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Perspective precision on top EW coupling from ILC  
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Theoretical effort on precision

❖ QCD N3LO tT production at threshold [Beneke, et al., PRL115, 
192001 (2015)]

❖ QCD N3LO inclusive cross section in high energy expansion up to 
(m²/s)⁶ [Chetyrkin et al., NPB503, 339 (1997)]

❖ Boosted top jet production at NLL [Fleming et al., PRD77(2008) 
114003]

❖ One-loop EW corrections [Fleischer et al., EPJC31 (2003) 37]

❖ QCD NLO event generator including parton shower in WHIZARD

❖ One-loop EW corrections in GRACE

❖ …
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This talk: tT production in the continuum at QCD NNLO
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p
S = 380, 500, 750, 1000? GeV

Fully differential in top quark kinematics



tT production in the continuum at QCD NNLO

5

e�

e+

t

t̄

e�

e+

t

t̄

e�

e+

t

t̄

double virtual real-virtual double real

two-loop heavy quark
form factor

NLO QCD corrections to
tT + jet production



Two-loop heavy quark form factor

❖ The calculation of heavy quark form factor has been a subject of 
strong theoretical interest for a long time

❖ Two-loop contribution with closed fermion loops [Hoang et al., 
PLB338 (1994) 330]

❖ Full two-loop results available 10 years later [Bernreuther et al., 
NPB706, 245(2005); NPB712, 229(2005)]
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❖ Application of many cutting-edge techniques at the 
time: integration-by-parts identities, Lorentz 
invariance, Laporta algorithm, method of 
differential equation

❖ Results written with 50 pages of harmonic 
polylogarithms. 



heavy quark pair + jet at NLO

❖ NLO calculation available for about twenty years [Brandenburg, 
Uwer, NPB515(1998)279; Nason, Oleari, NPB521(1998)237; Rodrigo, 
Bilenky, Santamaria, NPB554(1999)257]

❖ These used to be difficult calculation. The remarkable progress in 
calculation technique for one-loop amplitude, and NLO subtraction 
of infrared/collinear singularity make such calculation “almost” 
trivial nowadays. For example can be automated using tools like 
Gosam.
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tT+X at QCD NNLO
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tT+X at QCD NNLO
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❖ The infrared divergences origin from the real or virtual gluons become soft

❖ In the double virtual corrections, the IR poles are manifest, while in the real-
virtual and double real they come from phase space integration

❖ The most successful method to deal with these poles at NLO is the subtraction, 
but at NNLO becomes too tedious

❖ Instead we generalize the more phase space slicing method to NNLO to 
overcome this problem
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Phase space slicing using radiation energy
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von Manteuffel, Schabinger, H.X.Z, PRD92(2015)no.4,045034; J. Gao, H.X.Z, PRD90.114022; J. Gao, H.X.Z, 
PRL113(2014)262001 
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Analytic calculation of the unresolved part
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❖ The difficult phase space 
integral reduces to calculation 
of matrix element of time-like 
Wilson loop

❖ Can be treated analytically

❖ Results written in about two 
pages of harmonic 
polylogarithms

von Manteuffel, Schabinger, H.X.Z, PRD92(2015)no.4,045034



Validating the calculation: cancellation of slicing 
parameter δ_E
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resolved real-virtual

unresolved part

resolved double realfull result

J. Gao, H.X.Z, PRD90.114022



Validating the calculation: cancellation of slicing 
parameter δ_E
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resolved double real
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J. Gao, H.X.Z, PRD90.114022



Inclusive Xsec: compare with threshold and high 
energy expansion

❖ Two-loop threshold expansion: [Czarnecki, Melnikov, 1998; Beneke, Signer, 
Smirnov, 1998; Hoang, Teubner, 1998…]

❖ Two-loop high energy expansion: [Chetyrkin, Harlander, Kuhn, Steinhauser, 
1997]

❖ Small corrections, every contribution matter!

❖ Fully closed fermion loop contribution very helpful in checking our calculation 
[Hoang, Teubner, NPB519 (1998) 285]
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threshold exp.

high energy exp.

J. Gao, H.X.Z, PRD90.114022; see also Dekkers, Bernreuther, PLB738(2014)325



Comparison with Pade approximation

❖ Two-loop Pade approximation: [Chetyrkin, J. H. Kuhn, and M. Steinhauser, NPB482, 213(1996)]. Three-
loop also available [Kiyo et al., NPB823(2009)269]

❖ In general good agreement exact at very high energy S>(1000GeV)^2. Large power corrections 
proportional to δE*logδE*log²(S/m²ₜ) in the numerical calculation
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r = 2mt/
p
S

high energy exp.
Pade approx. Pade approx.

threshold exp.

J. Gao, H.X.Z, PRD90.114022

r = 0.5 )
p
S ⇠ 690 GeV r = 0.95 )

p
S ⇠ 363 GeV



NNLO reduces scale uncertainties
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J. Gao, H.X.Z, PRD90.114022

NLO

NNLO

scale uncertainties reduces from 
about 6% at NLO to 1% at NNLO



Differential distribution at NNLO
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NLO

NNLO

pT distribution of 
top quark

J. Gao, H.X.Z, PRL113(2014)262001 



NNLO corrections to forward-backward asymmetry

‣ Estimation of the 
theoretical uncertainties 
from scale variations 
requires assumption on 
correlations of the 
Forward and Backward 
bins 

‣ Fully correlated scale 
setting leads to too small 
uncertainties
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J. Gao, H.X.Z, PRL113(2014)262001 
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threshold exp.



NNLO corrections to forward-backward asymmetry

❖ Uncorrelated scale setting 
leads to more realistic 
uncertainties estimate

❖ Large NNLO QCD 
corrections even at 
√S=500GeV (about half the 
size of NLO corrections)

❖ NLO EW corrections 
about 10% [Fleischer et 
al., EPJC31 (2003) 37]

❖ NNLO EW corrections 
highly desirable
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J. Gao, H.X.Z, PRL113(2014)262001 

threshold exp.



Forward-Backward asymmetry bin-by-bin
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√
s [GeV] ALO

FB ANLO
FB ANNLO

FB δANNLO
FB

400 28.20 28.94± 0.76 29.58± 0.46 ±0.26

500 41.56 42.39± 0.59 42.89± 0.25 ±0.12

800 53.68 53.91± 0.33 54.07± 0.08 ±0.04

TABLE I. Top-quark forward-backward asymmetry at differ-
ent perturbative orders for representative

√
s values. All val-

ues are shown in percentage.

overlap with the NNLO prediction. Thus a more appro-
priate prescription is to vary the scales independently in
σA and σS . We change the scale by a factor of two up-
ward and downward in both σA and σS , and add the
fractional uncertainties to AFB in quadrature. The re-
sulting uncertainties are shown in Fig. 4 by the colored
bands. With the O(α2

s) corrections the scale uncertainty
on AFB has been reduced to less than half of the value at
NLO as further shown in Table. I. The third and fourth
columns of Table. I show the NLO and NNLO predictions
of AFB together with the scale uncertainties all shown in
percentage. The column δANNLO

FB represents variation
of FB asymmetry due to uncertainty of top-quark mass
input, which is taken to be ±0.5 GeV simply for com-
parison. For a typical collision energy of 500 GeV, the
residual scale uncertainty of NNLO prediction on AFB

is 0.0025 or half percent in relative, which is well below
the projected experimental precision of future ILC [16].
The uncertainty due to top quark mass input is relatively
small especially considering the projected precision on
mass measurement at the ILC.
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FIG. 4. Lower inset: top quark AFB at the LO as a function
of collision energy; upper inset: ratios of AFB at the NLO
and NNLO to AFB at the LO. The threshold approximation
is denoted as th..

We can also look at top-quark FB asymmetry at a
more exclusie level, namely the FB asymmetry in differ-

ent | cos θt| bins, AFB,bin. In Fig. 5 we plot ratios of the
NLO and NNLO predictions on AFB,bin to the LO ones
for

√
s = 400 GeV. Both the O(αs) and O(α2

s) correc-
tions are almost flat on | cos θt| for

√
s = 400 GeV, but

decrease slightly with | cos θt| for
√
s = 500 GeV which

is not shown here due to limited space.

LO
NLO
NNLO

0.0 0.2 0.4 0.6 0.8 1.0
0.960
0.980
1.000
1.020
1.040
1.060
1.080
1.100

AFB,bin
i
#AFB,bin

LO vs. &cos Θt & , s1#2"400 GeV

FIG. 5. Top-quark forward-backward asymmetry in different
| cos θt| bins, AFB,bin, normalized to the LO predictions, for√
s = 400 GeV.

Conclusions. We have presented the first complete
NNLO QCD corrections to top-quark pair production at
e+e− collisions. The calculation is at fully differential
level based on a generalization of phase slicing method
to NNLO in QCD [7]. Especially we study in detail the
corrections to top-quark forward-backward asymmetry
AFB . The NNLO correction to AFB is half of the size
of the NLO corrections or even larger, for a typical colli-
sion energy of 400 ∼ 500 GeV at future linear colliders.
Moreover, our results show a large reduction in the theo-
retical uncertainties on predictions of AFB . The residual
scale uncertainty is well below the projected experimen-
tal precision. Our results allow a precise determination of
the top-quark neutral-current couplings at future linear
colliders and thus the probe of various new physics be-
yond the SM. Besides, there could be several interesting
applications of the method and results presented here.
Firstly, it would be interesting to apply this calculation
to charm and bottom quark production at Z boson mass
pole. Secondly, decay of Higgs boson to massive quark
can be calculated in the same way to NNLO in QCD,
since the two-loop matrix elements are available [28].
Thirdly, it should be straightforward to combine produc-
tion and leptonic decay [8, 29] of top-quark pair in e+e−

collisions within narrow width approximation at NNLO.
Last but not least, our calculation may also be used to
improve the accuracy of event shape resummation related
to heavy quark mass measurement [30].

This work was supported by the U.S. DOE under
contract DE-AC02-76SF00515, Early Career Research
Award DE-SC0003870 by Lightner-Sams Foundation.
Work at ANL is supported in part by the U.S. De-
partment of Energy under Contract No. DE-AC02-

❖ Our results provide full kinematic dependence allowing for corrections 
of experimental acceptance

J. Gao, HXZ, PRL113(2014)262001 



Going beyond stable top production

❖ Now NNLO QCD corrections to tT production at LC, and NNLO 
QCD corrections to top decay are available

❖ It would be interesting to combine production and decay at NNLO 
to allow full spin correlation and parton level fiducial cross section

❖ Example: first t-channel single top production and decay at NNLO

21
Berger, Gao, Yuan, HXZ, 1606.08463

Structure function approximation



Summary

❖ Precision calculation for top pair production at LC has long been a 
theoretical arena. 

❖ Full NNLO QCD corrections for tT production in the continuum now 
available after many years of effort of different groups

❖ Large NNLO corrections to FB asymmetry (half the size of NLO 
corrections). Uncertainties reduce to 2% at √S=500GeV with 
conservative estimate 

❖ With the current accuracy of QCD prediction, two-loop EW 
corrections become highly important and might become the 
driving force of further theoretical progress in the years to come
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Thanks a lot for listening!



Backup slide
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3

energies. The good agreements of our results on total
cross sections with ones from threshold and high-energy
expansions in the corresponding energy region furhther
demonstrate the validity of our calculation.
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FIG. 1. Comparison of O(α2
s) corrections to total cross sec-

tions, ∆(2), with the threshold results ∆(2)
th and high-energy

expansion results ∆(2)
he , as functions of collision energies.

Differential distributions and AFB. We can calcu-
late fully differential distributions up to NNLO in QCD
based on the phase space slicing method. At LO, there
is only one non-trivial kinematic variable, which we can
choose either as cosine of the scattering angle between the
final-state top quark and the initial-state electron cos θt,
or transverse momentum of the top quark with respect
to the beam line direction pT,t. Similar to the inclusive
cross section, we can define the O(αs) and O(α2

s) correc-

tions for each kinematic bin, ∆(1)
bin and ∆(2)

bin, in analogy
to Eq. (6). The results are shown in Fig. 2 for cos θt
and Fig. 3 for pT,t distributions with a typical collision
energies of 400 GeV. The O(α2

s) corrections are about
one fourth of the O(αs) corrections for the total cross
section. However, they show a different kinematic depen-
dence. From Fig. 2 we can see both the O(αs) and O(α2

s)
corrections are larger in forward direction and thus will
increase the FB asymmetry. Moreover, the differences of

∆(2)
bin in forward and backward region are of similar size as

for ∆(1)
bin. Thus the O(α2

s) corrections to AFB are as im-
portant as the O(αs) corrections as will be shown later.
The transverse momentum distribution in Fig. 3 shows
a different feature comparing to the angular distribution
since they are also affected by the energy spectrum of
the top quark. The real corrections pull the energy spec-
trum to the lower end and thus the pT,t distribution as
well. As shown in Fig. 3, the O(α2

s) corrections start as
positive in low pT and then decrease to negative values
near the kinematic limits. The O(α2

s) corrections show a
relatively larger impact in the pT,t distribution.

The forward-backward asymmetry AFB is defined as
the number of top quark observed in the forward direc-
tion minus the one observed in the backward direction,
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FIG. 2. O(αs) and O(α2
s) corrections in different cos θ bins

of top quark, ∆(1)
bin and ∆(2)

bin, for
√
s = 400 GeV.
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FIG. 3. O(αs) and O(α2
s) corrections in different pT bins of

top quark, ∆(1)
bin and ∆(2)

bin, for
√
s = 400 GeV.

divided by the total number of top quark observed,

AFB =
σA

σS
≡

σ(cos θt > 0)− σ(cos θt < 0)

σ(cos θt > 0) + σ(cos θt < 0)
, (7)

We show AFB at LO as a function of the collision en-
ergy in the lower inset of Fig. 4. The AFB at NLO and
NNLO are calculated by using the corresponding NLO
and NNLO cross sections in both the denominator and
numerator of Eq. (7), and are shown in the upper inset of
Fig. 4 normalized to the AFB at LO. The O(αs) correc-
tion is about 2% for

√
s around 500 GeV. The O(α2

s) cor-
rection further increases AFB by about 1.2% in the same
region. We also plot the AFB calculated using the two-
loop threshold cross sections [13] for comparison, which
shows good agreement with our exact result in energy
region just above the production threshold. This is ex-
pected since in the threshold region the former ones are
dominant. We further investigate uncertainties of predic-
tions on AFB due to missing corrections beyond NNLO.
A conventional way to estimate those uncertainties is by
checking the residual QCD scale dependence. However,
for ratios like AFB , if we vary the scales simultaneously
in σA and σS , it tends to be too optimistic. For exam-
ple, the NLO prediction with scale uncertainty does not

J. Gao, H.X.Z, PRL113(2014)262001 
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