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Abstract

This note describes the calculation of probability distribution for failure times for a set
of components. The basic single component failure is supposed to follow an exponential
failure time distribution. The canonical distributions are derived from products of condi-
tional probabilities.

1 Timeof First Failurefor N components

Let dP/dt bethe failure probability density for asingle component. Thisis the probability
that a single component failsin the time interval [t, ¢ + dt]:
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We want to calculate the probability dP, /dt that the first failure in a group of N com-
ponents occurs in [¢, ¢ + dt|. This can be written as follows:

o) N—-1
P~ N ( / dt'pos')) @
_ %e—tN/T (3)

Thefactor p(t) in Eq. (2) isthe probability that acomponent failsin [¢, ¢ + dt]. Thetermin

parentheses is the probability that N — 1 components fail in [t, cc]. N isacombinatorial

factor giving the number of choices to fix the component which failsin [t, ¢ + dt].
Normalisation and mean time of first failure are calculated from
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The probability dP; /dt is plotted in Figure 1 for N = 10 and 7' = 1. Note that Eq. (3)
assumes the the form of afailure distribution p(t) with T — T'/N which isthe fundamental
expectation for components that fail independently.

Inall plots, thetimeis shown in units of 7.



104

0 02 04 06 08 1

t

Figure 1: Probability that the first failure within V- = 10 components occurs in the interval
[t,t + dt] when T = 1 (all timesin arbitrary units).

2 Timeof Second failurefor N components

We want to calculate the probability d R /dt that the second failure in a group of N com-
ponents happens in [t, ¢ + dt]. This can be written as follows:
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Thefirst integral is the probability that a component failsin the interval [0, ¢]. Thetermin
parentheses is the probability that N — 2 components fail in [t, oc|. There are N possible
choices of finding the component which failsin [¢, ¢ + dt]. For the component which fails
in [0, t] there arethen only N — 1 possible choices.

The probability that the second failure happensin [0, oo] is unity (normalisation):
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The mean time of the second failure is given by

© dP, (2N —1)
/Odttﬁ_mT. ®)

For example, for N = 2 the mean time of the second failure is% T. For large N the repair
of asingle component isirrelevant and
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The probability dP,/dt isplotted in Figure2 for N = 10 and 7" = 1.
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Figure 2: Probability that the second failure within N = 10 components occurs in the interval
[t,t+dt]whenT = 1.

3 Timeof second failurefor two componentswith re-

pair

We want to calculate the probability dP, /dt that the second failure in a group of two
components happens in [¢,t + dt] and the first failure is repaired. Here we assume the
repair time to be zero for smplicity.

There are two possihilities:
a) The same component breaks twice and the other component doesn’t fail during this

interval.
b) Each of the two components breaks once.
For @), the probahility is calculated as (the components are labelled ‘A’ and ‘B’):
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The second integral is the probability that component B doesn’t fail in [0, ¢] (=probability
for failure in [¢, oc0]). The first integral contains the failure probabilities of component A
which breaks twice. p(x) isthe probability for failure in [z, z + dz|. Theterm p(t — x) is
the probability of the second failure and it counts from x. There is acombinatorial factor 2

because we can exchange A and B.
When theintegrals are carried out, Eq. (10) reduces to
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dt

For possibility b), the calculation isasfollows: Component A breaksin [z, x + dx] with
x < tandisinstantly repaired. Component B breaksin [t,¢ + dt]. Component A breaks




in [t, oo] but the probability counts from z. A combinatorial factor 2 is needed because we
can exchange A and B.
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When the integrals are carried out, also Eq. (12) reduces to
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The probabilities for @) and b) have to be added, such that the total probability is
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Thisdistribution is properly normalised:
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The mean time of the second failure with repair is given by

% Py,
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The probability d P, /dt is depicted in Figure 3for 7" = 1.
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Figure 3: Probability that the second failure within V- = 2 components occurs in the interval
[t,t + dt] when T' = 1 and when the failed component is instantly repaired.



4 Time of second failure for N components with re-
pair

Eq. (14) can be generalised to N components. The probability dB, /dt that the second
failure in agroup of N components occurs at time [¢, ¢ + dt] is given by:
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whichisthelarge N limit of Eq. (9) as expected.



