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In this report, we present prospective sensitivity to anomalous couplings between the Higgs boson8

and the Z boson at the future International Linear Collider (ILC) experiment. The analysis is9

performed by employing a framework of the Effective Field Theory (EFT) where new Lorentz tensor10

structures of the ZZH couplings that include both CP-even and CP-odd states of the Higgs boson11

can be assumed with a new physics scale Λ. The evaluation of the sensitivity is conducted based on12

full detector simulation in which all SM-background contributions are taken into account. Variation13

of kinematical distributions of leading channels of main Higgs production processes e+e− → ZH →14

ff̄H and e+e− → ZZ → e+e−H and total cross-sections are used to find out deviations from15

the SM predictions. Results for the anomalous ZZH couplings are given with the assumption of16

benchmark integrated luminosities and certain realistic running scenario of the ILC experiment for17

both center-of-mass energies
√
s=250 and 500 GeV with two different beam polarization states.18

Sensitivity to anomalous γZH couplings are also evaluated based on the framework of the EFT by19

utilizing two different beam polarization states. A discussion on sensitivity to general parameters20

describing new Lorentz tensor structures related to the Higgs boson and the vector bosons is given21

at the end.22
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1 ANALYSIS ON THE ANOMALOUS ZZH COUPLINGS
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Figure 10: (Upper) Plots show contours corresponding to the 1σ and 2σ sensitivity to the
anomalous ZZH couplings. Fitting is performed with the muon channel only under the three
free parameter space. The integrated luminosity of 250 fb−1 with the beam polarization state
P(e−, e+)= (-80%,+30%) is assumed. The results are projected onto the two-dimensional pa-
rameter spaces aZ-bZ , aZ-b̃Z and bZ-b̃Z . Both information of the three-dimensional distributions
x(cos θ∗f , cos θZ ,∆Φff̄ ) binned 5×5×5 and of the production cross-section are combined. (Middle)

Plots show ∆χ2 distributions as a function of each parameter space of the anomalous couplings
aZ , bZ , and b̃Z . The distributions are obtained by using both information (the angles and the
cross-section) and scanning one parameter while setting the other two parameters to be completely
free. (Lower) Explicit values corresponding to the 1σ bounds for each anomalous parameter aZ ,
bZ , and b̃Z and correlation matrix indicating correlation coefficients between the parameters.
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ΔΦ

e- e+

In the Laboratory frame 
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f
-

Anomalous ZZH couplings study with distributions

Test PDF

Sagitta sはある軸方向に等間隔な３つの測定店 x1, x2, x3によって定義される。

s = x2 −
x1 + x3

2

磁場中で回転する角度が十分小さい時には、

s = R(1− cosθ

2
) ∼ R

θ2

8
∼ 0.3L2B

8PT

誤差の伝播と、微分式より、以下のように表せる。

σ(s) =

√( ∂s

∂x1

)2
σ2(x) +

( ∂s

∂x2

)2
σ2(x) +

( ∂s

∂x3

)2
σ2(x) =

√
3

2
· σ(x)

σ(s) =
∣∣∣
∂s

∂PT

∣∣∣σ(PT ) =
0.3L2B

8P 2
T

σ(PT ) = s · σ(PT )

PT

以上より、運動量分解能の関係は、

σ(PT )

PT
=
(σ(s)

s
=

√
3/2 · σ(x)

s

)
=

√
3/2 · σ(x) · 8PT

0.3 ·BL2

LZZH = M2
Z

(1
v
+

aZ
Λ

)
ZµZ

µH +
bZ
2Λ

ẐµνẐ
µνH +

b̃Z
2Λ

Ẑµν
˜̂Z
µν

H

LWWH = 2M2
W

(1
v
+

aW
Λ

)
W+

µ W−µH +
bW
Λ

Ŵ+
µνŴ

−µνH +
b̃W
Λ

Ŵ+
µν
˜̂W

−µν

H

V̂µν ≡ ∂µVν − ∂νVµ and ˜̂V µν ≡ 1
2ϵµνρσV̂

ρσ.

From: B To: A 3

Determination of Lorentz structures between the H and Z

Construction of the multi-dimensional distribution
have difficulty  



ISR,  beamstrahlung, and FSR 
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Probability = 

Try to encode all available kinematical information on an event  
into a single observable . 

Theory knows everything

LO

NLO effects
γ

Matrix Element doesn't fit 
reaction anymore 

Observation an event 
in terms of differential σ

2

The definition of likelihood function is45

L = Lshape · Lnorm

=
events∏

i=1

Pshape(xi;a) · Pnorm(a)

=
events∏

i=1

[ ∫
dx̄i ·ME(X̄i;a) ·D(Xi; X̄i)∫

dxi

∫
dx̄i ·ME(X̄i;a) ·D(Xi; X̄i)

]
·
[
µ(a)N

N !
· exp

(
−µ(a)

)]

P (p⃗ µ) =
|M(p⃗ µ)|2

σ
dΦ

Each component are represented like below.46

ME(X̄i;a) =
dσ

dX̄i
(X̄i;a)

D(Xi; X̄i) = θ(Xi ∈ D) ·R(Xi; X̄i)

R(Xi; X̄i) =
1√

2π detExi

· exp
[
−1

2
(Xi − X̄i)

TE−1
xi

(Xi − X̄i)

]

µ(a) = L ·
∫

dxi

∫
dx̄i ·

dσ

dX̄i
(X̄i;a) ·D(Xi; X̄i)

Take only a shape part into account and regard the detector resolution which is represented47

by R as 1.48

( ∫
dx̄i ·

dσ

dX̄i
(X̄i;a) · θ(Xi ∈ D) · δ(Xi − X̄i) =

dσ

dXi
(Xi;a) · θ(Xi ∈ D)

)

L =
events∏

i=1

[
LMC

N(a)
· dσ

dXi
(Xi;a) · θ(Xi ∈ D)

]

(
N(a) =

RemainN∑

i=1

w(X̄i;a) =
RemainN∑

i=1

[
dσ

dX̄i
(X̄i;a)

/
dσ

dX̄i
(X̄i; 0)

])

lnL =
RemainN∑

i=1

ln

[
LMC

N(a)
· dσ

dXi
(Xi;a) · θ(Xi ∈ D)

]

χ2 = −2 · ln∆L = −2 · (lnLBSM − lnLSM)

χ2 = −2 · ln∆L = −2 ·
√

LMC

LExp
· (lnLBSM − lnLSM)

χ2 = −2 · ln∆L = −2 · wpol ·
LExpσSM

NGene
· (lnLBSM − lnLSM) (χ2 = χ2

LR + χ2
RL)

6

dΦ

γ



χ2 = −2 log∆L = −2(logL(⃗aV )− logLSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

Acc(p⃗ µ) σ(⃗aV )

∫
dΦ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)Acc(p⃗

µ)

Pshape(p⃗
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T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
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cc (O⃗)|MµµH(p⃗ µ; a⃗V )|2 + AµµZ

cc |MµµZ(p⃗ µ)|2

AµµH
cc (⃗aV )σZH→µµH (⃗aV ) + AµµZ

cc σZZ→µµZ

AµµZ
cc =

ZZ → µµZ accpt

ZZ → µµZ gene

5
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General probability function

Matrix Element Transfer function
(detector resolution)Normalization

Integration over phase-space 
for four momenta  Acceptance function

Event probability
based on diff. cross-section

Acceptance 
   function

provide acceptance

Transfer is δ 

Momentum X of μ- [Gev] 
      Reco vs MCtrue
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Samples and an intermediate goal

χ2 = −2 log∆L = −2(logL(⃗aV )− logLSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

Acc(p⃗ µ) σ(⃗aV )

∫
dΦ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)Acc(p⃗

µ)

Pshape(p⃗
µ; a⃗V ) =

∫
dΦ̄ |MZh(⃗̄p µ; a⃗V )|2 T (p⃗ µ; ⃗̄p µ) +

∫
dΦ̄ |MZZ(⃗̄p µ)|2 T (p⃗ µ; ⃗̄p µ)

σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

T (p⃗ µ → ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (p⃗ µ)|MZH→µµH(p⃗ µ; a⃗V )|2

AµµH
cc (p⃗ µ)σZH→µµH (⃗aV )

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (O⃗)|MµµH(p⃗ µ; a⃗V )|2 + AµµZ

cc |MµµZ(p⃗ µ)|2

AµµH
cc (⃗aV )σZH→µµH (⃗aV ) + AµµZ

cc σZZ→µµZ

AµµZ
cc =

ZZ → µµZ accpt

ZZ → µµZ gene

5

Matrix Element Calculator can handle (probably) the LO diagram
      

Two signal samples 
      with ISR and BSL              without ISR and BSL

Recoil   Generator
Recoil  w/ Reconstructed info.

 USER_spectrum_on   =  F 
 ISR_on             =  F 
 CIRCE_on           =  F 

 USER_spectrum_on    =  T 
 USER_spectrum_mode  =  22 

intrinsic performanceworst performance
If ME handle NLO,
a result will be 
around here.   
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Analytic calculation of the denominator

χ2 = −2 log∆L = −2(logL(⃗aV )− logLSM)
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σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

T (p⃗ µ → ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (p⃗ µ)|MZH→µµH(p⃗ µ; a⃗V )|2

AµµH
cc (p⃗ µ)σZH→µµH (⃗aV )

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (O⃗)|MµµH(p⃗ µ; a⃗V )|2 + AµµZ

cc |MµµZ(p⃗ µ)|2

AµµH
cc (⃗aV )σZH→µµH (⃗aV ) + AµµZ

cc σZZ→µµZ

AµµZ
cc =

ZZ → µµZ accpt

ZZ → µµZ gene

5

Cross-section depends on   av   
av  can vary momentum of Z,  affecting its daughters consequently.    

This effects must Correctly handle 
when  Cross-section is calculated 
    by integrating possible phase-space
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ZẐ
µν
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perform integration together with Acc  

Acc(ΔΦ)

Smoothed Acc(ΔΦ)
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                               6 interference each other 
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χ2 = −2 log∆L = −2(logL(⃗aV )− logLSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

Acc(p⃗ µ) σ(⃗aV )

∫
dΦ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)Acc(p⃗

µ)

Pshape(p⃗
µ; a⃗V ) =

∫
dΦ̄ |MZh(⃗̄p µ; a⃗V )|2 T (p⃗ µ; ⃗̄p µ) +

∫
dΦ̄ |MZZ(⃗̄p µ)|2 T (p⃗ µ; ⃗̄p µ)

σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

T (p⃗ µ → ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (p⃗ µ)|MZH→µµH(p⃗ µ; a⃗V )|2

AµµH
cc (p⃗ µ)σZH→µµH (⃗aV )

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (O⃗)|MµµH(p⃗ µ; a⃗V )|2 + AµµZ

cc |MµµZ(p⃗ µ)|2

AµµH
cc (⃗aV )σZH→µµH (⃗aV ) + AµµZ

cc σZZ→µµZ

AµµZ
cc =

ZZ → µµZ accpt

ZZ → µµZ gene

5

Parameter estimation

χ2 = −2 log∆L = −2(lnL(⃗aV )− logLSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

σ(⃗aV )

∫
dΩ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

∫
dΩ̄ |MZh(⃗̄p µ; a⃗V )|2 T (p⃗ µ; ⃗̄p µ) +

∫
dΩ̄ |MZZ(⃗̄p µ)|2 T (p⃗ µ; ⃗̄p µ)

σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

AZh
cc |MZh(⃗̄p µ; a⃗V )|2 + AZZ

cc |MZZ(⃗̄p µ)|2

AZh
cc σZh(⃗aV ) + AZZ

cc σZZ

5

Chi-squared

Likelihood functionχ2 = −2 log∆L = −2 log(L(⃗aV )− LSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

σ(⃗aV )

∫
dΩ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

∫
dΩ̄ |MZh(⃗̄p µ; a⃗V )|2 T (p⃗ µ; ⃗̄p µ) +

∫
dΩ̄ |MZZ(⃗̄p µ)|2 T (p⃗ µ; ⃗̄p µ)

σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

5

momenta: μ, μ, and it’s recoil info.

Binned analysis w/ shape

+SM

Bkgs are included

MC 10

TABLE III. The expected number of remaining signal and
background events after applying each cut on the ZH →
µ+µ−H channel at

√
s =250 GeV. The beam polarization

state of P(e−, e+)=(−80%,+30%) and the integrated lumi-
nosity of 250 fb−1 are assumed. The signal selection effi-
ciency ϵ and the signal significance Ssig are also given in the
table.

Cut variables µµH ϵ 2f 4f Ssig

No cut 2603 100 2.9 · 107 1.0 · 107 -
µ+µ− ID 2433 93.5 4.3 · 105 8.3 · 104 3.4
Ntracks∈[6,60] 2246 86.3 6771 2.4 · 104 12.3
EZ∈[14.6,111.7] GeV 1740 66.8 156 1470 30.0
MZ∈[83.0,96.4] GeV 1673 64.3 104 995 31.6
Esub∈[60.0,168.5] GeV 1628 62.5 34 954 31.7
Mrec∈[122,137] GeV 1623 62.4 33 907 31.9

3. Migration effect to observables401

Event acceptance denoted by η that shows each event402

is accepted or not after applying all cuts for the back-403

ground suppression, and a migration matrix of an ob-404

servable represented by f̄ that gives probability of bin-405

to-bin migration due to various effects such as detector406

resolutions take important roles to make theoretical dis-407

tributions transfer to realistic distributions, which are408

discussed in the later Section VI. As demonstrations so409

as to show the event acceptance and the migration of the410

observable, ∆Φff̄ binned in 30 is illustrated in Fig. 10.411

In the plot of the event acceptance clear dips can be412

seen at 0, π, and 2π. This is because one or both fi-413

nal state muons are missing when the muons fly along414

a beam pipe. The migration effects on ∆Φff̄ is almost415

nothing since the signal process has the clear reaction.416

B. e+e− → ZH → qq̄H(H → bb̄) at 250 GeV417

Since a branching fraction of the Z boson decaying418

into lepton pairs is a sum of approximately 10 %, as419

far as the pair of electrons and muons is concerned, it420

is respectively about 3.4 %, the sensitivity is, therefore,421

statistically limited. In contrast, because the branching422

fraction of the Z boson decaying into a pair of quarks is423

about 70 %, usage of the quark channels has a big ad-424

vantage statistically. It is expected that the sensitivity425

to the anomalous ZZH couplings is farther improved by426

adding results of the analysis of the Z → qq̄ hadronic427

process.428

1. Jet clustering and pairing429

In the analysis with the Z → qq̄ hadronic process,430

the H → bb̄ channel is selected because the branching431

fraction of H → bb̄ is the largest, and performance of432

heavy flavor tagging of b-quark is expected to be su-433

perior, which is implemented by LCFIPlus [23] in the434

ILCSoft framework. Final state particles in each event435

are clustered into four jets by employing a Durham jet436

algorithm [24], which is applied after removing isolated437

leptons. The Durham algorithm can also provide one438

of the useful topological observables yij which is a dis-439

tance between pseudo-clustered jets. This observable440

is effective for discrimination of certain processes which441

have the different number of jets from the signal process.442

Since the final state is clustered into four jets, combina-443

tions of a few pairs are possible to choose. A proper jet444

pair derived from the Z and the Higgs boson is select445

by imposing kinematical constraint using following the446

χ2 equation,447

χ2 =
(Mij −MH

σH

)2
+

(Mkl −MZ

σZ

)2
(8)

where i–l denote jets, and MZ and MH denote the mass448

of the Z boson and the Higgs boson. σZ is set to be449

5.2 GeV and σH is set to be 7.0 GeV, which represent450

respectively resolutions of the Z mass and the Higgs451

mass.452

2. Background suppression453

The following observables and values are imposed for454

the background suppressions. The distributions of the455

major observables used for the background suppression456

and the invariant mass of the Higgs boson are shown457

in Fig. 11, and the reduction table showing the num-458

ber of remaining signal and background events in each459

cut is given in Table IV, where the integrated lumi-460

nosity of 250 fb−1 with the beam polarization state of461

P(e−, e+)=(−80%,+30%) is assumed. The signal effi-462

ciency and the signal significance are also given for each463

cut.464

• Njet = 4 and Nisolep = 0465

Four jets are properly clustered and exist in each466

event, additionally the number of isolated leptons467

must be 0 since the final state of the signal process468

is full hadronic reaction.469

• Npfo ∈ [55, 170]470

The number of Particle Flow Objects (PFOs).471

Two fermion processes and four fermion semi-472

leptonic decay processes can be almost suppressed473
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In this report, we present prospective sensitivity to anomalous couplings between the Higgs boson8

and the Z boson at the future International Linear Collider (ILC) experiment. The analysis is9

performed by employing a framework of the Effective Field Theory (EFT) where new Lorentz tensor10

structures of the ZZH couplings that include both CP-even and CP-odd states of the Higgs boson11

can be assumed with a new physics scale Λ. The evaluation of the sensitivity is conducted based on12

full detector simulation in which all SM-background contributions are taken into account. Variation13

of kinematical distributions of leading channels of main Higgs production processes e+e− → ZH →14

ff̄H and e+e− → ZZ → e+e−H and total cross-sections are used to find out deviations from15

the SM predictions. Results for the anomalous ZZH couplings are given with the assumption of16

benchmark integrated luminosities and certain realistic running scenario of the ILC experiment for17

both center-of-mass energies
√
s=250 and 500 GeV with two different beam polarization states.18

Sensitivity to anomalous γZH couplings are also evaluated based on the framework of the EFT by19

utilizing two different beam polarization states. A discussion on sensitivity to general parameters20

describing new Lorentz tensor structures related to the Higgs boson and the vector bosons is given21

at the end.22
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Parameter estimation

χ2 = −2 log∆L = −2(logL(⃗aV )− logLSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

Acc(p⃗ µ) σ(⃗aV )

∫
dΦ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)Acc(p⃗

µ)

Pshape(p⃗
µ; a⃗V ) =

∫
dΦ̄ |MZh(⃗̄p µ; a⃗V )|2 T (p⃗ µ; ⃗̄p µ) +

∫
dΦ̄ |MZZ(⃗̄p µ)|2 T (p⃗ µ; ⃗̄p µ)

σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

T (p⃗ µ → ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (p⃗ µ)|MZH→µµH(p⃗ µ; a⃗V )|2

AµµH
cc (p⃗ µ)σZH→µµH (⃗aV )

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (O⃗)|MµµH(p⃗ µ; a⃗V )|2 + AµµZ

cc |MµµZ(p⃗ µ)|2

AµµH
cc (⃗aV )σZH→µµH (⃗aV ) + AµµZ

cc σZZ→µµZ

AµµZ
cc =

ZZ → µµZ accpt

ZZ → µµZ gene

5

Binned analysis w/ shape

+SM

Bkgs are included

ME           :  is LO
Sample     :  no ISR no BSL
Denomi.   :  is calculated without ISR and BSL
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fusion processes, and NBSM (⃗aZ) is the number of ex-609

pected events for BSM models determined with the610

anomalous parameters a⃗Z . The relative error of the pro-611

duction cross-section of the ZH process δσZH refers to612

full-simulation based studies, in which 2.0% and 3.0%613

for
√
s =250 GeV and 500 GeV are respectively re-614

ported under accumulated luminosities of 250 fb−1 and615

500 fb−1 [26, 27]. For the ZZ-fusion analysis, the H →616

bb̄ decay channel is selected. However, the partial width617

of the Higgs to Z could be potentially varied due to the618

anomalous couplings, and it brings variation of the total619

width and gives variation of branching fractions. These620

overall considerations are practically difficult, and theo-621

retical considerations are necessary to remove ambiguity622

of the branching fractions depending on the anomalous623

couplings. To cancel out the variation of BRHbb and624

focus on the production vertex, the relative error δσeeH625

is evaluated and used by propagating two independent626

measurements: σeeH = (σeeH · BRHbb)/BRHbb. The627

measurement of relative error δ(σeeH ·BRHbb) is evalu-628

ated for
√
s =250 GeV with 250 fb−1 and 500 GeV with629

500 fb−1 based on the full simulation studies, which630

are 27.0% and 4.0% [28], respectively. The relative631

error of the branching fraction δBRHbb is also given632

under the model independent measurements as 2.9 %633

and 3.5 % for
√
s =250 GeV and 500 GeV with the634

same condition [29]. Thus, an input value to δσeeH is635

27.16 % and 5.32 % for
√
s =250 GeV with 250 fb−1

636

and 500 GeV with 500 fb−1, respectively. For combined637

results which are given based on the combination of638

250 GeV and 500 GeV, the relative error δBRHbb mea-639

sured at 250 GeV is possible to be propagated, where640

2.2 % is inputted as the error of a weighted average of641

the branching fraction.642

VII. SENSITIVITY TO ANOMALOUS ZZH643

COUPLINGS644

In this section, we evaluate the sensitivity to the645

anomalous ZZH couplings at the ILC experiment for646

both of the planned center-of-mass energies
√
s =647

250 and 500 GeV. Both beam polarization states of648

P(e−, e+) = (−80%,+30%) and (+80%, −30%), and649

nominal integrated luminosities are assumed, which are650

respectively 250 fb−1 and 500 fb−1 for
√
s = 250 and651

500 GeV. As a first step, the sensitivity to the anoma-652

lous couplings are separately evaluated by giving each653

information independently, the kinematical distribution654

and the production cross-section, to confirm both of655

impacts. Secondary, the achievable sensitivity to the656

anomalous couplings is evaluated by using both infor-657

mations and performing simultaneous fitting while set-658

ting the parameters a⃗Z to be completely free.659

A. Impacts of shape and normalization at660

250 GeV661

As demonstrations of the evaluation of the sensitivity662

to the anomalous ZZH couplings, two channels µ+µ−H663

and qq̄bb̄ of the ZH process analyzed in the previous664

section are used. The sensitivities to each parameter are665

given based on the χ2
shape and χ2

norm functions defined666

in the previous Section VI.667

The kinematical distribution used for the evaluation668

are properly transferred from the “generator-level” dis-669

tribution to the “detector-level” distribution to realize670

the realistic distribution with the corresponding detec-671

tor response function f , which is discussed in Section672

VI. Fig. 14 show the sensitivity to the anomalous ZZH673

couplings in one parameter space aZ , bZ or b̃Z , where674

∆χ2 is given as∆χ2 = χ2−χ2
min and χ2

min is exactly 0 in675

the analysis condition since 0 value exactly recovers the676

SM distributions. To evaluate the impact of the vari-677

ation of the kinematical distribution, two-dimensional678

distributions x(cos θZ ,∆Φff̄ ) are used for both chan-679

nels µ+µ−H and qq̄bb̄. Additionally, the impact of the680

variation of the normalization is evaluated by taking the681

µ+µ−H channel as an example. Since the parameter aZ682

giving the SM-like coupling does not make any kinemat-683

ical distribution change at all, the values of ∆χ2 is uni-684

formly 0 over the parameter space whereas the normal-685

ization is strongly affected by the parameter aZ . The686

parameters bZ and b̃Z can change the kinematical dis-687

tribution symmetrically and asymmetrically, therefore,688

the impact of the shape can be clearly observed in the689

plots. Both parameters, bZ and b̃Z , can also vary the690

normalization as with the parameter aZ . It also turns691

out that the impact of the shape from both channels692

µ+µ−H and qq̄bb̄ give comparable power for the verifi-693

cation of the anomalous ZZH couplings. This is simply694

because the statistic of the qq̄bb̄ hadronic channel is ten695

times bigger than that of the µ+µ−H channel although696

the hadronic channel has disadvantages such as the lim-697

ited sensitivity of ∆Φff̄ [0–π] due to inapplication of698

jet-charge identification and the large migration effects.699

B. Limits in a three parameter space at 250 GeV700

The sensitivity to the anomalous ZZH couplings at701 √
s = 250 GeV is evaluated assuming the integrated702

luminosity of 250 fb−1 with both of the beam polar-703

ization states. The kinematical distributions of leading704

four channels are combined, which are three channels of705

the ZH process e+e−H, µ+µ−H, and qq̄h(H → bb̄),706

+SM +SM

MC true Reco
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Parameter estimation
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under the model independent measurements as 2.9 %633

and 3.5 % for
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same condition [29]. Thus, an input value to δσeeH is635
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results which are given based on the combination of638
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sured at 250 GeV is possible to be propagated, where640

2.2 % is inputted as the error of a weighted average of641

the branching fraction.642
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P(e−, e+) = (−80%,+30%) and (+80%, −30%), and649
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respectively 250 fb−1 and 500 fb−1 for
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lous couplings are separately evaluated by giving each653
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and the production cross-section, to confirm both of655

impacts. Secondary, the achievable sensitivity to the656

anomalous couplings is evaluated by using both infor-657

mations and performing simultaneous fitting while set-658

ting the parameters a⃗Z to be completely free.659
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As demonstrations of the evaluation of the sensitivity662

to the anomalous ZZH couplings, two channels µ+µ−H663

and qq̄bb̄ of the ZH process analyzed in the previous664

section are used. The sensitivities to each parameter are665

given based on the χ2
shape and χ2

norm functions defined666

in the previous Section VI.667

The kinematical distribution used for the evaluation668

are properly transferred from the “generator-level” dis-669

tribution to the “detector-level” distribution to realize670

the realistic distribution with the corresponding detec-671

tor response function f , which is discussed in Section672

VI. Fig. 14 show the sensitivity to the anomalous ZZH673

couplings in one parameter space aZ , bZ or b̃Z , where674

∆χ2 is given as∆χ2 = χ2−χ2
min and χ2

min is exactly 0 in675

the analysis condition since 0 value exactly recovers the676

SM distributions. To evaluate the impact of the vari-677

ation of the kinematical distribution, two-dimensional678

distributions x(cos θZ ,∆Φff̄ ) are used for both chan-679

nels µ+µ−H and qq̄bb̄. Additionally, the impact of the680

variation of the normalization is evaluated by taking the681

µ+µ−H channel as an example. Since the parameter aZ682

giving the SM-like coupling does not make any kinemat-683

ical distribution change at all, the values of ∆χ2 is uni-684

formly 0 over the parameter space whereas the normal-685

ization is strongly affected by the parameter aZ . The686

parameters bZ and b̃Z can change the kinematical dis-687

tribution symmetrically and asymmetrically, therefore,688

the impact of the shape can be clearly observed in the689

plots. Both parameters, bZ and b̃Z , can also vary the690

normalization as with the parameter aZ . It also turns691

out that the impact of the shape from both channels692

µ+µ−H and qq̄bb̄ give comparable power for the verifi-693

cation of the anomalous ZZH couplings. This is simply694

because the statistic of the qq̄bb̄ hadronic channel is ten695

times bigger than that of the µ+µ−H channel although696

the hadronic channel has disadvantages such as the lim-697

ited sensitivity of ∆Φff̄ [0–π] due to inapplication of698

jet-charge identification and the large migration effects.699
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The sensitivity to the anomalous ZZH couplings at701 √
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Parameter estimation
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fusion processes, and NBSM (⃗aZ) is the number of ex-609

pected events for BSM models determined with the610

anomalous parameters a⃗Z . The relative error of the pro-611
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for
√
s =250 GeV and 500 GeV are respectively re-614

ported under accumulated luminosities of 250 fb−1 and615

500 fb−1 [26, 27]. For the ZZ-fusion analysis, the H →616

bb̄ decay channel is selected. However, the partial width617

of the Higgs to Z could be potentially varied due to the618

anomalous couplings, and it brings variation of the total619

width and gives variation of branching fractions. These620

overall considerations are practically difficult, and theo-621

retical considerations are necessary to remove ambiguity622

of the branching fractions depending on the anomalous623

couplings. To cancel out the variation of BRHbb and624

focus on the production vertex, the relative error δσeeH625

is evaluated and used by propagating two independent626

measurements: σeeH = (σeeH · BRHbb)/BRHbb. The627

measurement of relative error δ(σeeH ·BRHbb) is evalu-628

ated for
√
s =250 GeV with 250 fb−1 and 500 GeV with629

500 fb−1 based on the full simulation studies, which630

are 27.0% and 4.0% [28], respectively. The relative631

error of the branching fraction δBRHbb is also given632

under the model independent measurements as 2.9 %633

and 3.5 % for
√
s =250 GeV and 500 GeV with the634

same condition [29]. Thus, an input value to δσeeH is635

27.16 % and 5.32 % for
√
s =250 GeV with 250 fb−1

636

and 500 GeV with 500 fb−1, respectively. For combined637

results which are given based on the combination of638

250 GeV and 500 GeV, the relative error δBRHbb mea-639

sured at 250 GeV is possible to be propagated, where640

2.2 % is inputted as the error of a weighted average of641

the branching fraction.642
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lous couplings are separately evaluated by giving each653
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and the production cross-section, to confirm both of655

impacts. Secondary, the achievable sensitivity to the656
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mations and performing simultaneous fitting while set-658

ting the parameters a⃗Z to be completely free.659
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and qq̄bb̄ of the ZH process analyzed in the previous664

section are used. The sensitivities to each parameter are665

given based on the χ2
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norm functions defined666

in the previous Section VI.667

The kinematical distribution used for the evaluation668

are properly transferred from the “generator-level” dis-669

tribution to the “detector-level” distribution to realize670

the realistic distribution with the corresponding detec-671

tor response function f , which is discussed in Section672

VI. Fig. 14 show the sensitivity to the anomalous ZZH673

couplings in one parameter space aZ , bZ or b̃Z , where674

∆χ2 is given as∆χ2 = χ2−χ2
min and χ2

min is exactly 0 in675

the analysis condition since 0 value exactly recovers the676

SM distributions. To evaluate the impact of the vari-677

ation of the kinematical distribution, two-dimensional678

distributions x(cos θZ ,∆Φff̄ ) are used for both chan-679

nels µ+µ−H and qq̄bb̄. Additionally, the impact of the680

variation of the normalization is evaluated by taking the681

µ+µ−H channel as an example. Since the parameter aZ682

giving the SM-like coupling does not make any kinemat-683

ical distribution change at all, the values of ∆χ2 is uni-684

formly 0 over the parameter space whereas the normal-685

ization is strongly affected by the parameter aZ . The686

parameters bZ and b̃Z can change the kinematical dis-687

tribution symmetrically and asymmetrically, therefore,688

the impact of the shape can be clearly observed in the689

plots. Both parameters, bZ and b̃Z , can also vary the690

normalization as with the parameter aZ . It also turns691

out that the impact of the shape from both channels692

µ+µ−H and qq̄bb̄ give comparable power for the verifi-693

cation of the anomalous ZZH couplings. This is simply694

because the statistic of the qq̄bb̄ hadronic channel is ten695

times bigger than that of the µ+µ−H channel although696

the hadronic channel has disadvantages such as the lim-697

ited sensitivity of ∆Φff̄ [0–π] due to inapplication of698

jet-charge identification and the large migration effects.699

B. Limits in a three parameter space at 250 GeV700

The sensitivity to the anomalous ZZH couplings at701 √
s = 250 GeV is evaluated assuming the integrated702

luminosity of 250 fb−1 with both of the beam polar-703

ization states. The kinematical distributions of leading704

four channels are combined, which are three channels of705
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fusion processes, and NBSM (⃗aZ) is the number of ex-609

pected events for BSM models determined with the610

anomalous parameters a⃗Z . The relative error of the pro-611

duction cross-section of the ZH process δσZH refers to612

full-simulation based studies, in which 2.0% and 3.0%613

for
√
s =250 GeV and 500 GeV are respectively re-614

ported under accumulated luminosities of 250 fb−1 and615

500 fb−1 [26, 27]. For the ZZ-fusion analysis, the H →616

bb̄ decay channel is selected. However, the partial width617

of the Higgs to Z could be potentially varied due to the618

anomalous couplings, and it brings variation of the total619

width and gives variation of branching fractions. These620

overall considerations are practically difficult, and theo-621

retical considerations are necessary to remove ambiguity622

of the branching fractions depending on the anomalous623

couplings. To cancel out the variation of BRHbb and624

focus on the production vertex, the relative error δσeeH625

is evaluated and used by propagating two independent626

measurements: σeeH = (σeeH · BRHbb)/BRHbb. The627

measurement of relative error δ(σeeH ·BRHbb) is evalu-628

ated for
√
s =250 GeV with 250 fb−1 and 500 GeV with629

500 fb−1 based on the full simulation studies, which630

are 27.0% and 4.0% [28], respectively. The relative631

error of the branching fraction δBRHbb is also given632

under the model independent measurements as 2.9 %633

and 3.5 % for
√
s =250 GeV and 500 GeV with the634

same condition [29]. Thus, an input value to δσeeH is635

27.16 % and 5.32 % for
√
s =250 GeV with 250 fb−1

636

and 500 GeV with 500 fb−1, respectively. For combined637

results which are given based on the combination of638

250 GeV and 500 GeV, the relative error δBRHbb mea-639

sured at 250 GeV is possible to be propagated, where640

2.2 % is inputted as the error of a weighted average of641

the branching fraction.642
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In this section, we evaluate the sensitivity to the645

anomalous ZZH couplings at the ILC experiment for646

both of the planned center-of-mass energies
√
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250 and 500 GeV. Both beam polarization states of648

P(e−, e+) = (−80%,+30%) and (+80%, −30%), and649

nominal integrated luminosities are assumed, which are650

respectively 250 fb−1 and 500 fb−1 for
√
s = 250 and651

500 GeV. As a first step, the sensitivity to the anoma-652

lous couplings are separately evaluated by giving each653

information independently, the kinematical distribution654

and the production cross-section, to confirm both of655

impacts. Secondary, the achievable sensitivity to the656

anomalous couplings is evaluated by using both infor-657

mations and performing simultaneous fitting while set-658

ting the parameters a⃗Z to be completely free.659

A. Impacts of shape and normalization at660

250 GeV661

As demonstrations of the evaluation of the sensitivity662

to the anomalous ZZH couplings, two channels µ+µ−H663

and qq̄bb̄ of the ZH process analyzed in the previous664

section are used. The sensitivities to each parameter are665

given based on the χ2
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norm functions defined666

in the previous Section VI.667

The kinematical distribution used for the evaluation668

are properly transferred from the “generator-level” dis-669

tribution to the “detector-level” distribution to realize670

the realistic distribution with the corresponding detec-671

tor response function f , which is discussed in Section672

VI. Fig. 14 show the sensitivity to the anomalous ZZH673
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giving the SM-like coupling does not make any kinemat-683
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formly 0 over the parameter space whereas the normal-685

ization is strongly affected by the parameter aZ . The686

parameters bZ and b̃Z can change the kinematical dis-687

tribution symmetrically and asymmetrically, therefore,688

the impact of the shape can be clearly observed in the689

plots. Both parameters, bZ and b̃Z , can also vary the690

normalization as with the parameter aZ . It also turns691

out that the impact of the shape from both channels692

µ+µ−H and qq̄bb̄ give comparable power for the verifi-693

cation of the anomalous ZZH couplings. This is simply694

because the statistic of the qq̄bb̄ hadronic channel is ten695
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jet-charge identification and the large migration effects.699
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TABLE III. The expected number of remaining signal and
background events after applying each cut on the ZH →
µ+µ−H channel at

√
s =250 GeV. The beam polarization

state of P(e−, e+)=(−80%,+30%) and the integrated lumi-
nosity of 250 fb−1 are assumed. The signal selection effi-
ciency ϵ and the signal significance Ssig are also given in the
table.

Cut variables µµH ϵ 2f 4f Ssig

No cut 2603 100 2.9 · 107 1.0 · 107 -
µ+µ− ID 2433 93.5 4.3 · 105 8.3 · 104 3.4
Ntracks∈[6,60] 2246 86.3 6771 2.4 · 104 12.3
EZ∈[14.6,111.7] GeV 1740 66.8 156 1470 30.0
MZ∈[83.0,96.4] GeV 1673 64.3 104 995 31.6
Esub∈[60.0,168.5] GeV 1628 62.5 34 954 31.7
Mrec∈[122,137] GeV 1623 62.4 33 907 31.9

3. Migration effect to observables401

Event acceptance denoted by η that shows each event402

is accepted or not after applying all cuts for the back-403

ground suppression, and a migration matrix of an ob-404

servable represented by f̄ that gives probability of bin-405

to-bin migration due to various effects such as detector406

resolutions take important roles to make theoretical dis-407

tributions transfer to realistic distributions, which are408

discussed in the later Section VI. As demonstrations so409

as to show the event acceptance and the migration of the410

observable, ∆Φff̄ binned in 30 is illustrated in Fig. 10.411

In the plot of the event acceptance clear dips can be412

seen at 0, π, and 2π. This is because one or both fi-413

nal state muons are missing when the muons fly along414

a beam pipe. The migration effects on ∆Φff̄ is almost415

nothing since the signal process has the clear reaction.416

B. e+e− → ZH → qq̄H(H → bb̄) at 250 GeV417

Since a branching fraction of the Z boson decaying418

into lepton pairs is a sum of approximately 10 %, as419

far as the pair of electrons and muons is concerned, it420

is respectively about 3.4 %, the sensitivity is, therefore,421

statistically limited. In contrast, because the branching422

fraction of the Z boson decaying into a pair of quarks is423

about 70 %, usage of the quark channels has a big ad-424

vantage statistically. It is expected that the sensitivity425

to the anomalous ZZH couplings is farther improved by426

adding results of the analysis of the Z → qq̄ hadronic427

process.428

1. Jet clustering and pairing429

In the analysis with the Z → qq̄ hadronic process,430

the H → bb̄ channel is selected because the branching431

fraction of H → bb̄ is the largest, and performance of432

heavy flavor tagging of b-quark is expected to be su-433

perior, which is implemented by LCFIPlus [23] in the434

ILCSoft framework. Final state particles in each event435

are clustered into four jets by employing a Durham jet436

algorithm [24], which is applied after removing isolated437

leptons. The Durham algorithm can also provide one438

of the useful topological observables yij which is a dis-439

tance between pseudo-clustered jets. This observable440

is effective for discrimination of certain processes which441

have the different number of jets from the signal process.442

Since the final state is clustered into four jets, combina-443

tions of a few pairs are possible to choose. A proper jet444

pair derived from the Z and the Higgs boson is select445

by imposing kinematical constraint using following the446

χ2 equation,447

χ2 =
(Mij −MH

σH

)2
+

(Mkl −MZ

σZ

)2
(8)

where i–l denote jets, and MZ and MH denote the mass448

of the Z boson and the Higgs boson. σZ is set to be449

5.2 GeV and σH is set to be 7.0 GeV, which represent450

respectively resolutions of the Z mass and the Higgs451

mass.452

2. Background suppression453

The following observables and values are imposed for454

the background suppressions. The distributions of the455

major observables used for the background suppression456

and the invariant mass of the Higgs boson are shown457

in Fig. 11, and the reduction table showing the num-458

ber of remaining signal and background events in each459

cut is given in Table IV, where the integrated lumi-460

nosity of 250 fb−1 with the beam polarization state of461

P(e−, e+)=(−80%,+30%) is assumed. The signal effi-462

ciency and the signal significance are also given for each463

cut.464

• Njet = 4 and Nisolep = 0465

Four jets are properly clustered and exist in each466

event, additionally the number of isolated leptons467

must be 0 since the final state of the signal process468

is full hadronic reaction.469

• Npfo ∈ [55, 170]470

The number of Particle Flow Objects (PFOs).471

Two fermion processes and four fermion semi-472

leptonic decay processes can be almost suppressed473

Sensitivity to anomalous ZZH couplings1

at the International Linear Collider2

Tomohisa Ogawa,1 Junping Tian,2 and Keisuke Fujii33

1The Graduate University for Advanced Studies (SOKENDAI), Tsukuba 305-0801, Japan4

2International Center for Elementary Particle Physics (ICEPP/University of Tokyo), Tokyo 113-0033, Japan5

3High Energy Accelerator Research Organization (KEK), Tsukuba 305-0801, Japan6

(Dated: January 1, 2018)7

In this report, we present prospective sensitivity to anomalous couplings between the Higgs boson8

and the Z boson at the future International Linear Collider (ILC) experiment. The analysis is9

performed by employing a framework of the Effective Field Theory (EFT) where new Lorentz tensor10

structures of the ZZH couplings that include both CP-even and CP-odd states of the Higgs boson11

can be assumed with a new physics scale Λ. The evaluation of the sensitivity is conducted based on12

full detector simulation in which all SM-background contributions are taken into account. Variation13

of kinematical distributions of leading channels of main Higgs production processes e+e− → ZH →14

ff̄H and e+e− → ZZ → e+e−H and total cross-sections are used to find out deviations from15

the SM predictions. Results for the anomalous ZZH couplings are given with the assumption of16

benchmark integrated luminosities and certain realistic running scenario of the ILC experiment for17

both center-of-mass energies
√
s=250 and 500 GeV with two different beam polarization states.18

Sensitivity to anomalous γZH couplings are also evaluated based on the framework of the EFT by19

utilizing two different beam polarization states. A discussion on sensitivity to general parameters20

describing new Lorentz tensor structures related to the Higgs boson and the vector bosons is given21

at the end.22

CONTENTS23

I. Introduction 224

II. ZZH couplings in the EFT 225

III. Observables and processes 326

IV. An analysis framework and MC samples 427

V. Analysis as demonstrations 428

A. e+e− → ZH → µ+µ−H at 250 GeV 829

1. Lepton finding and radiation30

recovering 831

2. Background suppression 832

3. Migration effect to observables 933

B. e+e− → ZH → qq̄H(H → bb̄) at34

250 GeV 935

1. Jet clustering and pairing 936

2. Background suppression 937

3. Migration effect to observables 1138

VI. An analysis strategy 1139

A. An event acceptance40

and a migration matrix 1141

B. Chi-squared functions 1342

VII. Sensitivity to anomalous ZZH couplings 1443

A. Impacts of angles and cross-section at44

250 GeV 1545

B. Limits in a three parameter space at46

250 GeV 1547

C. Impacts of angles and cross-section at48

500 GeV 1849

D. Limits in a three parameter space at50

500 GeV 1851

VIII. Discussions 1852

A. Prospective sensitivity with a benchmark53

and an ILC operating scenario 1854

B. Correlation of the parameters and an55

impact of fusion and decay processes 1956

C. Sensitivity to anomalous γZH couplings 2057

IX. Summary and conclusions 2158

A. The other analysises at 250 GeV 2359

1. e+e− → ZH → e+e−H 2360

2. e+e− → ZZ → e+e−H(H → bb̄) 2461

B. The other analysis at 500 GeV 2462

1. e+e− → ZH → µ+µ−H and e+e−H 2463

2. e+e− → ZH → qq̄H(H → bb̄) 2464

3. e+e− → ZZ → e+e−H(H → bb̄) 2465

References 2766

χ2 = −2 log∆L = −2(logL(⃗aV )− logLSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

Acc(p⃗ µ) σ(⃗aV )

∫
dΦ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)Acc(p⃗

µ)

Pshape(p⃗
µ; a⃗V ) =

∫
dΦ̄ |MZh(⃗̄p µ; a⃗V )|2 T (p⃗ µ; ⃗̄p µ) +

∫
dΦ̄ |MZZ(⃗̄p µ)|2 T (p⃗ µ; ⃗̄p µ)

σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

T (p⃗ µ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (p⃗ µ)|MZH→µµH(p⃗ µ; a⃗V )|2

AµµH
cc (p⃗ µ)σZH→µµH (⃗aV )

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (p⃗ µ)|MµµH(p⃗ µ; a⃗V )|2 + AµµZ

cc |MµµZ(p⃗ µ)|2

AµµH
cc (p⃗ µ)σZH→µµH (⃗aV ) + AµµZ

cc σZZ→µµZ

AµµZ
cc =

ZZ → µµZ accpt

ZZ → µµZ gene

5

ME           :  is LO
  how difficult to handle NLO

Is it possible to submit the study to ALCW



184



185

Denominator normalization

χ2 = −2 log∆L = −2(logL(⃗aV )− logLSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

Acc(p⃗ µ) σ(⃗aV )

∫
dΦ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)Acc(p⃗

µ)

Pshape(p⃗
µ; a⃗V ) =

∫
dΦ̄ |MZh(⃗̄p µ; a⃗V )|2 T (p⃗ µ; ⃗̄p µ) +

∫
dΦ̄ |MZZ(⃗̄p µ)|2 T (p⃗ µ; ⃗̄p µ)

σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

T (p⃗ µ → ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (p⃗ µ)|MZH→µµH(p⃗ µ; a⃗V )|2

AµµH
cc (p⃗ µ)σZH→µµH (⃗aV )

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (O⃗)|MµµH(p⃗ µ; a⃗V )|2 + AµµZ

cc |MµµZ(p⃗ µ)|2

AµµH
cc (⃗aV )σZH→µµH (⃗aV ) + AµµZ

cc σZZ→µµZ

AµµZ
cc =

ZZ → µµZ accpt

ZZ → µµZ gene

5

Denominator must be correctly normalized to 1

χ2 = −2 log∆L = −2(logL(⃗aV )− logLSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

Acc(p⃗ µ) σ(⃗aV )

∫
dΦ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)Acc(p⃗

µ)

Pshape(p⃗
µ; a⃗V ) =

∫
dΦ̄ |MZh(⃗̄p µ; a⃗V )|2 T (p⃗ µ; ⃗̄p µ) +

∫
dΦ̄ |MZZ(⃗̄p µ)|2 T (p⃗ µ; ⃗̄p µ)

σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

T (p⃗ µ → ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (p⃗ µ)|MZH→µµH(p⃗ µ; a⃗V )|2

AµµH
cc (p⃗ µ)σZH→µµH (⃗aV )

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (O⃗)|MµµH(p⃗ µ; a⃗V )|2 + AµµZ

cc |MµµZ(p⃗ µ)|2

AµµH
cc (⃗aV )σZH→µµH (⃗aV ) + AµµZ

cc σZZ→µµZ

AµµZ
cc =

ZZ → µµZ accpt

ZZ → µµZ gene

5

σ varies depending on  av

|M(bsm)|2
|M(sm)|2

               / L250     =     σ (remaining)σ (expect)*L250
N geneDenomi= Σ

MCremain

automatically Acc is included?

17

sum
ed

to
be

0i
nt

he
SM

.T
he

γZ
H

cou
pli

ng
s,h

ow
eve

r,
isp

oss
ibl

et
oa

pp
ear

at
hig

he
ro

rde
rin

ex
ten

sio
ns

of
the

SM
,w

hic
h

are
cal

led
the

an
om

alo
us

γZ
H

cou
pli

ng
s.

Th
es

en
sit

ivi
ty

to
the

an
om

alo
us

γZ
H

cou
pli

ng
st

ha
t

the
IL
C

ex
pe

rim
en
tp

rov
ide

su
sc

an
be

als
og

ive
nb

ase
d

on
tw

od
iffe

ren
tb

eam
po

lar
iza

tio
n

set
tin

gs.
In

ord
er

2

Z
Z H　
　

H　
　

ζ AZ  
  ×  

Z*  
γ* 

ζ ZZ  
   ×  

＋

FI
G.

16
.

Ve
rti

ces
of

th
eZ

ZH
an

d
th
eγ

ZH
on

th
eZ

H
pr
oc
ess

.

to
inc

lud
et

he
an

om
alo

us
γZ

H
cou

pli
ng

s,
we

rep
lac

ed
ou

rfi
rst

pa
ram

ete
riz

ati
on

of
the

an
om

alo
us

ZZ
H

cou
-

pli
ng

sin
Eq

.(3
)w

ith
ne

wp
ara

me
ter

iza
tio

nc
om

po
sed

of
bo

th
of

the
an

om
alo

us
ZZ

H
an

dγ
ZH

cou
pli

ng
s.

Th
e

pa
ram

ete
rs

b Z
an

db̃
Z

are
rep

lac
ed

wi
th

dim
en

sio
nle

ss
pa

ram
ete

rs
ζ Z

Z
an

dζ̃
ZZ

,t
he

na
dd

itio
na

ld
im

en
sio

nle
ss

pa
ram

ete
rs

ζ A
Z
an

dζ̃
AZ

de
scr

ibi
ng

the
an

om
alo

us
γZ

H
cou

pli
ng

sa
re

int
rod

uc
ed

as
illu

str
ate

di
nF

ig.
16
.T

he
de

fin
itio

ns
of

ne
w

pa
ram

ete
rs

are
as

fol
low

s.
Ou

rn
ew

La
gra

ng
ian

de
scr

ibi
ng

bo
th

of
the

an
om

alo
us

ZZ
H

an
d

γZ
H

cou
pli

ng
sc

an
be

red
efi

ne
di

nE
q.

(21
).

ζ Z
Z
=

v Λb Z
,

ζ̃ Z
Z
=

v Λb̃ Z
(20

)

L V
VH

=M
2 Z( 1 v+

a Z Λ

) Z µ
Zµ H

+
1 2v
(ζ Z

ZẐ
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Parameter estimation

Binned analysis w/ shape

+SM

Bkgs are included

ME           :  is LO
Sample     :  no ISR no BSL
Denomi.   :  is calculated without ISR and BSL

14

fusion processes, and NBSM (⃗aZ) is the number of ex-609

pected events for BSM models determined with the610

anomalous parameters a⃗Z . The relative error of the pro-611

duction cross-section of the ZH process δσZH refers to612

full-simulation based studies, in which 2.0% and 3.0%613

for
√
s =250 GeV and 500 GeV are respectively re-614

ported under accumulated luminosities of 250 fb−1 and615

500 fb−1 [26, 27]. For the ZZ-fusion analysis, the H →616

bb̄ decay channel is selected. However, the partial width617

of the Higgs to Z could be potentially varied due to the618

anomalous couplings, and it brings variation of the total619

width and gives variation of branching fractions. These620

overall considerations are practically difficult, and theo-621

retical considerations are necessary to remove ambiguity622

of the branching fractions depending on the anomalous623

couplings. To cancel out the variation of BRHbb and624

focus on the production vertex, the relative error δσeeH625

is evaluated and used by propagating two independent626

measurements: σeeH = (σeeH · BRHbb)/BRHbb. The627

measurement of relative error δ(σeeH ·BRHbb) is evalu-628

ated for
√
s =250 GeV with 250 fb−1 and 500 GeV with629

500 fb−1 based on the full simulation studies, which630

are 27.0% and 4.0% [28], respectively. The relative631

error of the branching fraction δBRHbb is also given632

under the model independent measurements as 2.9 %633

and 3.5 % for
√
s =250 GeV and 500 GeV with the634

same condition [29]. Thus, an input value to δσeeH is635

27.16 % and 5.32 % for
√
s =250 GeV with 250 fb−1

636

and 500 GeV with 500 fb−1, respectively. For combined637

results which are given based on the combination of638

250 GeV and 500 GeV, the relative error δBRHbb mea-639

sured at 250 GeV is possible to be propagated, where640

2.2 % is inputted as the error of a weighted average of641

the branching fraction.642

VII. SENSITIVITY TO ANOMALOUS ZZH643

COUPLINGS644

In this section, we evaluate the sensitivity to the645

anomalous ZZH couplings at the ILC experiment for646

both of the planned center-of-mass energies
√
s =647

250 and 500 GeV. Both beam polarization states of648

P(e−, e+) = (−80%,+30%) and (+80%, −30%), and649

nominal integrated luminosities are assumed, which are650

respectively 250 fb−1 and 500 fb−1 for
√
s = 250 and651

500 GeV. As a first step, the sensitivity to the anoma-652

lous couplings are separately evaluated by giving each653

information independently, the kinematical distribution654

and the production cross-section, to confirm both of655

impacts. Secondary, the achievable sensitivity to the656

anomalous couplings is evaluated by using both infor-657

mations and performing simultaneous fitting while set-658

ting the parameters a⃗Z to be completely free.659

A. Impacts of shape and normalization at660

250 GeV661

As demonstrations of the evaluation of the sensitivity662

to the anomalous ZZH couplings, two channels µ+µ−H663

and qq̄bb̄ of the ZH process analyzed in the previous664

section are used. The sensitivities to each parameter are665

given based on the χ2
shape and χ2

norm functions defined666

in the previous Section VI.667

The kinematical distribution used for the evaluation668

are properly transferred from the “generator-level” dis-669

tribution to the “detector-level” distribution to realize670

the realistic distribution with the corresponding detec-671

tor response function f , which is discussed in Section672

VI. Fig. 14 show the sensitivity to the anomalous ZZH673

couplings in one parameter space aZ , bZ or b̃Z , where674

∆χ2 is given as∆χ2 = χ2−χ2
min and χ2

min is exactly 0 in675

the analysis condition since 0 value exactly recovers the676

SM distributions. To evaluate the impact of the vari-677

ation of the kinematical distribution, two-dimensional678

distributions x(cos θZ ,∆Φff̄ ) are used for both chan-679

nels µ+µ−H and qq̄bb̄. Additionally, the impact of the680

variation of the normalization is evaluated by taking the681

µ+µ−H channel as an example. Since the parameter aZ682

giving the SM-like coupling does not make any kinemat-683

ical distribution change at all, the values of ∆χ2 is uni-684

formly 0 over the parameter space whereas the normal-685

ization is strongly affected by the parameter aZ . The686

parameters bZ and b̃Z can change the kinematical dis-687

tribution symmetrically and asymmetrically, therefore,688

the impact of the shape can be clearly observed in the689

plots. Both parameters, bZ and b̃Z , can also vary the690

normalization as with the parameter aZ . It also turns691

out that the impact of the shape from both channels692

µ+µ−H and qq̄bb̄ give comparable power for the verifi-693

cation of the anomalous ZZH couplings. This is simply694

because the statistic of the qq̄bb̄ hadronic channel is ten695

times bigger than that of the µ+µ−H channel although696

the hadronic channel has disadvantages such as the lim-697

ited sensitivity of ∆Φff̄ [0–π] due to inapplication of698

jet-charge identification and the large migration effects.699

B. Limits in a three parameter space at 250 GeV700

The sensitivity to the anomalous ZZH couplings at701 √
s = 250 GeV is evaluated assuming the integrated702

luminosity of 250 fb−1 with both of the beam polar-703

ization states. The kinematical distributions of leading704

four channels are combined, which are three channels of705

the ZH process e+e−H, µ+µ−H, and qq̄h(H → bb̄),706

+SM

Reco Reco

is normalized
    with |M|2 of remaining events

+SM

χ2 = −2 log∆L = −2(logL(⃗aV )− logLSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

Acc(p⃗ µ) σ(⃗aV )

∫
dΦ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)Acc(p⃗
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Pshape(p⃗
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∫
dΦ̄ |MZh(⃗̄p µ; a⃗V )|2 T (p⃗ µ; ⃗̄p µ) +
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dΦ̄ |MZZ(⃗̄p µ)|2 T (p⃗ µ; ⃗̄p µ)

σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

T (p⃗ µ → ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
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Parameter estimation

ME           :  is LO
Sample     :  with ISR with  BSL
Denomi.   :  is calculated without ISR and BSL

14

fusion processes, and NBSM (⃗aZ) is the number of ex-609

pected events for BSM models determined with the610

anomalous parameters a⃗Z . The relative error of the pro-611

duction cross-section of the ZH process δσZH refers to612

full-simulation based studies, in which 2.0% and 3.0%613

for
√
s =250 GeV and 500 GeV are respectively re-614

ported under accumulated luminosities of 250 fb−1 and615

500 fb−1 [26, 27]. For the ZZ-fusion analysis, the H →616

bb̄ decay channel is selected. However, the partial width617

of the Higgs to Z could be potentially varied due to the618

anomalous couplings, and it brings variation of the total619

width and gives variation of branching fractions. These620

overall considerations are practically difficult, and theo-621

retical considerations are necessary to remove ambiguity622

of the branching fractions depending on the anomalous623

couplings. To cancel out the variation of BRHbb and624

focus on the production vertex, the relative error δσeeH625

is evaluated and used by propagating two independent626

measurements: σeeH = (σeeH · BRHbb)/BRHbb. The627

measurement of relative error δ(σeeH ·BRHbb) is evalu-628

ated for
√
s =250 GeV with 250 fb−1 and 500 GeV with629

500 fb−1 based on the full simulation studies, which630

are 27.0% and 4.0% [28], respectively. The relative631

error of the branching fraction δBRHbb is also given632

under the model independent measurements as 2.9 %633

and 3.5 % for
√
s =250 GeV and 500 GeV with the634

same condition [29]. Thus, an input value to δσeeH is635

27.16 % and 5.32 % for
√
s =250 GeV with 250 fb−1

636

and 500 GeV with 500 fb−1, respectively. For combined637

results which are given based on the combination of638

250 GeV and 500 GeV, the relative error δBRHbb mea-639

sured at 250 GeV is possible to be propagated, where640

2.2 % is inputted as the error of a weighted average of641

the branching fraction.642

VII. SENSITIVITY TO ANOMALOUS ZZH643

COUPLINGS644

In this section, we evaluate the sensitivity to the645

anomalous ZZH couplings at the ILC experiment for646

both of the planned center-of-mass energies
√
s =647

250 and 500 GeV. Both beam polarization states of648

P(e−, e+) = (−80%,+30%) and (+80%, −30%), and649

nominal integrated luminosities are assumed, which are650

respectively 250 fb−1 and 500 fb−1 for
√
s = 250 and651

500 GeV. As a first step, the sensitivity to the anoma-652

lous couplings are separately evaluated by giving each653

information independently, the kinematical distribution654

and the production cross-section, to confirm both of655

impacts. Secondary, the achievable sensitivity to the656

anomalous couplings is evaluated by using both infor-657

mations and performing simultaneous fitting while set-658

ting the parameters a⃗Z to be completely free.659

A. Impacts of shape and normalization at660

250 GeV661

As demonstrations of the evaluation of the sensitivity662

to the anomalous ZZH couplings, two channels µ+µ−H663

and qq̄bb̄ of the ZH process analyzed in the previous664

section are used. The sensitivities to each parameter are665

given based on the χ2
shape and χ2

norm functions defined666

in the previous Section VI.667

The kinematical distribution used for the evaluation668

are properly transferred from the “generator-level” dis-669

tribution to the “detector-level” distribution to realize670

the realistic distribution with the corresponding detec-671

tor response function f , which is discussed in Section672

VI. Fig. 14 show the sensitivity to the anomalous ZZH673

couplings in one parameter space aZ , bZ or b̃Z , where674

∆χ2 is given as∆χ2 = χ2−χ2
min and χ2

min is exactly 0 in675

the analysis condition since 0 value exactly recovers the676

SM distributions. To evaluate the impact of the vari-677

ation of the kinematical distribution, two-dimensional678

distributions x(cos θZ ,∆Φff̄ ) are used for both chan-679

nels µ+µ−H and qq̄bb̄. Additionally, the impact of the680

variation of the normalization is evaluated by taking the681

µ+µ−H channel as an example. Since the parameter aZ682

giving the SM-like coupling does not make any kinemat-683

ical distribution change at all, the values of ∆χ2 is uni-684

formly 0 over the parameter space whereas the normal-685

ization is strongly affected by the parameter aZ . The686

parameters bZ and b̃Z can change the kinematical dis-687

tribution symmetrically and asymmetrically, therefore,688

the impact of the shape can be clearly observed in the689

plots. Both parameters, bZ and b̃Z , can also vary the690

normalization as with the parameter aZ . It also turns691

out that the impact of the shape from both channels692

µ+µ−H and qq̄bb̄ give comparable power for the verifi-693

cation of the anomalous ZZH couplings. This is simply694

because the statistic of the qq̄bb̄ hadronic channel is ten695

times bigger than that of the µ+µ−H channel although696

the hadronic channel has disadvantages such as the lim-697

ited sensitivity of ∆Φff̄ [0–π] due to inapplication of698

jet-charge identification and the large migration effects.699

B. Limits in a three parameter space at 250 GeV700

The sensitivity to the anomalous ZZH couplings at701 √
s = 250 GeV is evaluated assuming the integrated702

luminosity of 250 fb−1 with both of the beam polar-703

ization states. The kinematical distributions of leading704

four channels are combined, which are three channels of705

the ZH process e+e−H, µ+µ−H, and qq̄h(H → bb̄),706

+SM +SM

MC true Reco
+ ISR recover

Reco
+ ISR recover

+SM

is normalized
    with |M|2 of remaining events

χ2 = −2 log∆L = −2(logL(⃗aV )− logLSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

Acc(p⃗ µ) σ(⃗aV )

∫
dΦ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)Acc(p⃗

µ)

Pshape(p⃗
µ; a⃗V ) =

∫
dΦ̄ |MZh(⃗̄p µ; a⃗V )|2 T (p⃗ µ; ⃗̄p µ) +

∫
dΦ̄ |MZZ(⃗̄p µ)|2 T (p⃗ µ; ⃗̄p µ)

σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

T (p⃗ µ → ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (p⃗ µ)|MZH→µµH(p⃗ µ; a⃗V )|2

AµµH
cc (p⃗ µ)σZH→µµH (⃗aV )

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (O⃗)|MµµH(p⃗ µ; a⃗V )|2 + AµµZ

cc |MµµZ(p⃗ µ)|2

AµµH
cc (⃗aV )σZH→µµH (⃗aV ) + AµµZ

cc σZZ→µµZ

AµµZ
cc =

ZZ → µµZ accpt

ZZ → µµZ gene
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Parameter estimation

ME           :  is LO
Sample     :  with ISR with  BSL
Denomi.   :  is calculated including ISR and BSL with Wizard interface

14

fusion processes, and NBSM (⃗aZ) is the number of ex-609

pected events for BSM models determined with the610

anomalous parameters a⃗Z . The relative error of the pro-611

duction cross-section of the ZH process δσZH refers to612

full-simulation based studies, in which 2.0% and 3.0%613

for
√
s =250 GeV and 500 GeV are respectively re-614

ported under accumulated luminosities of 250 fb−1 and615

500 fb−1 [26, 27]. For the ZZ-fusion analysis, the H →616

bb̄ decay channel is selected. However, the partial width617

of the Higgs to Z could be potentially varied due to the618

anomalous couplings, and it brings variation of the total619

width and gives variation of branching fractions. These620

overall considerations are practically difficult, and theo-621

retical considerations are necessary to remove ambiguity622

of the branching fractions depending on the anomalous623

couplings. To cancel out the variation of BRHbb and624

focus on the production vertex, the relative error δσeeH625

is evaluated and used by propagating two independent626

measurements: σeeH = (σeeH · BRHbb)/BRHbb. The627

measurement of relative error δ(σeeH ·BRHbb) is evalu-628

ated for
√
s =250 GeV with 250 fb−1 and 500 GeV with629

500 fb−1 based on the full simulation studies, which630

are 27.0% and 4.0% [28], respectively. The relative631

error of the branching fraction δBRHbb is also given632

under the model independent measurements as 2.9 %633

and 3.5 % for
√
s =250 GeV and 500 GeV with the634

same condition [29]. Thus, an input value to δσeeH is635

27.16 % and 5.32 % for
√
s =250 GeV with 250 fb−1

636

and 500 GeV with 500 fb−1, respectively. For combined637

results which are given based on the combination of638

250 GeV and 500 GeV, the relative error δBRHbb mea-639

sured at 250 GeV is possible to be propagated, where640

2.2 % is inputted as the error of a weighted average of641

the branching fraction.642

VII. SENSITIVITY TO ANOMALOUS ZZH643

COUPLINGS644

In this section, we evaluate the sensitivity to the645

anomalous ZZH couplings at the ILC experiment for646

both of the planned center-of-mass energies
√
s =647

250 and 500 GeV. Both beam polarization states of648

P(e−, e+) = (−80%,+30%) and (+80%, −30%), and649

nominal integrated luminosities are assumed, which are650

respectively 250 fb−1 and 500 fb−1 for
√
s = 250 and651

500 GeV. As a first step, the sensitivity to the anoma-652

lous couplings are separately evaluated by giving each653

information independently, the kinematical distribution654

and the production cross-section, to confirm both of655

impacts. Secondary, the achievable sensitivity to the656

anomalous couplings is evaluated by using both infor-657

mations and performing simultaneous fitting while set-658

ting the parameters a⃗Z to be completely free.659

A. Impacts of shape and normalization at660

250 GeV661

As demonstrations of the evaluation of the sensitivity662

to the anomalous ZZH couplings, two channels µ+µ−H663

and qq̄bb̄ of the ZH process analyzed in the previous664

section are used. The sensitivities to each parameter are665

given based on the χ2
shape and χ2

norm functions defined666

in the previous Section VI.667

The kinematical distribution used for the evaluation668

are properly transferred from the “generator-level” dis-669

tribution to the “detector-level” distribution to realize670

the realistic distribution with the corresponding detec-671

tor response function f , which is discussed in Section672

VI. Fig. 14 show the sensitivity to the anomalous ZZH673

couplings in one parameter space aZ , bZ or b̃Z , where674

∆χ2 is given as∆χ2 = χ2−χ2
min and χ2

min is exactly 0 in675

the analysis condition since 0 value exactly recovers the676

SM distributions. To evaluate the impact of the vari-677

ation of the kinematical distribution, two-dimensional678

distributions x(cos θZ ,∆Φff̄ ) are used for both chan-679

nels µ+µ−H and qq̄bb̄. Additionally, the impact of the680

variation of the normalization is evaluated by taking the681

µ+µ−H channel as an example. Since the parameter aZ682

giving the SM-like coupling does not make any kinemat-683

ical distribution change at all, the values of ∆χ2 is uni-684

formly 0 over the parameter space whereas the normal-685

ization is strongly affected by the parameter aZ . The686

parameters bZ and b̃Z can change the kinematical dis-687

tribution symmetrically and asymmetrically, therefore,688

the impact of the shape can be clearly observed in the689

plots. Both parameters, bZ and b̃Z , can also vary the690

normalization as with the parameter aZ . It also turns691

out that the impact of the shape from both channels692

µ+µ−H and qq̄bb̄ give comparable power for the verifi-693

cation of the anomalous ZZH couplings. This is simply694

because the statistic of the qq̄bb̄ hadronic channel is ten695

times bigger than that of the µ+µ−H channel although696

the hadronic channel has disadvantages such as the lim-697

ited sensitivity of ∆Φff̄ [0–π] due to inapplication of698

jet-charge identification and the large migration effects.699

B. Limits in a three parameter space at 250 GeV700

The sensitivity to the anomalous ZZH couplings at701 √
s = 250 GeV is evaluated assuming the integrated702

luminosity of 250 fb−1 with both of the beam polar-703

ization states. The kinematical distributions of leading704

four channels are combined, which are three channels of705

the ZH process e+e−H, µ+µ−H, and qq̄h(H → bb̄),706

Reco

+SM +SM

Reco
+ ISR recover

Reco
+ ISR recover

+SM

is normalized
    with |M|2 of remaining events

χ2 = −2 log∆L = −2(logL(⃗aV )− logLSM)

L(⃗aV ) = Lshape(⃗aV ) · Lnorm(⃗aV )

=
events∏

i=1

Pshape(p⃗
µ
i ; a⃗V ) · Pnorm(⃗aV )

Pshape(p⃗
µ; a⃗V ) =

1

Acc(p⃗ µ) σ(⃗aV )

∫
dΦ̄ |M(⃗̄p µ; a⃗V )|2 T (p⃗ µ → ⃗̄p µ)Acc(p⃗

µ)

Pshape(p⃗
µ; a⃗V ) =

∫
dΦ̄ |MZh(⃗̄p µ; a⃗V )|2 T (p⃗ µ; ⃗̄p µ) +

∫
dΦ̄ |MZZ(⃗̄p µ)|2 T (p⃗ µ; ⃗̄p µ)

σZh(⃗aV ) + σZZ

T (p⃗ µ; ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

T (p⃗ µ → ⃗̄p µ) = δ(p⃗ µ − ⃗̄p µ)

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (p⃗ µ)|MZH→µµH(p⃗ µ; a⃗V )|2

AµµH
cc (p⃗ µ)σZH→µµH (⃗aV )

Pshape(p⃗
µ; a⃗V ) =

AµµH
cc (O⃗)|MµµH(p⃗ µ; a⃗V )|2 + AµµZ

cc |MµµZ(p⃗ µ)|2

AµµH
cc (⃗aV )σZH→µµH (⃗aV ) + AµµZ

cc σZZ→µµZ

AµµZ
cc =

ZZ → µµZ accpt

ZZ → µµZ gene
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