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W
rite	one	turn	m

ap	of	Taylor	expansion	as	square	m
atrix	

U
se	

Sim
plest	exam

ple	of	nonlinear	m
ap	:	



M
	is	upper-triangular	m

atrix	w
ith	diagonal	elem

ents	precisely	know
n	(the	eigenvalues)	

1,	

At	3
rd	order	M

	is	10x10	m
atrix:	

• 
Invariant	subspace	of	eigenvalue								of	dim

ension	2.	
• 

In	3
rd	order,	nonlinear	dynam

ics	is	represented	by	a	rota1on	in	this	2	dim
ensional	space	

	10x10à
2x2	

• 
For	higher	order,	the	dim

ension	of	the	invariant	subspace	is	alw
ays	m

uch	sm
aller	than	

original	dim
ension.		

• 
Exam

ple,	7’th	order	,	for	4	variables																						
	330x330à

4x4	

-->2	eigenvectors	



W
e	find	leX

	eigenvectors	U
,	such	that	w

ith	Jordan	m
atrix		

• 
Exam

ple,	3’th	order	,	for	2	variables																						
	U
:	2x10	m

atrix								M
:	10x	10													:	2x2	m

atrix	

• 
Exam

ple,	7’th	order	,	for	4	variables																						
	U
:	4x330	m

atrix							M
:	330x	330										:	4x4	m

atrix	

Let	

There	is	only	one	step	to	high	order,	w
ithout	itera1on	from

	low
	order	to	high	order		



KAM
	theory	states	that	the	invariant	tori	are	stable	under	sm

all	perturba1on	
There	is	a	stable	frequency,	hence	

So	w
e	m

ust	have	an	approxim
ate	“Coherent	state”:	

Com
pare	leX

		w
ith	right	side	

(					here	is	the	iden1ty	m
atrix)	

(Last	row
	is	very	sm

all,	so	it	is	s1ll	approxim
ately	correct)	

A
c>
on										is	nearly	a	constant	

A
m
plitude	dependent	tune	



The	Pendulum
	Equa>

on	as	an	3
rd	order	exam

ple	
Expand		H

am
iltonian		to	4’th	order	

LeX
	eigenvectors	

M
	is	upper-

triangular.	
So	it	is	very	easy	to	
find	its	eigenvectors.	



Low
est	order	approxim

a1on	

Frequency	shiX
	

A	w
ell	know

n	result	
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Exact

Chirikov	use	super-convergent	canonical	perturba1on	theory	
To	get	this	

Com
pare	canonical	perturba1on	theory	w

ith	Square	M
atrix	

		

This	9’th	order	square	
m
atrix	solu>

on	is		
far	m

ore	accurate		
than	all	others,	w

ith	
correct	large	am

plitude	
lim

it	

Thank	E1enne	Forest		for	the	10
th	

order	term
	



M
ul1-turns	

Further	deriva1on	leads	to	

“Coherence	condi1on”:	

G
ives	frequency	fluctua>

on,	seem
s	to	be	related	to	Liapunov	exponent.	

≈0	



N
um

erical	Test,	Poincare	Sec>
ons:	Strongly	coupled	x,y	m

o1on	
reduced	to	tw

o	sim
ple	independent	rota1ons	in	separate	planes	

Courant-Snyder	ac1ons	
vary	

N
ew

	ac1on-angle	variables	
rem

ain	constant	 Ini1al	
x=10m

m
,	

y=2m
m
	



Tune	vz.	A
m
plitude	agrees	w

ith	tracking	

tracking	

Resonance	line	revealed	as	
jum

p	in	red	curve	
	And	discon1nuity	in	green	
(tracking)	
		

Tune	foot	print	



“Coherence	condi1on”	

G
ives	frequency	fluctua1on,	seem

s	to	be	related	to	Liapunov	exponent.	

Frequency	m
ap,	obtained	by	

heavy	tracking	
Calcula1on	(Yongjun	Li)		

Com
pared	w

ith		

This	can	be	used	to	op1m
ize	“dynam

ic	aperture”	of	storage	rings	

≈0	



Scan	x	near	resonance	at	
x=-1m

m
	y=6m

m
	

O
btained	from

	frequency	
m
ap	by	Yongjun	Li	



Com
pare	Poincare	Sec1ons	of	ry 	!

	|w
y |	

for	lai
ces	op1m

ized	by	nonlinear	driving	
term

s	and	by	square	m
atrix

	 	

op1m
ized	by	nonlinear	

driving	term
s	

op1m
ized	by	square	

m
atrix	



5	par1cles	w
ith	ini1al	y	increases	propor1onal	to	ini1al	x	

Before	and	aX
er	m

inim
iza1on	of																						by	Yongjun	Li										

	

Phase	space	m
anipula>

on	
	

Conven1onal	
op1m

iza1on	

Square	m
atrix	

op1m
iza1on	

1000	turns	

AX
er	15000	turns	

There	are	par1cles	diff
used	

Into	m
uch	larger	y	

Spectrum
	is	m

uch		m
ore		

W
ide	and	com

plicated	

AX
er	15000	turns	



Par1cles	are	lost		
in	top	leX

	corner	
W
hen	op1m

ized	
by	nonlinear	
driving	term

s	

Aperture	is	m
ore	

sym
m
etric	w

ith	square	
m
atrix	op1m

iza1on	

W
ith	m

agnet	errors	
The	par1cles	are	s1ll	
stable	on	3

rd	order	
resonance	

N
o	m

agnet	error	

Square	m
atrix	

op1m
ized	

trajectory	in	phase	
space	



Tune	footprint	com
parison	of	tw

o	approaches		

O
p1m

ized	by	nonlinear	driving	term
s	

O
p1m

iza1on	obtained	by	square	m
atrix	

1/3	resonance		line	
1/3	resonance		line	



Sum
m
ary	of	off

	R
esonance	solu>

on	

	• 
Square	m

atrix	
	• 

O
ne	step	to	high	order	w

ithout	itera1on	
		• 

Ac1on-angle	approxim
a1on	

							A
c>
on										is	nearly	a	constant:	

• 
A
m
plitude	dependent	tune	

≈0	
• 

frequency	fluctua>
on	

• 
“Coherence	condi1on”:	

am
plitude		fluctua>

on	



Targets
:	

LM
A
:	objec1ve	of	dynam

ic	acceptance,	local	m
om

entum
	acceptance	and	

chrom
a1c	detuning	(as	above)	

A
N
A
:	objec1ve	of	nonlinear	chrom

a1city	and	driving/detuning	term
s	

CSI:	objec1ve	of	CS	invariant	distor1on	and	chrom
a1c	detuning,	developed	

from
	the	concept	based	on	square	m

atrix	

	 D
A
:	objec1ve	of	on-	and	off

-m
om

entum
	dynam

ic	acceptance,	and	chrom
a1c	

detuning	
D
ET:	detuning	of	x-y	grid	(on	and	off

	m
om

entum
)	

Yipeng	Sun,	M
ichael	Borland	

Argonne	N
a1onal	Laboratory	

H
igh	Brightness	Synchrotron	Light	Source	W

orkshop	
April	26-28,	2017	

D
A	obtained		using	various	objec1ves	

Concept	developed	
from

	square	m
atrix	


