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αS	
  is	
  an	
  important	
  parameter	
  	


Fundamental	
  parameter	
  in	
  SM	


↵s = g2
s/4⇡

Many	
  predic3ons	
  (strongly)	
  depend	
  on	
  the	
  value	
  	


QCD	
  physics	


EW	
  physics	


LQCD = �
1

2
Tr(Fµ⌫Fµ⌫) + q̄i�µ(@µ � igsAµ)q



Current	
  Status	


Par3cle	
  Data	
  Group	


↵s(M
2
Z) = 0.1181± 0.0011

Error	
  is	
  0.9%	

It	
  oOen	
  gives	
  a	
  dominant	
  error	
  (other	
  than	
  higher	
  order	
  correc3ons)	
  	

e.g.	
  	
 2015	
  Strong	
  IR	
  Cancella3on	
  in	
  Heavy	
  Quarkonium	
  	
  

and	
  Precise	
  Top	
  Mass	
  Determina3on	
  	
  	
  Kiyo,	
  Mishima	
  and	
  Sumino	
  	


Each	
  study	
  gives	
  about	
  1~3%	
  error	
  	


Perturba3ve	
  predic3on	
  v.s.	
  Observa3on	
  →	
  Extract	
  αS	


Hadronic	
  τ-­‐decays,	
  e+e-­‐→	
  jets,	
  La_ce	
  QCD	
  (e.g.	
  Wilson	
  loop)…	




Theore3cal	
  error	


Theore3cal	
  error	
  in	
  perturba3ve	
  predic3on	
  comes	
  from	
  	

missing	
  higher	
  order	
  correc3ons	


Our	
  focus:	
  Theore3cal	
  error	
  in	
  perturba3ve	
  QCD	
  
Renormalon	
  problem	


ONNLO = d0↵s + d1↵
2
s + d2↵

3
s

|O �ONNLO| ⇠ d3↵
4
sError:	


Can	
  we	
  obtain	
  vanishing	
  theore3cal	
  error	
  in	
  N^∞	
  LO?	


e.g.	
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Divergent	
  problem	


Divergent	
  behavior	


n

|dn| ⇠ n!
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Divergent	
  problem	


Divergent	
  behavior	


n

|dn| ⇠ n!

Inevitable	
  error	


Theore3cal	
  error	
  cannot	
  be	
  zero.	

Renormalon	
  problem	




Renormalon	
  problem	


Perturba3ve	
  predic3on	
  v.s.	
  Observa3on	

Divergent	
  	

Inevitable	
  uncertainty	


How	
  should	
  we	
  deal	
  with	
  inevitable	
  uncertainty?	


We	
  separate	
  perturba3ve	
  predic3on	
  	
  
into	
  reliable	
  and	
  ambiguous	
  part	
  	


It	
  is	
  helpful	
  to	
  reduce	
  theore3cal	
  error.	
  	
  	


Induces	
  theore3cal	
  error	
  in	
  αS	
  determina3on	




Introduc3on	


Framework	
  to	
  overcome	
  renormalon	
  problem	


How	
  to	
  determine	
  αS	
  (Ongoing)	


•	


•	


•	


Contents	


Summary	
•	




Subtract	
  renormalon	


Resum	
  the	
  perturba3ve	
  series	
  (N^k	
  LL,	
  large-­‐β0	
  approx.)	


Procedure	


Remove	
  IR	
  contribu3ons	
  by	
  introducing	
  factoriza3on	
  scale	


Extract	
  a	
  factoriza3on	
  scale	
  independent	
  part	


2000’s	
  Y.	
  Sumino	
  
2016	
  Mishima,	
  Sumino	
  and	
  Takaura	
  	


We	
  can	
  shiO	
  from	
  αS-­‐expansion	
  to	
  1/Q-­‐expansion	
  
and	
  find	
  a	
  part	
  free	
  from	
  renormalon.	
  



Applica3on	
  to	
  QCD	
  poten3al	


Not	
  calculable	
  	
  
within	
  pQCD	


Independent	
  of	
  	
  
perturba3ve	
  calcula3on	

Free	
  parameter	
  in	
  fi_ng	


Reliable	
  part	
  within	
  pQCD	

N^∞LO	
  result→	
  No	
  ambiguity	
  	

Contrast	
  to	
  the	
  growing	
  error	
  	
  
in	
  usual	
  pQCD	


The	
  informa3on	
  of	
  αS	
  is	
  incorporated	
  	
  
in	
  this	
  part	
 e.g.	
  	


(r ⌧ ⇤�1

MS
)VQCD(r) = VC(r) + �UVr +O(r2)

�UV = ck⇤
2
MS

log (⇤MS/µ) = �
1

2�0↵s
�

�1

2�2
0

log (�0↵s) + ...c.f.	




Applica3on	
  to	
  QCD	
  poten3al	


Independent	
  of	
  	
  
perturba3ve	
  calcula3on	

Free	
  parameter	
  in	
  fi_ng	
The	
  informa3on	
  of	
  αS	
  is	
  incorporated	
  	
  

in	
  this	
  part	
 e.g.	
  	


We	
  should	
  find	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  such	
  that	
  	
  	
⇤MS

⇤MS is	
  unique	
  and	
  theore3cal	
  error	
  would	
  be	
  zero	
  ul3mately.	


(r ⌧ ⇤�1

MS
)VQCD(r) = VC(r) + �UVr +O(r2)

Vlatt. � (VC(r) + �r) = O(r2)

�UV = ck⇤
2
MS

Reliable	
  part	
  within	
  pQCD	

N^∞LO	
  result→	
  No	
  ambiguity	
  	

Contrast	
  to	
  the	
  growing	
  error	
  	
  
in	
  usual	
  pQCD	


Not	
  calculable	
  	
  
within	
  pQCD	




Applica3on	
  to	
  QCD	
  poten3al	


Independent	
  of	
  	
  
perturba3ve	
  calcula3on	

Free	
  parameter	
  in	
  fi_ng	
The	
  informa3on	
  of	
  αS	
  is	
  incorporated	
  	
  

in	
  this	
  part	
 e.g.	
  	


This	
  method	
  would	
  be	
  powerful	
  at	


Note:	
  It	
  is	
  not	
  clear	
  yet	
  whether	
  our	
  method	
  really	
  works	
  well	
  at	
  N^∞LO	
  	


(r ⌧ ⇤�1

MS
)VQCD(r) = VC(r) + �UVr +O(r2)

high	
  order	

rela3vely	
  low	
  energy	


�UV = ck⇤
2
MS
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  result→	
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Contrast	
  to	
  the	
  growing	
  error	
  	
  
in	
  usual	
  pQCD	


Not	
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QCD	
  poten3al	


Perturba3ve	
  series:	
  NNNLO	
  	
O(↵4
s)

Can	
  be	
  calculated	
  from	
  La_ce	


Non-­‐perturba3ve	
  effect:	


Free	
  from	
  hadroniza3on	
  (Spacelike	
  region)	


Small	
  number	
  of	
  parameters	
  in	
  theore3cal	
  predic3on	
  	


fairy	
  suppressed	
  	


Why	
  is	
  the	
  QCD	
  poten3al	
  good	
  quan3ty	
  to	
  extract	
  αS?	
  	


In	
  addi3on,	


O(⇤3
MS

r2)



Theore3cal	
  predic3on	

Perturba3ve	
  series:	
  NNNLO	
  	
O(↵4

s)

Renormalon	
  subtrac3on	


C+L	
  pot.	
  @	
  NNNLL	


⇤MSr

1

⇤
M

S

(V
C
(r

)
+

�
U

V
r
)

[VC(r) + �UV r]NNNLL



La_ce	
  simula3on	


La_ce	
  size	

Fermion	
  	
  	
  	
  	
  	
  2(u,d)+1(s)	
  	
  Overlap	
  fermion	


323x64,483x96,643x128	


Ac3on	
 O(a)-­‐improved	
  ac3on	


JLQCD	




Scale	
  introduc3on	
  in	
  la_ce	


In	
  la_ce	
  simula3on,	
  outputs	
  are	
  dimensionless.	
  	


→	
  Represent	
  quan33es	
  in	
  unit	
  of	
  r1:	
  	
r21
dV

dr
(r1) = 1

1	


r
2
d
V d
r

rr1	


r1 = 0.318fmr1	
  corresponds	
  to	




QCD	
  poten3al	
  in	
  con3nuum	
  limit	




How	
  to	
  extract	
  αS	


Perturba3ve	
  result	
 La_ce	
  result	


Unit	
  of	
  ΛMS	
 Unit	
  of	
  r1	
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Translate	
  with	
  	
  
unknown	
  parameter	
  	


Find	
  an	
  appropriate	
  x	
  →	
  Obtain	
  ΛMS	
  through	
  r1(0.312fm)→	
  Derive	
  αS(MZ
2)	
  	


⇤MSr

1

⇤
M

S

(V
C
(r

)
+

�
U

V
r
)

x = ⇤MSr1



Errors	
  in	
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  distance	
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Errors	
  in	
  our	
  analysis	


Missing	
  N^4LO	
  result	
  in	
  C+L	
  poten3al	


Theore3cal	
  error	


Sta3s3c	
  error	


La_ce	
  simula3on	


Systema3c	
  error	


Range	
  of	
  distance	
  used	
  in	
  analysis	
  	


Dominant	
  	

Goes	
  to	
  zero	
  ul3mately	




Consistency	
  check	


Par3cle	
  Data	
  Group	
  	
  	


(Central	
  value)	

x = 0.526

Compare	
  la_ce	
  result	
  with	
  perturba3ve	
  result	
  	


⇤MS = 332MeV



Consistency	
  check	


Par3cle	
  Data	
  Group	
  	
  	


(Central	
  value)	

x = 0.526

Seems	
  consistent	
  within	
  the	
  theo.	
  error	


⇤MS = 332MeV

1

⇤
M

S

{V
(r

)
�

V
(r

1
)}

r⇤MS



Summary	


Error	
  in	
  usual	
  perturba3on	
  theory	
  cannot	
  go	
  to	
  zero	
  	


→	
  Theore3cal	
  error	
  in	
  αS	
  determina3on	


We	
  subtract	
  renormalon,	
  or	
  separate	
  perturba3ve	
  predic3on	
  	
  
into	
  reliable	
  and	
  ambiguous	
  part.	
  	


→	
  Reduce	
  theore3cal	
  error,	
  in	
  par3cular,	
  at	


Our	
  analysis,	
  using	
  la_ce	
  simula3on	
  and	
  the	
  framework	
  of	
  	
  
renormalon	
  subtrac3on,	
  seems	
  to	
  give	
  consistent	
  result.	


Renormalon	
  problem	


We	
  will	
  show	
  the	
  result	
  of	
  αS	
  determina3on	
  in	
  	
  near	
  future.	


high	
  order	

rela3vely	
  low	
  energy	




Backup	




La_ce	
  simula3on	


{r/a1, a1V (r), a1�V (r)}
{r/a2, a2V (r), a2�V (r)}
{r/a3, a3V (r), a3�V (r)}

Poten3al	
  is	
  given	
  as	


Rewrite	
  them	
  in	
  unit	
  of	
  r1	
   r21
dV

dr
(r1) = 1

We	
  use	
  a	
  fi_ng	
  func3on	
  	


Vf(~r;a) =
cc

r
+ �r + c+ c1

a2

r3
+ d1

r2

L

Correc3on	
  terms	
  due	
  to	
  finite	
  lax.	
  spacing	
  and	
  volume	




QCD	
  poten3al	
  with	
  finite	
  a	

La_ce	
  size	
 323x64,	
  483x96,	
  643x128	


r1/a1 ⇠ 3.9

r1/a2 ⇠ 5.7

r1/a3 ⇠ 7.1


