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Current	
  status	
  of	
  αs	
  determina)on	
  	


Par)cle	
  Data	
  Group	


↵s(M
2
Z) = 0.1181± 0.0011

Error	
  is	
  0.9%	


Not	
  sufficiently	
  small	
  in	
  some	
  studies	


Top	
  pole	
  mass	
  measurement,	
  Running	
  of	
  higgs	
  quar)c	
  coupling,	
  etc.	
  	


More	
  accurate	
  αs	
  is	
  demanded.	




Various	
  determina)ons	

PDG	


Small	
  errors!	


Observa)on	
  v.s.	
  	
  
Theore)cal	
  predic)on	




Window	
  problem	


Typical	
  laXce	
  spacing	
  a	
  is	
  	
a�1 = 2� 5GeV
<latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit><latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit><latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit><latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit>

Reliable	
  laXce	
  data	
Q ⌧ a�1
<latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit><latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit><latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit><latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit>

Q ... 1� 2GeV
<latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit>

LaXce	
  data	


Perturba)on	
  theory	

Reliable	
  for	
  	
Q � ⇤QCD ⇠ 0.3GeV

<latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit><latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit><latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit><latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit>

Q &&& 1GeV
<latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit>

Based	
  on	
  Flavor	
  LaXce	
  Averaging	
  Group	
  (FLAG)2016	


Very	
  narrow	
  window	




Window	
  problem	


Typical	
  laXce	
  spacing	
  a	
  is	
  	


Reliable	
  laXce	
  data	
Q ⌧ a�1
<latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit><latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit><latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit><latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit>

Q ... 1� 2GeV
<latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit>

LaXce	
  data	


Perturba)on	
  theory	

Reliable	
  for	
  	
Q � ⇤QCD ⇠ 0.3GeV

<latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit><latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit><latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit><latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit>

Q &&& 1GeV
<latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit>

Very	
  narrow	
  window	


Based	
  on	
  Flavor	
  LaXce	
  Averaging	
  Group	
  (FLAG)2016	


Step	
  scaling	
  method	


This	
  method	
  enlarges	
  the	
  window	
  of	
  laXce	
  simula)on.	


Luscher	
  et	
  al.	


Measures	
  an	
  effec)ve	
  coupling	
  at	
  Q=10-­‐100GeV.	


ALPHA	
  Collabora)on	
  2017	
  	
↵s(M
2
Z) = 0.11852± 0.00084

<latexit sha1_base64="8NldytQ3X14UxG2WMqKzPcz4Bg0="></latexit><latexit sha1_base64="8NldytQ3X14UxG2WMqKzPcz4Bg0="></latexit><latexit sha1_base64="8NldytQ3X14UxG2WMqKzPcz4Bg0="></latexit><latexit sha1_base64="8NldytQ3X14UxG2WMqKzPcz4Bg0="></latexit>

0.7%	
  error	


a�1 = 2� 5GeV
<latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit><latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit><latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit><latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit>



Window	
  problem	


Typical	
  laXce	
  spacing	
  a	
  is	
  	


Reliable	
  laXce	
  data	
Q ⌧ a�1
<latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit><latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit><latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit><latexit sha1_base64="bjbMexmwnC3J44SzEIKwUZtv2I8="></latexit>

Q ... 1� 2GeV
<latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit>

LaXce	
  data	


Perturba)on	
  theory	

Reliable	
  for	
  	
Q � ⇤QCD ⇠ 0.3GeV

<latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit><latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit><latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit><latexit sha1_base64="fZ4d1THz6oNVEfI39gjCrGJom4E="></latexit>

Q &&& 1GeV
<latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit>

Very	
  narrow	
  window	


Based	
  on	
  Flavor	
  LaXce	
  Averaging	
  Group	
  (FLAG)2016	


Enlarges	
  the	
  window	
  of	
  theore)cal	
  predic)on	

Our	
  new	
  approach	


Framework	
  beyond	
  perturba)on	
  theory	


Mul)pole	
  expansion+Infrared	
  subtrac)on	
Q &&& 0.5GeV
<latexit sha1_base64="N/b3R69r0ZP75l0TjdUAsEjuzn4="></latexit><latexit sha1_base64="N/b3R69r0ZP75l0TjdUAsEjuzn4="></latexit><latexit sha1_base64="N/b3R69r0ZP75l0TjdUAsEjuzn4="></latexit><latexit sha1_base64="N/b3R69r0ZP75l0TjdUAsEjuzn4="></latexit>

a�1 = 2� 5GeV
<latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit><latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit><latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit><latexit sha1_base64="Ks8JXfDAy0oPuPtzV+GQ3QbrgXk="></latexit>
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Mul)pole	
  expansion	
  	
  
for	
  sta)c	
  poten)al	


VQCD(r) = VS(r) + �EUS(r) + ...
<latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit>

Expansion	
  of	
  VQCD(r)	
  in	
  r	


O(1/r)
<latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit><latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit><latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit><latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit>

O(r2)
<latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit><latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit><latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit><latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit>

�EUS /
ZZZ 1

0
dte�i�V (r)t h~r · ~Ea(t)'adj(t, 0)

ab~r · ~Eb(0)i
<latexit sha1_base64="5OjjTaCbniYfGf+sXe3Q2oPLTVI="></latexit><latexit sha1_base64="5OjjTaCbniYfGf+sXe3Q2oPLTVI="></latexit><latexit sha1_base64="5OjjTaCbniYfGf+sXe3Q2oPLTVI="></latexit><latexit sha1_base64="5OjjTaCbniYfGf+sXe3Q2oPLTVI="></latexit>

1999	
  Brambilla,	
  Pineda,	
  Soto,	
  Vairo	
  	


Perturba)ve	
  evalua)on	
  of	
  Vs:	
O(⇤3
QCDr2)

<latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit>

	
  uncertainty	


This	
  uncertainty	
  is	
  canceled	
  against	
  δEUS.	

One	
  can	
  go	
  beyond	
  perturba)on	
  theory.	


Originates	
  from	
  IR	
  contribu)on	


Each	
  term	
  is	
  ambiguous	
  due	
  to	
  renormalons.	
  	


Q
<latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit><latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit><latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit><latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit>

Q̄
<latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit><latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit><latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit><latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit>r	




Way	
  to	
  calculate	
  Vs	


We	
  subtract	
  IR	
  contribu)ons	
  to	
  Vs	
  	
  
to	
  remove	
  renormalon	
  uncertain)es	
  in	
  advance.	


1.	
  Define	
  VS	
  as	
  UV	
  quan)ty	
  by	
  introducing	
  IR	
  cutoff	


2.	
  Separate	
  it	
  into	
  cutoff	
  independent	
  part	
  and	
  dependent	
  part	
  
	
  	
  	
  	
  using	
  complex	
  func)on	
  analysis	
  	


VS(r;µf) = �4⇡CF

ZZZ

|~q|>µf

d3q

(2⇡)3
ei~q·~r

↵V (q)

q2
<latexit sha1_base64="CWUUX6L2KIZxo49gLbxEBX1kaBE="></latexit><latexit sha1_base64="CWUUX6L2KIZxo49gLbxEBX1kaBE="></latexit><latexit sha1_base64="CWUUX6L2KIZxo49gLbxEBX1kaBE="></latexit><latexit sha1_base64="CWUUX6L2KIZxo49gLbxEBX1kaBE="></latexit>

VS(r;µf) = V RF
S (r) +O(µ3

fr
2)

<latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit>

2000’s	
  Y.	
  Sumino	


We	
  obtain	


N^3LL	

2009	
  Anzai,	
  Kiyo,	
  Sumino	
  
Sumirnov,	
  Sumironov,	
  Steinhauser	




Characteris)cs	
  of	
  this	
  method	


VS(r;µf) = V RF
S (r) +O(µ3

fr
2)

<latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit>

Pure	
  UV	
  contribu)on	


Coulomb+Linear	
  form	

N^3LL	
  accuracy	

No	
  unphysical	
  singulari)es	




Characteris)cs	
  of	
  this	
  method	


VS(r;µf) = V RF
S (r) +O(µ3

fr
2)

<latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit>

IR	
  related	
  part	


VQCD(r) = VS(r;µf) + �EUS(r;µf)
<latexit sha1_base64="6evR3pvLodyqPGTuTqyIxtOeY4o="></latexit><latexit sha1_base64="6evR3pvLodyqPGTuTqyIxtOeY4o="></latexit><latexit sha1_base64="6evR3pvLodyqPGTuTqyIxtOeY4o="></latexit><latexit sha1_base64="6evR3pvLodyqPGTuTqyIxtOeY4o="></latexit>

k < µf
<latexit sha1_base64="yVJuPTEbpYmHLJXWP6zGuUc68Kw="></latexit><latexit sha1_base64="yVJuPTEbpYmHLJXWP6zGuUc68Kw="></latexit><latexit sha1_base64="yVJuPTEbpYmHLJXWP6zGuUc68Kw="></latexit><latexit sha1_base64="yVJuPTEbpYmHLJXWP6zGuUc68Kw="></latexit>

with	




Characteris)cs	
  of	
  this	
  method	


VS(r;µf) = V RF
S (r) +O(µ3

fr
2)

<latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit>

VQCD(r) = VS(r;µf) + �EUS(r;µf)
<latexit sha1_base64="6evR3pvLodyqPGTuTqyIxtOeY4o="></latexit><latexit sha1_base64="6evR3pvLodyqPGTuTqyIxtOeY4o="></latexit><latexit sha1_base64="6evR3pvLodyqPGTuTqyIxtOeY4o="></latexit><latexit sha1_base64="6evR3pvLodyqPGTuTqyIxtOeY4o="></latexit>

The	
  leading	
  μf	
  dependence	
  
of	
  δEUS	
  is	
  canceled	
  against	
  this.	


2004	
  Sumino	
  
2017	
  Takaura	


We	
  reach	
  the	
  expression	


VQCD(r) = V RF
S (r) + �ERF

US (r)
<latexit sha1_base64="5+5ue6RgaFzIhzlHAzGtrbmxluU="></latexit><latexit sha1_base64="5+5ue6RgaFzIhzlHAzGtrbmxluU="></latexit><latexit sha1_base64="5+5ue6RgaFzIhzlHAzGtrbmxluU="></latexit><latexit sha1_base64="5+5ue6RgaFzIhzlHAzGtrbmxluU="></latexit>

Each	
  term	
  is	
  free	
  from	
  renormalons.	

Cr2

<latexit sha1_base64="dUHxehDVxbyvpkcGJQQg7FJ4R1U="></latexit><latexit sha1_base64="dUHxehDVxbyvpkcGJQQg7FJ4R1U="></latexit><latexit sha1_base64="dUHxehDVxbyvpkcGJQQg7FJ4R1U="></latexit><latexit sha1_base64="dUHxehDVxbyvpkcGJQQg7FJ4R1U="></latexit>

k < µf
<latexit sha1_base64="yVJuPTEbpYmHLJXWP6zGuUc68Kw="></latexit><latexit sha1_base64="yVJuPTEbpYmHLJXWP6zGuUc68Kw="></latexit><latexit sha1_base64="yVJuPTEbpYmHLJXWP6zGuUc68Kw="></latexit><latexit sha1_base64="yVJuPTEbpYmHLJXWP6zGuUc68Kw="></latexit>

with	
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LaXce	
  simula)on	


LaXce	
  size	

Fermion	
  	
  	
  	
  	
  	
  2(u,d)+1(s)	
  	
  Domain-­‐wall	
  fermion	


323x64,483x96,643x128	


Ac)on	
 O(a)-­‐improved	
  ac)on：	


JLQCD	


M⇡ ⇠ 300MeV
MK ⇠ 550MeV

T.	
  Kaneko	
  

Discre)za)on	
  error	
  is	
  O(a2)	


a
<latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit><latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit><latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit><latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit>

a�1 = 2.5,3.6,4.5GeV
<latexit sha1_base64="tmkiTtWKCsRAvhV80VuE5Oa+Gik="></latexit><latexit sha1_base64="tmkiTtWKCsRAvhV80VuE5Oa+Gik="></latexit><latexit sha1_base64="tmkiTtWKCsRAvhV80VuE5Oa+Gik="></latexit><latexit sha1_base64="tmkiTtWKCsRAvhV80VuE5Oa+Gik="></latexit>



Con)nuum	
  limit	
  v.s.	
  Mul)pole	
  exp.	


VS � Vlatt

⇤PDG
MS

= 336MeV
<latexit sha1_base64="WhsKcS8zSyeyAUAXwqyM/GhntXM="></latexit><latexit sha1_base64="WhsKcS8zSyeyAUAXwqyM/GhntXM="></latexit><latexit sha1_base64="WhsKcS8zSyeyAUAXwqyM/GhntXM="></latexit><latexit sha1_base64="WhsKcS8zSyeyAUAXwqyM/GhntXM="></latexit>

Vlatt(r)� VS(r) / r2
<latexit sha1_base64="efThlfnu21ZULYpYQpSmy9wvKc8="></latexit><latexit sha1_base64="efThlfnu21ZULYpYQpSmy9wvKc8="></latexit><latexit sha1_base64="efThlfnu21ZULYpYQpSmy9wvKc8="></latexit><latexit sha1_base64="efThlfnu21ZULYpYQpSmy9wvKc8="></latexit>

According	
  to	
  mul)pole	
  expansion	


r�1 &&& 0.5GeV
<latexit sha1_base64="HpiQ89l3tI0anJTAV3JHex5Tc04="></latexit><latexit sha1_base64="HpiQ89l3tI0anJTAV3JHex5Tc04="></latexit><latexit sha1_base64="HpiQ89l3tI0anJTAV3JHex5Tc04="></latexit><latexit sha1_base64="HpiQ89l3tI0anJTAV3JHex5Tc04="></latexit>

V RF
S (r)/⇤MS

<latexit sha1_base64="y3FlItRepfO8GPfhPcqlxjSlqxo="></latexit><latexit sha1_base64="y3FlItRepfO8GPfhPcqlxjSlqxo="></latexit><latexit sha1_base64="y3FlItRepfO8GPfhPcqlxjSlqxo="></latexit><latexit sha1_base64="y3FlItRepfO8GPfhPcqlxjSlqxo="></latexit>

Valid	
  at	




Global	
  fit	


LaXce	
  data	
  with	
  removing	
  discre)za)on	
  error	
  [GeV	
  unit]	


v.s.	


Mul)pole	
  expansion	
  [	
  	
  	
  	
  	
  	
  	
  	
  	
  unit]	


Vlatt,D,i(r) ! Vlatt,D,i(r)�CF↵D,i

 
1

r
�

1

r

�

D,i

!
+ fD

a2
i

r3
<latexit sha1_base64="17JDYOTynefP/qp+eYhJ3dZD2yE="></latexit><latexit sha1_base64="17JDYOTynefP/qp+eYhJ3dZD2yE="></latexit><latexit sha1_base64="17JDYOTynefP/qp+eYhJ3dZD2yE="></latexit><latexit sha1_base64="17JDYOTynefP/qp+eYhJ3dZD2yE="></latexit>

Tree-­‐level	
  correc)on	
 Extrapola)on	
  to	
  a→0	


i=1,2,3	
  (laq1,laq2,laq3),	
  D=1,2	


Vth.(r) = V RF
S (r) +A0 D,i +A2r

2
<latexit sha1_base64="sot7hKWfdLftWXG1AXXY8vfnEv8="></latexit><latexit sha1_base64="sot7hKWfdLftWXG1AXXY8vfnEv8="></latexit><latexit sha1_base64="sot7hKWfdLftWXG1AXXY8vfnEv8="></latexit><latexit sha1_base64="sot7hKWfdLftWXG1AXXY8vfnEv8="></latexit>

⇤MS
<latexit sha1_base64="2c5WEEGlOToz5aEXiI/n/kbbG/Y="></latexit><latexit sha1_base64="2c5WEEGlOToz5aEXiI/n/kbbG/Y="></latexit><latexit sha1_base64="2c5WEEGlOToz5aEXiI/n/kbbG/Y="></latexit><latexit sha1_base64="2c5WEEGlOToz5aEXiI/n/kbbG/Y="></latexit>

{⇤MS,A2,A0 D,i,↵D,i, fD}
<latexit sha1_base64="iAUhpw1LdsbB7rTM2dPrDImW98w="></latexit><latexit sha1_base64="iAUhpw1LdsbB7rTM2dPrDImW98w="></latexit><latexit sha1_base64="iAUhpw1LdsbB7rTM2dPrDImW98w="></latexit><latexit sha1_base64="iAUhpw1LdsbB7rTM2dPrDImW98w="></latexit>

Determine	




Result	


↵s(M
2
Z) = 0.1180± 0.0007(stat.)+0.0013

�0.0012(systm.)
<latexit sha1_base64="WqReUCUYSkMcEKtb6eFueQ0unII="></latexit><latexit sha1_base64="WqReUCUYSkMcEKtb6eFueQ0unII="></latexit><latexit sha1_base64="WqReUCUYSkMcEKtb6eFueQ0unII="></latexit><latexit sha1_base64="WqReUCUYSkMcEKtb6eFueQ0unII="></latexit>

(a)	
  Finite	
  a	
  effect	


(b)	
  Mass	


(c)	
  Higher	
  order	


(d)	
  OPE	

(e)	
  Ultrasor	
  scale	

(f)	
  Factoriza)on	
  scheme	


(±0.0002)
<latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit><latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit><latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit><latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit>

(±0.0002)
<latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit><latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit><latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit><latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit>

(+0.0012
�0.0010)

<latexit sha1_base64="17hTqS41m5O6DjYZsr6oagO40GI="></latexit><latexit sha1_base64="17hTqS41m5O6DjYZsr6oagO40GI="></latexit><latexit sha1_base64="17hTqS41m5O6DjYZsr6oagO40GI="></latexit><latexit sha1_base64="17hTqS41m5O6DjYZsr6oagO40GI="></latexit>

(±0.0004)
<latexit sha1_base64="ja4PEWFTaFjdR3f0KSXErFmo4QM="></latexit><latexit sha1_base64="ja4PEWFTaFjdR3f0KSXErFmo4QM="></latexit><latexit sha1_base64="ja4PEWFTaFjdR3f0KSXErFmo4QM="></latexit><latexit sha1_base64="ja4PEWFTaFjdR3f0KSXErFmo4QM="></latexit>

(±0.0002)
<latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit><latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit><latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit><latexit sha1_base64="hpScAqqx1RngeqN1s7iKKbfP6iQ="></latexit>

(±0.0003)
<latexit sha1_base64="ObAktiJPXaiIIxAQtptr+ql2YKg="></latexit><latexit sha1_base64="ObAktiJPXaiIIxAQtptr+ql2YKg="></latexit><latexit sha1_base64="ObAktiJPXaiIIxAQtptr+ql2YKg="></latexit><latexit sha1_base64="ObAktiJPXaiIIxAQtptr+ql2YKg="></latexit>

V N3LL
S (r) ! V N3LL

S (r)± �VS(r)
<latexit sha1_base64="dCWe0ss/6Rr4Mmn0dvjfXI6jKTk="></latexit><latexit sha1_base64="dCWe0ss/6Rr4Mmn0dvjfXI6jKTk="></latexit><latexit sha1_base64="dCWe0ss/6Rr4Mmn0dvjfXI6jKTk="></latexit><latexit sha1_base64="dCWe0ss/6Rr4Mmn0dvjfXI6jKTk="></latexit>

with	
 �VS(r) = V N3LL
S (r)� V N2LL

S (r)
<latexit sha1_base64="dXJLy/0xj0rql0H+XwsS0+PFEeo="></latexit><latexit sha1_base64="dXJLy/0xj0rql0H+XwsS0+PFEeo="></latexit><latexit sha1_base64="dXJLy/0xj0rql0H+XwsS0+PFEeo="></latexit><latexit sha1_base64="dXJLy/0xj0rql0H+XwsS0+PFEeo="></latexit>



Result	

Preliminary	




Summary	

・αs	
  determina)ons	
  with	
  laXce	
  QCD	
  give	
  small	
  error,	
  	
  
	
  	
  but	
  most	
  of	
  them	
  have	
  the	
  window	
  problem.	


・We	
  used	
  a	
  new	
  framework	
  based	
  on	
  the	
  mul)pole	
  expansion,	
  
	
  	
  where	
  renormalons	
  are	
  subtracted	
  from	
  the	
  leading	
  term.	


Q ... 1� 2GeV
<latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit><latexit sha1_base64="yNoleMUN9rPk7OG/63u6X2Sozq0="></latexit>

LaXce	
  data	


Perturba)on	
  theory	
 Q &&& 1GeV
<latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit><latexit sha1_base64="dosy5tte2Xwc35Vy/qQ5cZSqP7Y="></latexit>

Window	
  problem	


r�1 &&& 0.5GeV
<latexit sha1_base64="HpiQ89l3tI0anJTAV3JHex5Tc04="></latexit><latexit sha1_base64="HpiQ89l3tI0anJTAV3JHex5Tc04="></latexit><latexit sha1_base64="HpiQ89l3tI0anJTAV3JHex5Tc04="></latexit><latexit sha1_base64="HpiQ89l3tI0anJTAV3JHex5Tc04="></latexit>

Error	
  can	
  be	
  reduced	
  with	
  simula)ons	
  in	
  finer	
  laXces.	




Backup	




Why	
  is	
  αs	
  important?	

2017	
  Andreassen,	
  Frost	
  and	
  Schwartz	




Why	
  is	
  αs	
  important?	




Problem	
  in	
  αs	
  determina)on	
  	
  
using	
  laXce	
  QCD	


Window	
  problem	
 Based	
  on	
  FLAG2016	


αs	
  determina)on	
  by	
  HPQCD	
  (0.5%	
  error)	




measures	
  an	
  effec)ve	
  coupling	
  	
  (Q=L-­‐1)	


measures	
  it	
  in	
  smaller	
  volume	
  laXce	
  (Q=2L-­‐1)	
  	


・
・
・
	


measures	
  an	
  effec)ve	
  coupling	
  	
  (Q=10-­‐100GeV)	


Running	
  to	
  	
  
high	
  energy	


Algorithm	


Step	
  scaling	
  method	


The	
  only	
  method	
  evaluated	
  to	
  be	
  sufficiently	
  free	
  from	
  window	
  problem.	
  	
  	


Step	
  scaling	
  method	


This	
  method	
  enlarges	
  the	
  window	
  of	
  laXce	
  simula)on.	


Safely	
  perform	
  matching	
  with	
  perturba)on	
  theory	


ALPHA	
  Collabora)on	
  2017	
  	
↵s(M
2
Z) = 0.11852± 0.00084

<latexit sha1_base64="8NldytQ3X14UxG2WMqKzPcz4Bg0="></latexit><latexit sha1_base64="8NldytQ3X14UxG2WMqKzPcz4Bg0="></latexit><latexit sha1_base64="8NldytQ3X14UxG2WMqKzPcz4Bg0="></latexit><latexit sha1_base64="8NldytQ3X14UxG2WMqKzPcz4Bg0="></latexit>

0.7%	
  error	




Formula)on	

At	
  leading	
  log	


2000’s	
  Y.	
  Sumino	


μf-­‐independent	
  	


e5/3⇤2
QCD

↵s(q
2)LL

<latexit sha1_base64="SSulYtjOXKkcR11+hweMS+eas2o="></latexit><latexit sha1_base64="SSulYtjOXKkcR11+hweMS+eas2o="></latexit><latexit sha1_base64="SSulYtjOXKkcR11+hweMS+eas2o="></latexit><latexit sha1_base64="SSulYtjOXKkcR11+hweMS+eas2o="></latexit>

= �
2CF

⇡
Im

ZZZ 1

µf

dq
eiqr

qr
↵s(q

2)LL

<latexit sha1_base64="rdt42Kr9odD0wThPimlCOlzHLDk="></latexit><latexit sha1_base64="rdt42Kr9odD0wThPimlCOlzHLDk="></latexit><latexit sha1_base64="rdt42Kr9odD0wThPimlCOlzHLDk="></latexit><latexit sha1_base64="rdt42Kr9odD0wThPimlCOlzHLDk="></latexit>

q2
<latexit sha1_base64="+5+yMKO1fUNyQUYho31Qoq+kISQ="></latexit><latexit sha1_base64="+5+yMKO1fUNyQUYho31Qoq+kISQ="></latexit><latexit sha1_base64="+5+yMKO1fUNyQUYho31Qoq+kISQ="></latexit><latexit sha1_base64="+5+yMKO1fUNyQUYho31Qoq+kISQ="></latexit>

VS(r;µf) = �
2CF

⇡

ZZZ 1

µf

dq
sin(qr)

qr
↵s(q

2)LL

<latexit sha1_base64="D7zZM0UCFeoAduJeJeReqYxPQ4s="></latexit><latexit sha1_base64="D7zZM0UCFeoAduJeJeReqYxPQ4s="></latexit><latexit sha1_base64="D7zZM0UCFeoAduJeJeReqYxPQ4s="></latexit><latexit sha1_base64="D7zZM0UCFeoAduJeJeReqYxPQ4s="></latexit>



�
2CF

⇡r
Im

ZZZ

Cb

dq

q
eiqr↵s(q)LL

<latexit sha1_base64="1rghRAouZN7veNd5/7WV9wEpFIw="></latexit><latexit sha1_base64="1rghRAouZN7veNd5/7WV9wEpFIw="></latexit><latexit sha1_base64="1rghRAouZN7veNd5/7WV9wEpFIw="></latexit><latexit sha1_base64="1rghRAouZN7veNd5/7WV9wEpFIw="></latexit>

Formula)on	


Integral	
  along	
  	

µ2
f

μf-­‐independent!	


{Integrand(z)}*=Integrand(z*)	
If	


1 + iqr �
1

2
(qr)2 + ...

<latexit sha1_base64="rAPFgLUl+EFCWZND337gSfSJGI4="></latexit><latexit sha1_base64="rAPFgLUl+EFCWZND337gSfSJGI4="></latexit><latexit sha1_base64="rAPFgLUl+EFCWZND337gSfSJGI4="></latexit><latexit sha1_base64="rAPFgLUl+EFCWZND337gSfSJGI4="></latexit>



�
2CF

⇡r
Im

ZZZ

Cb

dq

q
eiqr↵s(q)LL

<latexit sha1_base64="1rghRAouZN7veNd5/7WV9wEpFIw="></latexit><latexit sha1_base64="1rghRAouZN7veNd5/7WV9wEpFIw="></latexit><latexit sha1_base64="1rghRAouZN7veNd5/7WV9wEpFIw="></latexit><latexit sha1_base64="1rghRAouZN7veNd5/7WV9wEpFIw="></latexit>

Formula)on	


Integral	
  along	
  	

µ2
f

1 + iqr �
1

2
(qr)2 + ...

<latexit sha1_base64="rAPFgLUl+EFCWZND337gSfSJGI4="></latexit><latexit sha1_base64="rAPFgLUl+EFCWZND337gSfSJGI4="></latexit><latexit sha1_base64="rAPFgLUl+EFCWZND337gSfSJGI4="></latexit><latexit sha1_base64="rAPFgLUl+EFCWZND337gSfSJGI4="></latexit>

{Integrand(z)}*≠Integrand(z*)	
If	


μf　dependent	




μf	
  independent	
  part	


VS(r;µf) = VC(r) +
2⇡CF

�0
⇤2

QCDr +O(µ3
fr

2)
<latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit>

Pure	
  UV	
  contribu)on	


Coulomb+Linear	
  pot.	




μf	
  dependent	
  part	


VS(r;µf) = VC(r) +
2⇡CF

�0
⇤2

QCDr +O(µ3
fr

2)
<latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit>

μf	
  dependent	
:	
  IR	
  related	
  part	




μf	
  dependent	
  part	


VS(r;µf) = VC(r) +
2⇡CF

�0
⇤2

QCDr +O(µ3
fr

2)
<latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit>

μf	
  dependent	
:	
  IR	
  related	
  part	


VQCD(r) = VS(r;µf) + �EUS(r;µf) + ...
<latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit>

Mul)pole	
  expansion	


UV	
 IR	


�EUS(r;µf) ⇠ O(µ3
fr

2)
<latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit><latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit><latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit><latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit>

:	
  UV	
  related	
  part	


1999	
  Brambilla	
  et	
  al,	
  2004	
  Sumino,	
  2017	
  Takaura	


EFT	
  k<μf	




μf	
  dependent	
  part	


VS(r;µf) = VC(r) +
2⇡CF

�0
⇤2

QCDr +O(µ3
fr

2)
<latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit>

μf	
  dependent	
:	
  IR	
  related	
  part	


VQCD(r) = VS(r;µf) + �EUS(r;µf) + ...
<latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit>

Mul)pole	
  expansion	


UV	
 IR	


�EUS(r;µf) ⇠ O(µ3
fr

2)
<latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit><latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit><latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit><latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit>

:	
  UV	
  related	
  part	


Cancel	


1999	
  Brambilla	
  et	
  al,	
  2004	
  Sumino,	
  2017	
  Takaura	


EFT	
  k<μf	




μf	
  dependent	
  part	


VS(r;µf) = VC(r) +
2⇡CF

�0
⇤2

QCDr +O(µ3
fr

2)
<latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit><latexit sha1_base64="agyVEqcHTl/JDQ6m+cDGT815RMU="></latexit>

μf	
  dependent	
:	
  IR	
  related	
  part	


VQCD(r) = VS(r;µf) + �EUS(r;µf) + ...
<latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit>

Mul)pole	
  expansion	


UV	
 IR	


�EUS(r;µf) ⇠ O(µ3
fr

2)
<latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit><latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit><latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit><latexit sha1_base64="B+sI2uc5vZvMIpH+BNn8KAZP0tg="></latexit>

:	
  UV	
  related	
  part	


Cancel	


1999	
  Brambilla	
  et	
  al,	
  2004	
  Sumino,	
  2017	
  Takaura	


VQCD(r) = V UV
S (r) + �EIR

US(r) + ...
<latexit sha1_base64="87wt8BlxeLPHH3ZQ4cWl+GQDcck="></latexit><latexit sha1_base64="87wt8BlxeLPHH3ZQ4cWl+GQDcck="></latexit><latexit sha1_base64="87wt8BlxeLPHH3ZQ4cWl+GQDcck="></latexit><latexit sha1_base64="87wt8BlxeLPHH3ZQ4cWl+GQDcck="></latexit>

No	
  mixing	


EFT	
  k<μf	




Outline	
  of	
  laXce	
  analysis	

:	
  laq1(a=a1),laq2(a=a2),laq3(a=a3)	


→	
  Extract	
  the	
  con)nuum	
  limit	
  of	


r21
dV

dr
(r1) = 1

Def.	
  of	
  r1	


1.  To	
  construct	
  the	
  above	
  sequence	
  at	
  a	
  certain	
  r,	
  
	
  	
  	
  	
  	
  	
  	
  the	
  laXce	
  data	
  should	
  be	
  interpolated.	


{X(r;a)}a=a1,a2,a3 X(r;a = 0)

2.	
  	
  From	
  the	
  above	
  sequence,	
  we	
  extrapolate	
  the	
  data	
  to	
  a→0.	


r1[V (r)� V (r1)] ⌘ X(r)

{r/a, aV, �(aV )}
<latexit sha1_base64="8+ll4pu86XdcYiqv2Y/GKC5Z60Y="></latexit><latexit sha1_base64="8+ll4pu86XdcYiqv2Y/GKC5Z60Y="></latexit><latexit sha1_base64="8+ll4pu86XdcYiqv2Y/GKC5Z60Y="></latexit><latexit sha1_base64="8+ll4pu86XdcYiqv2Y/GKC5Z60Y="></latexit>

(a1 > a2 > a3)
<latexit sha1_base64="IYFNZqC1e5ggV3egayZ1izopsks="></latexit><latexit sha1_base64="IYFNZqC1e5ggV3egayZ1izopsks="></latexit><latexit sha1_base64="IYFNZqC1e5ggV3egayZ1izopsks="></latexit><latexit sha1_base64="IYFNZqC1e5ggV3egayZ1izopsks="></latexit>



Interpola)on	


Vf(r) =
cc

r
+ �r + c+

c1

r3
+ d1r

2

Correc)on	
  terms	
  arise	
  from	
  finite	
  laXce	
  spacing	
  and	
  volume	
  effect	


We	
  interpolate	
  the	
  data	
  separately	
  according	
  to	
  a	
  direc)on.	


Rota)onal	
  symmetry	


Direc.1	


Direc.2	


~r/a = n(1,0,0)
<latexit sha1_base64="IU9CE1gczRfsemFHnmF03jOKmwM="></latexit><latexit sha1_base64="IU9CE1gczRfsemFHnmF03jOKmwM="></latexit><latexit sha1_base64="IU9CE1gczRfsemFHnmF03jOKmwM="></latexit><latexit sha1_base64="IU9CE1gczRfsemFHnmF03jOKmwM="></latexit>

~r/a = n(1,1,0)
<latexit sha1_base64="pi+K553Tb1saYSDwVFSFudXlRXI="></latexit><latexit sha1_base64="pi+K553Tb1saYSDwVFSFudXlRXI="></latexit><latexit sha1_base64="pi+K553Tb1saYSDwVFSFudXlRXI="></latexit><latexit sha1_base64="pi+K553Tb1saYSDwVFSFudXlRXI="></latexit>



Interpola)on	


Vf(r) =
cc

r
+ �r + c+

c1

r3
+ d1r

2

Correc)on	
  terms	
  arise	
  from	
  finite	
  laXce	
  spacing	
  and	
  volume	
  effect	


�

2
/d.o.f = 6.9/(13� 5)

Direc.1	




Extrapola)on	
  to	
  con)nuum	
  limit	


�

2
/d.o.f = 1.48/(3� 2)

Fit	
  with	
  c+d	
  a2	

{X(r;a)}a=a1,a2,a3

r=3a1	




LaXce	
  result	


r21
dV (r)

dr
|r=r1 = 1

<latexit sha1_base64="ha09UR5ZAxLYVrQJ6gi36mmslJw="></latexit><latexit sha1_base64="ha09UR5ZAxLYVrQJ6gi36mmslJw="></latexit><latexit sha1_base64="ha09UR5ZAxLYVrQJ6gi36mmslJw="></latexit><latexit sha1_base64="ha09UR5ZAxLYVrQJ6gi36mmslJw="></latexit>

Defini)on	
  of	
  r1	




Systema)c	
  errors	


(a)	
  Higher	
  order	
  correc)ons	


V N3LL
S (r) ! V N3LL

S (r)± �VS(r)
<latexit sha1_base64="dCWe0ss/6Rr4Mmn0dvjfXI6jKTk="></latexit><latexit sha1_base64="dCWe0ss/6Rr4Mmn0dvjfXI6jKTk="></latexit><latexit sha1_base64="dCWe0ss/6Rr4Mmn0dvjfXI6jKTk="></latexit><latexit sha1_base64="dCWe0ss/6Rr4Mmn0dvjfXI6jKTk="></latexit>

with	
 �VS(r) = V N3LL
S (r)� V N2LL

S (r)
<latexit sha1_base64="dXJLy/0xj0rql0H+XwsS0+PFEeo="></latexit><latexit sha1_base64="dXJLy/0xj0rql0H+XwsS0+PFEeo="></latexit><latexit sha1_base64="dXJLy/0xj0rql0H+XwsS0+PFEeo="></latexit><latexit sha1_base64="dXJLy/0xj0rql0H+XwsS0+PFEeo="></latexit>

(b)	
  Finite	
  a	
  effect	


(c)	
  Matching	
  range	
  with	
  OPE	


Previous	
  analysis:	
  	
  	
2a < r < L/2
<latexit sha1_base64="nI1oOadHcagJ4Zfi38Cq9KUMC/E="></latexit><latexit sha1_base64="nI1oOadHcagJ4Zfi38Cq9KUMC/E="></latexit><latexit sha1_base64="nI1oOadHcagJ4Zfi38Cq9KUMC/E="></latexit><latexit sha1_base64="nI1oOadHcagJ4Zfi38Cq9KUMC/E="></latexit>

a < r < L/2
<latexit sha1_base64="+uNwDTxjqVaXN9XMnAYeXFxUftM="></latexit><latexit sha1_base64="+uNwDTxjqVaXN9XMnAYeXFxUftM="></latexit><latexit sha1_base64="+uNwDTxjqVaXN9XMnAYeXFxUftM="></latexit><latexit sha1_base64="+uNwDTxjqVaXN9XMnAYeXFxUftM="></latexit>

⇤PDG
MS

r < 0.8
<latexit sha1_base64="l4j2iHUz8ddgOe3CIwFS/r7tQpQ="></latexit><latexit sha1_base64="l4j2iHUz8ddgOe3CIwFS/r7tQpQ="></latexit><latexit sha1_base64="l4j2iHUz8ddgOe3CIwFS/r7tQpQ="></latexit><latexit sha1_base64="l4j2iHUz8ddgOe3CIwFS/r7tQpQ="></latexit>

⇤PDG
MS

r < 1
<latexit sha1_base64="oRqB6gY5x4wMb7CiQiNcddRiKSA="></latexit><latexit sha1_base64="oRqB6gY5x4wMb7CiQiNcddRiKSA="></latexit><latexit sha1_base64="oRqB6gY5x4wMb7CiQiNcddRiKSA="></latexit><latexit sha1_base64="oRqB6gY5x4wMb7CiQiNcddRiKSA="></latexit>

(d)	
  IR	
  divergence	
  at	
  3-­‐loop	


Way	
  to	
  regularize	
  3-­‐loop	
  perturba)ve	
  coefficient	
  	




Global	
  fit	

Correc)on	
  by	
  
α’s	
  and	
  f’s	


Parameters:	
{⇤MS,A2,A0 D,i,↵D,i, fD}
<latexit sha1_base64="iAUhpw1LdsbB7rTM2dPrDImW98w="></latexit><latexit sha1_base64="iAUhpw1LdsbB7rTM2dPrDImW98w="></latexit><latexit sha1_base64="iAUhpw1LdsbB7rTM2dPrDImW98w="></latexit><latexit sha1_base64="iAUhpw1LdsbB7rTM2dPrDImW98w="></latexit>

⇤MS = 334± 10MeV
<latexit sha1_base64="qm51kAVtaqZQTRjH/oaX5L6j00o="></latexit><latexit sha1_base64="qm51kAVtaqZQTRjH/oaX5L6j00o="></latexit><latexit sha1_base64="qm51kAVtaqZQTRjH/oaX5L6j00o="></latexit><latexit sha1_base64="qm51kAVtaqZQTRjH/oaX5L6j00o="></latexit>

D1:	

↵1 = 0.19± 0.15,↵2 = 0.27± 0.12,↵3 = 0.27± 0.11

<latexit sha1_base64="Kmu7A5VoJ7B6K2QEocXsDEPivbg="></latexit><latexit sha1_base64="Kmu7A5VoJ7B6K2QEocXsDEPivbg="></latexit><latexit sha1_base64="Kmu7A5VoJ7B6K2QEocXsDEPivbg="></latexit><latexit sha1_base64="Kmu7A5VoJ7B6K2QEocXsDEPivbg="></latexit>

D2:	

↵1 = �0.31± 0.86,↵2 = �0.59± 0.90,↵3 = �0.62± 0.93

<latexit sha1_base64="NOIbEjCNIUDONUPqVDvx+sX5ELg="></latexit><latexit sha1_base64="NOIbEjCNIUDONUPqVDvx+sX5ELg="></latexit><latexit sha1_base64="NOIbEjCNIUDONUPqVDvx+sX5ELg="></latexit><latexit sha1_base64="NOIbEjCNIUDONUPqVDvx+sX5ELg="></latexit>



Analysis	
  strategy	


1.	
  Step-­‐by-­‐step	
  analysis	


LaXce	
  data	
  can	
  be	
  smoothly	
  extrapolated	
  to	
  a→0.	
  
Vs

RF	
  can	
  explain	
  laXce	
  result	
  up	
  to	
  O(r2)	
  nonperturba)ve	
  correc)on.	
  

2.	
  Global	
  fit	


We	
  can	
  avoid	
  model	
  dependent	
  analysis,	
  required	
  in	
  1st	
  analysis.	


(i)  extract	
  the	
  con)nuum	
  limit	
  of	
  laXce	
  data	
  	
  
(ii)  compare	
  it	
  with	
  OPE	
  to	
  determine	
  αs	


Check	
  if	


Perform	
  (i)	
  and	
  (ii)	
  simultaneously	
  in	
  global	
  fit	


αs	
  can	
  be	
  determined	
  with	
  higher	
  precision.	
  	



