Gain Curve Shows Seeded Power Saturation

U17-U33 Seeded gain length: 5.0 m

Seeded FEL gain 
and power saturation

downstream of chicane
(chicane ON & diamond IN)

(220)

U3-U15 SASE gain length: 3.9 m

U3-U15
SASE

U17-U33
Seeded

U1,2 out

HXRSS
mono

upstream of chicane

>1 GW

Saturation

3.9-m SASE 
gain length

5.0-m seeded 
gain length

Undulators
#1 & #2 
extracted



chicane

e-

Undulator 2-7 Undulator 10-18

SASE FEL

grating

Seeded FEL

M1

slit

FEL

X-rays

M2

M3

D. Ratner et al., PRL 114, 054801 (2015)

Spectral brightness ~5x higher than 

SASE

930 eV

Soft X-ray Self-Seeding (SXRSS)



Thank you for your attention!
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