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Sextupole Magnets

 Introduced in storage
rings for chromatic
compensation

e Often paired in “-I" in final
focus system in linear
and circular colliders

* [tis well known that, their
geometric aberrations
can be cancelled in “I”
achromat in thelst-order
perturbation theory

—
—
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Sextupoles

Quadrupoles introduce chromaticity. To correct the chromaticity, we have
to introduce sextupoles. The sextupole potential relative to a dispersive
orbit, n,0 Is given by,

Ve (6,7) = %[(x +hd) - 3(x+hd)7)
K, h ad

K
=2[x’ - 3x’ |+ (x*-1°)+...
Price to pay A chromatic quadrupole

For local chromatic correction of a quadrupole, one should set,
Ko=Ky/ ny
Large dispersion at sextupole position helps to reduce the nonlinearity.
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Lie Operator

element segment plane

direction of propagating

L
s, S2

For any function f(s), we have the Taylor expansion

L df o, dx «—— asymbolic notation
fis,)= a—, o, ¢ T,
In particular, if there is no explicit dependent of s in the function f(s),
namely f(s) = f(x(s),p,(s),...), we have

df_ -[H, f]PB H:f <— another symbolic notation

Used Hamiltonian equatlon and the definition of the Poisson bracket.
Combining these symbolic notations, we have the exponential Lie operator

J(s,) = e'L’H’f(S)‘SI
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Calculate Nonlinear Hamiltonian

Consider a set of multipoles separated by linear maps. We can represent
the nonlinear transfer map by

7%0’18'11/1(2)%1 2e'in (2) - , ne'iVn (2)7%

, n-1, n,ntl

-V, (z2): -V, (z): -V, (2):
o€ T, e LT 7%”+]7% i€ w,

n

— -V (2): -V, (2): =V (M 117):
="y € 7, ,e T g€ similarity

-— .
— - Vl(%lj,fmz) AT e_:V” ;L 2) transformation

e .
O.n+l <«—— normalized

— —Vl(zlnmﬂz) —Vz(zznﬂﬂzz): =V (R hs17#n2): coordinate
=4, 20n+1 e A

We can use the similarity transformation and CBH theorem to obtain an
effective Hamiltonian so that the transfer map consists of a linear map
followed by an exponential Lie operator for the nonlinearity. It is very
useful for understanding of the nonlinear effects and their compensation.
Clearly, it is an approximation to a real accelerator.
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Perturbation of Sextupoles

For a sextupole magnet, we have the potential
Vi) = 2 (6" - 35"

So ,—
VS(E._:H%.Z): (b x; —3/9 xlyl)

X, 1

with X, —cosDynﬂx SINDY, .., D.
y, = cosDiany—Slanany,

where x,p,.y,p, are the normalized coordinates at n+1 position. The
effective Hamiltonian based on the CBH theorem is

o S’J
H, =a—=—2(b_x; —3bylxl ’)

X770
i=1

14 S"S’\/bx,bx
+§a 2 2 5 ][(b)”xl —3by xlyl)(x, ; 3b x]y])]PB

The first term is the same as the first-order canonical perturbation
theory. Except the reference point is the end rather then the beginning.
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Nonlinear Hamiltonian of Sextupoles

The Poisson bracket can be evaluated, we have

H, = Zn:Sl\/j(b X '317 xzyz)

X, 1

T ZS’S’\/bx,bx]{S'n(Df D7,,.)0,,0,,%,x,.3,

1<]

+SiN(DY,,.; = DY, )B, %7 = b, /)b, x; - b, y7) ] 4}
Here the normalized coordinate at the position i,
x,=cosDy;,,, x-sinDy, .,p.,
y,=cosD7,,,,y-sinDf, ,,p,,

Introducing the action-angle variables,

X, =J2J, c0S(/,, - DY),

,/2J cos(f,,,-DT,.,),

We recover the first-order Hamiltonian perturbation theory. In addition,
the second-order perturbation generates octopole like terms.
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Effective Hamiltonian

Given a nonlinear Hamiltonian written in terms of the action-angle variables,
(®) .
Hy =alC,,..J,)cos(my, +ny,)+S, ,(J..J,)sin(my, +ny, )]

Combining it with the linear map in the normalized coordinates, at the 15-order
perturbation, the effective Hamiltonian is given by,

o p(mn_+nn))
H._ . =2pnJ +nJ )+ a Y cC (J,J
Eff p( x“ x y y) maJl-Sln[p(mnx'any)]{ m,n( X y)

cos[m(y, +pn.)+ny, +pn)+S,,.(J,,J,)sin[m(y, + pn.)+ny, +pn,)}

where v,, v, are the betatron tunes. Noting that at the resonance condition,

nil, +mfl, =p

for an integer p, the effective Hamiltonian becomes singular. And near the
resonance, we have the problem of a small denominator.
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PEP-X Layout & Parameters

An ultimate storage ring

arc7

3 ;\"'ﬁ. 4 F 7 /
arc length=242m = IR @/&)/

f = e e ! ’
beam line length = 70-140 m )75’,%%; : .

PEP circumference = 2200 m / =

Energy, GeV

Circumference, m

Natural emittance, pm

Beam current, mA

Emittance at 200 mA, x/y, pm
Tunes, x/y/s

Bunch length, mm

Energy spread

Energy loss per turn, MeV

RF voltage, MV

RF harmonic number

Length of ID straight, m

Wiggler length, m

Beta at ID center, x/y, m

Touschek lifetime, hour

Dynamic aperture , mm

4.5
2199.32
11
200
12/12
113.23/65.14/0.007
3.1
1.25x103
2.95
8.3
3492
5.0
90.0
4.92/0.80
10
10

To be Built with 4th-order geometrical achromats in the PEP tunnel.
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PEP-X 7 Bend Achromat

o

Arc cell lattice functions

T T T T Ty —

20. Unix yersion 8 51/15s

§ X

:‘y

29 pm at 4.5 GeV

17/10/11 1138 20

0.050
[ 0.045
[ 0.040
[ 0.035
[ 0.030
[ 0.025
[ 0.020
[ 0.015
[ 0.010
[ 0.005

75 10.0 12,5 15.0 175 20.0 22.5 25.0 27.5 30.0

s (m)

L 0.0

Cell phase advances: p,=(2+1/8) x 360°, p,=(1+1/8) x 360°.
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Presentations for Symplectic Maps

Lie factors (/‘t’e:f?*e:“: - engine in MARYLIE ( A. Dragt)
| « violates symplecticity when evaluates

Dragt-Finn

d{ft (Z) - engine in TRANSPORT, MAD, COSY
(K. Brown and M. Berz), simple R-matrix
* but high-order one violates

Taylor map

TPSA [

Symplectic He 2 piHiAsy 2
Integrator 1

- engine in TEAPOT, SAD, TRACY, LEGO,
PTC (E. Forest, R. Ruth, and K. Hirata)

- preserves symplecticity

- simple and based on several known solutions

- emphasis on numerical process
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Cancellation of All Geometric 3" and 4™ Resonances

Driven by Strong Sextupoles
except 2v,-2v,

Third Order Fourth Order
5
1200 - ‘ g X 10 ; : :
—3v (25 )" —4v [(2 )]
7L X X

1000 v @) (- —2v [(23)]
T 12 T 6f ol
£ g0k VFVI@)T@DN g 2v [(21)(21)]
" —vx[(sz)”z(sz) S 2y, P2y [T )IDTN
E’ 600+ x_z"y[(ﬂx)m(”y)]' § A —2vy[(2JX)§2Jy)]
2 100, | E" al 4vy[(2Jy)2]
Z & v 1))
s E of y oy

200" |

—
T

1000 1500 2000 0

0 i h . i | il h
0 500 1000 1500 2000
s(m) s(m)
K.L. Brown & R.V. Servranckx Yunhai Cai
Nucl. Inst. Meth., A258:480-502, 1987 Nucl. Inst. Meth., A645:168-174, 2011.
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Harmonic Sextupoles

For Tune Shifts and 2v,-2v,Resonance
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OPA is used for optimizing the setting of 10 families of sextupoles. Due to the
cancellation of many resonances, the optimization becomes much simpler and easier.
OPA is an Accelerator Design Program from SLS PSI developed by A. Streun.
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4th Order Geometric Achromat

4™ order geometric achromat Chromatic effects
¥ P ov,, 106
- 6 "_2: 0
- £ o, 105°  -57.-89
TR 8, 1060 1332,-150
[ 0 .y .
B K on,, 105 0,0

s(m) s(m)
There are 4 families of chromatic sextupoles and 6 families of harmonic ones.

The 4™ order geometric achromat (f;=f,=0) was obtained with the analytical
Lie method. It was published on Yunhai Cai et al. PRSTAB 15, 054002 (2012).
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Tune Scan of Dynamic Aperture

PEP-X: Baseline (2008) PEP-X: USR (2011)

Diagonal Dynamic Aperture (o) Diagonal Dynamic Aperture {a}
n

0 0.1 02 0.3 0.4 05 08 0.7 08 0.9 1
v,
%

The dynamic aperture is in unit of sigma of the equilibrium beam size. The USR design
is built with 4t"-order geometric achromats and therefore no 3 and 4 order
resonances driven by the sextupoles seen in the scan.
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Frequency Map Analysis

PEP-X: Baseline (2008) PEP-X: USR (2011)

G

14 16 18 20 22

X [mm]

The dynamic aperture is in unit of mm at the injection. The baseline design has
a factor of ten larger emittance than the one in the USR design.
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y (m)

Dynamic Aperture with Machine Errors

ELEGANT Tracking LEGO Tracking

5107 0.5 T T T
N £ :
41071 U T R L 04r .
31073 Ll ce g 0.3F 7
&.- % 3] '..gf’ g-q :
241073 'u.%o N T o0z2f -
ﬁ@m'...%ﬁ. & ... S e I
o s s
1x10°3 " .‘Eﬁgg% & gn“' 7 _E 01 | , !
'VE..III** : s " N.m&'*.xv E I . ',5'
o anmmmt; ZZ L 3 v ."' [ RO
BoE<anl ‘ \ \ ‘ = bae 50 DX 0.0-' R RN S EE N B AL B
-0.010 -0.005 0.000 0.005 0.010 -1.0 -05 0.0 05 1.0
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1% coupling & 1% beta beating Misalignments 20 microns in X.
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TME Cell

| U

[ 10

UL

TME CELL

Damping Ring in Linear Collider, Yunhai Cai, June, 2017

b (m)

2.75

2.25
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0.75 4
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3.25 Unix version 8.51/15s

bx b‘

T T T T T T T

27/06/17 11.16.39_ (.024

p=

;0.022
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0.006
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T
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2.0
s (m)

D (m)

Cell phase advances: p,=(3/8) x 360°, p,=(1/8) x 360°.
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Wiggler Cell
r I -

WIGGLER CELL
Damping Ring ig ]Ll}nsear Collider, Yunhai Cai, June, 2017
S

4.5 — Unix version,

25/06/17 17.43.24_ ().040

T T T T T T T T T ™~

R N R

404\ | § - 0.035 =

. H ~

' ! i g

354 | | - 0.030 S
304 | /\ - 0.025
254 | - 0.020
204 - 0.015
154 | L 0.010
1.0 - 0.005

0.5 T T T T T T T T T T T T T T T T T T 0.0
00 025 050 075 100 125 150 175 200 225  2.50

d# pec = 0.
Table name = TWISS

Wiggler peak field: 2.5 T, period 5 cm
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DS + Matching

I_I

7

DISPERSION SUPPRESSOR and MATCHING
Damping Ring in Lmear Collider, Yunhai Cai, June, 2017

J

4.50 — Uniy version§ 5171 3s - 27/06/17 11.44.56_ ().025
bx b D [

4.05 - 1 ‘ - 0.022
&w; ;amo
35; ;0W8
zm; ;am5
2.25 ;amz
1.80 - ;amo
1.35 - ;am7
0.90 - ;0w5
0.45 ;0mz
00 255 250"

do/ pec = 0.
Table name = TWISS
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MBA Cell

HIIIHDI“H‘H'H'H'H'H'H'H‘HDHIIWI

MULTIBEBD ACHROMAT CELL
Damping Ring in Lllnjear Collider, Yunhai Cai, June, 2017
T

U .51 27/06/17 11.38.09
§ 4.50 mxpzerswn b} : D UL IR0 0.025
4054 0 : - 0.022
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0445; — 0.002
] \ I
00 s TS0 T 75 100 135 130 175 204(; " 235 250 275 7!
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de/ pec = 0.
Table name = TWISS

Yunhai Cai, SLAC
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Damping Ring
%

DAMPING RING
Damping Ring in Lmear Collider, Yunhai Cai, June, 2017

4.5 — Uniy version 8.51/] . . : . . i , . , . 27/06/17 _11.40.06_ .025
77 b D |
.0 L 0.022
L 0.020
35 A
- 0.018
3.0 L 0.015
25 ‘ ‘ ' ‘ ’ ‘ L 0.012
L 0.007
1.5
L 0.005
1.0 L 0.002
0.5 4L 1L 1| . A : : : : 0.0
0.0 50. 100. 150. 200. 250 300.  350. 400. 450. 500.

de poc = 0.
Table name = TWISS
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Z[m]

Damping Ring

Layout
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60

40

-60 F

16 MBA cells

-80
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-100

-50 0
XIm]

Parameters

Energy, GeV 2.5
Circumference, m 415
Natural emittance, pm 10
Emittance at 0.6 nC, x/y, pm 90/0.9

Tunes, x/y/s 78.84/34.10/0.01
Damping time, x/y/s, ms 2.2/2.2/1.1
Bunch length, mm 1.25
Energy spread 1.25x103
Energy loss per turn, MeV 3.02
RF voltage, MV 5.0
RF frequency GHz 1.6
RF harmonic number 2200

Normalized emittance: 0.45 um

Yunhai Cai, SLAC
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IBS Emittance Growth

Horizontal

Energy Spread

-
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Coupling: 100:1
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Cancellation of All Geometric 3" and 4™ Resonances

Driven by Strong Sextupoles

except 2v,+2v,

Fourth Order

Third Order

_N\_,E_ J ul swia] Buiauq jo epnydwy

s(m)

Yunhai Cai

K.L. Brown & R.V. Servranckx

Nucl. Inst. Meth., A645:168-174, 2011.

Nucl. Inst. Meth., A258:480-502, 1987
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Tune-Shift Terms and 2v,+2v,Resonance
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Dynamic Aperture

4

6 o for injected beam, assuming 20 nm emittance

Yunhai Cai, SLAC
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Summary

Structure resonances driven by sextupoles are determined by
cell phase advances. In many cases, it can be reduced to a
single 4th-order resonance in an integer units of betatron
oscillation. It is very powerful and efficient way to mitigate the
effects of resonances in storage rings. because it does not
depend on

— Where are the sextupoles
— How many families of them
— Length of sextupoles

Known examples are 60°/60° 90°/60°, 135°%45°, 765%/405°,
8559/3150°,

MBA cell is introduced to the design of damping rings. It looks
very promising.
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